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Abstract

We give an algorithm for Exact Satisfiability with polynomial space
usage and a time bound of poly(L) ·m!, where m is the number of clauses
and L is the length of the formula. Skjernaa has given an algorithm for
Exact Satisfiability with time bound poly(L) · 2m but using exponential
space. We leave the following problem open: Is there an algorithm for
Exact Satisfiability using only polynomial space with a time bound of
cm, where c is a constant and m is the number of clauses?

Exact Satisfiability (XSAT) is the problem: given a formula F in conjunc-
tive normal form, is there an assignment to all variables in F , such that exactly
one literal in each clause is true? In this paper a formula F has m clauses and
n variables. A literal is either a variable or the negation of a variable. The
length of a formula L is the number of literals in the formula.

XSAT is NP-complete even when restricted to clauses containing at most
three literals and all variables occurring only unnegated [7], and various exact
algorithms have been given for this problem [6, 5]. So far all algorithms given
for XSAT have been analysed using the number of variables as parameter. The
best known algorithm for Exact Satisfiability (no limit on clause length) has
a running time of poly(L) · 20.2325n [5]. This algorithm (or a variant thereof)
also gives a time bound in the number of literals, but no good time bound in
the number of clauses is known.

This is interestingly different from Satisfiability (no limit on clause length)
for which good time bounds in the number of clauses have been proved (the
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currently best is poly(L) · 20.30897m [4]), but it is still an open question if a
time bound of poly(L) · 2αn with α < 1 exists. The best time bounds with
the number of variables as parameter are of the form poly(L) · 2n−f(n,m) with
f(n,m) = 2

√
n/ log n [2] and f(n,m) = n/ log (2m) [3].

The abovementioned algorithms all use polynomial space. If we allow the
use of exponential space, XSAT can be solved in time O(n ·2m) using dynamic
programming [8]. We present an algorithm for XSAT using only polynomial
space with time complexity poly(L) ·m!. The question remains:

• Open problem: Is there an algorithm for XSAT using only polynomial
space and running in time cm, where c is a constant?

We note that there are some interesting analogues to other NP-complete
problems. A legal k-colouring of a graph G = (V,E) is a mapping c of the
vertices in V into the colours {1, . . . , k} such that no two neighbours have the
same colour, i.e. (v, u) ∈ E ⇒ c(v) 6= c(u). The Chromatic Number Problem
is: given a graph G find the least k for which there is a legal k-colouring of G.
We can solve this problem in time proportional to n!, where n is the number
of vertices, by simply testing possible colourings. This is the best known time
complexity if we only allow polynomial space, but allowing exponential space,
a time complexity of O(2.4023n) can be achieved [1].

• Open problem: Is there an algorithm for Chromatic Number using
only polynomial space and running in time cn, where c is a constant?

We see the same picture looking at the Travelling Salesman Problem or the
Hamiltonian Circuit Problem. Both problems can be solved in time propor-
tional to n!, where n is the number of vertices, using polynomial space, and in
time proportional to 2n using exponential space.

• Open problem: Is there an algorithm for the Travelling Salesman Prob-
lem using only polynomial space and running in time cn, where c is a
constant?

We present the first analysis in the number of clauses of an algorithm for
XSAT using only polynomial space:

Theorem 1. Exact Satisfiability can be solved in time proportional to m! and
polynomial space.

Proof. First we note that the hard case is when we do not have any negations.
If we do have a variable that occurs both unnegated and negated, simply
branching on setting this variable to either true or false, will remove a clause
in both branches: When a literal is set to true, all other literals in the clause
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must be set to false to satisfy this clause, and we can remove it. The problem
is when we have no negations: If we branch on a variable occurring only
unnegated, we can only be sure to remove a clause in one of the branches.
Thus we assume from here on that we have no negations (or assume that we
have simply branched on all variables occurring negated, as the running time
of the algorithm is larger than 2m).

Now assume we are given an instance of the XSAT problem. The idea of
this algorithm is that in some permutation of the clauses, the true variables in
a satisfying assignment will occur in intervals of clauses.

Given a permutation of the clauses, number the clauses 1, . . . ,m. We say
that variable x occurs in the clause-interval from i to j (i ≤ j) if x occurs in
all the clauses i, . . . , j and no others.

In a satisfying assignment to the given instance, there is exactly one true
variable (literal) in each clause. Then in some permutation of the clauses, the
true variables of a satisfying assignment will occur in non-overlapping clause-
intervals, which cover all clauses.

If a satisfying assignment exists, we can find it by checking for each permu-
tation of the clauses, if there is a set of variables occurring in non-overlapping
clause-intervals, which cover all clauses. This check can be performed in poly-
nomial time: Say we are given a permutation of the clauses. We number the
clauses in this permutation 1, . . . ,m for simplicity. We can then build the
following directed graph G = (V,E):

V = {s, t} ∪ {vx|variable x occurs in a clause-interval}
E = {(s, vx)|x occurs in a clause-interval starting with clause 1} ∪

{(vx, vy)|∃i. x occurs in a clause-interval ending with clause i and
y occurs in a clause-interval starting with clause i + 1} ∪

{(vx, t)|x occurs in a clause-interval ending with clause m}

In this permutation of the clauses, there is a set of variables occurring in non-
overlapping clause-intervals, which cover all clauses, if and only if there is a
path from s to t in G.

The graph can be constructed in time O(n · L + n2) and the existence of
a path from s to t can be determined in time O(n2) (as the graph is acyclic).
As there are m! permutations of the clauses, this algorithm then has time
complexity O((n · L + n2) ·m!).
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