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greatest Post-fixed Ppoint for §, 18 V(f) € P
swdh - hak
viE) < Fui)

Ve ([ psflp) = p<lf))

ot
Aoty 19 bt compldle (i P

(T V) = V{peP] peg(pY.)
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! Dﬁi\'v\iﬂv\/\
Given o sek 3L oy K on o seb X
(e, @S P(X)x X ), i Subset o8 X
wmwo'm% Ak by R is v(8g)

(Where Q&i F(x) - £(X) ic ke mondone

{}v\m%{ov\ N e cope [alliie B (%) owrocicled
i R oo w12,
Nok: De®(X) is a post-fixed point of
Cp (2 De (M) iff D is R-odumse

W\mmy\%
for adh xe D Thuwe S Some ywle

(S, )R sith S¢ D.
T 9(By)is e biggert R-dense Swboset
& X M e hawe

)

112 Lowma (Principle o Rule Co-Tncluckon )

Swppese. S £ X {5 T Swbset Oa»{vxcl/v\d\'vaﬂ«\g,
dgpned by ol stk R on X for g e X
o pwe  xeS it s b BAY Sove
R-donse subser DEX ot xe D O
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R

13 Exowple ( ¢§ Broample \ )
- Givn @ ‘O\'V\@w\é( plaon  — C AXA | Gonsider
e wmle et
R=9{ ({a},a) | o -aa’} o A.
Tws De A is KR-dmwse iH—

aeD = 3aed (a—»a)
Fom Brig, s wst had to See Hant

V()= {aeAl| Jag,a, 0, ( a- 0‘06“*“’0‘2”"")}

_ -
~

1e. 3 oce AN (ol(0)= & 5 Ve N. a)sllvt)

[Furtior g5 & co-induckively defined sebs il
otecwr W The V\)D\Aﬁ ON a/P\P\{cﬁ'\‘re )01'5|'YV\\/\]0J(\'5V\.3

Fur v emding
On  induactve dL{w’m’r{ov\S !

P.Aczel, "An Intwdudion o Tndndkive M{mﬁw "
In J3.Bawise (ed))," Hardboote of Mathomaty il
u@\'c‘mwwﬂv\km ,1913), PP 139 -332.

On orduwed shachwres:

B.A. Dowery % H.A.%’m\u?) " Tnbwdnchion to Lnbhces

o O, (L, 1990).
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2 . SYNTAX
ogf o Swple, {-u\v\ chvoned P\N Ovaww\m'm% ‘V\V\ O V\Ag,e )ﬂ.,

— Bosed on untyped A-llomms & walnetion
Yo Canonicat oo,
= Chosen v e vy, Madimslrng. | in order o
nlp See TRy wreoh fom e heees in the
Thaooreh (- Aawehopent | So.
- \MOV\\/Q,V\\QN\\‘\A/X S\W\p {DY \,\wﬁW\a} PY\?W&«W\S lovx‘v
— Tmr\ﬁ?mwﬁvd (her G pragram &\\ N UAd e
Parh ‘FV\V\(}Y\W\S |
( murtrally, digirint )
The &\\/Dwm% ’(S?/{S 03( SUV\/\'O\?(S ol be §ixed H‘/\wv\ﬁlzxo«xi“:

\/OW‘ C QA OUV\V\JW\\?\Aér iv\fiw'ﬁ Sek 5% Variahles
LonHen Ay X, P ) ld ‘ﬂ y -

Gonst & { e, false Yo {n | neZ Yy ¢ hooloan
ot integer (/wxs%v\vx’vs

Op“{~,\),)< >, =% } bmwww
S\ﬁv\/\\oﬂs ( hoolean-% \V\“QJZ‘?/«/ VaM)

{"_:/: I

- S 4
" . \ .

P . .

!
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2.1 Abstronk Sévx‘l'o\x 02 |

The tomns of I e o Grimin fV\de\WA}-va\Q)
bsek of e stk of Al finle hees  Whove
odes one labelld by olowents of the et

Vow y Govst v Op v { 1§, poiv, spiE, A, opp, NC.}

Notoshon ¢ gvenm trees M,y My ow labed £
‘Q.(N\I)"‘)Mr\) MM JY"UL \'\“Q@

ARy

Rules \vxclmc“ve/(g} 0&){1’\«\’% he seb Term of
L oy

va
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Rutas induckively dofinivg e set Termn of I - tews .

‘J ‘ 3o

(x €& Var ) ( ce fonst)
X € Twa Ce Tom |

M E Toma My e Tam

(ope0
sp (M1, My) € Tem o

My €Toam My e Tem /\AgeT@/vwi

')F(]V\HML) M3)€T’@VW\

’V\\QTWW\ N\'LﬁTQJfW\
DA (M1 M,) € Term

€ T |
Mg Term My € lerm (1,50¢ Var)

S\ylik(l\/\‘pc, x’, My) € Yerm

M € Torm (xe Var )
N, MY € Tepm

M, ETovrma N, € Toym
| O\PP(N\\ ,ML)‘GT@/\N\ |

N\ € Torm (sceVow )
e, M) € Topm
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22 Gnaeke syt L

To make fnives  ensiev To ) we will Use
o linar sy (i Shirgs 7 Symbsis ) d(sam\m‘smm
W pvmd(w’(\'\w\ L Vanons b{\/\NV\% convemhovg

o refr o the s & Lo

Uv) Tofix nerotion fov b{v\aw% O'Wox’fm :
Myop My wawns op( My, My)

(1) Gndiboval  expressions
M then My edae My means 5 (M My, M)

(i1) PO\iri_v:g: pair(My, My) il ke ovben (M), M)
Spt (Myy x5 %’ My) WL he tonhen
Solit My as (X, %) in M,

V) fundbion abstyadkion : Mg, m) Wil be ol
AL M [ Tntended maanng Ty funchion x o m” ]

\ V) Tundbion a/‘r)pl\'cﬂ\)l‘fm: pp(Mi, My) wl) ke
W Hem 5\/\3* ns My My

(V1) Q&cwmwlfg AR T ¢ vec (1, M) il lee

A ex. M
iiv@rw%@ W\Qﬂw\\'vg, : ow\ov\\gwmws nwshehion for -
"t elment (rRownively)  Afind by x=Mm"
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lonrei |
___Sv\mvv\wv\?, a’i— TV\kI/Ls\jV\*a\x 0"_ L- terms M
Mi=  x variable
\ c constank
M op M B’ivxa/%s operntoy
‘ 1M Run M glse M Condi honald
L (m,m) ponv
\ SPE Mas (1) in M pair— AL skvuctov
| om function alsshackion
] MM SV\V\C/%\'OV\ CVPP‘{CA}\'W\
| e \ﬂwrsive)hj efined Term
e x e Vaw
c ¢ Omst = "{M)fﬂ“&}\/{ n \V\é ZZ}
e =<, G0, 4, %, _\/

Convantioms to dis ambiguak. stirgt o sqmbisls into syntax frees :
—S(Jope ot Ax.— nd ™cx.—  exdends as @M b
e MN b P\rggib\i,
B A MmN wews  Ax(mn) wst e M)

"ﬁmvﬁm WP?“U‘\'\‘W‘ assocaty W fiag U)(’c.
E% MNP Mt (MNP Wb MNP,

- USV\A b\'\@iv% pﬂ&b%\(ﬂ) {W Q-'V;H/\W\fc b( bm _
OPNTIVA 5 funion appliRon hinds wore K il

JE? Ix F 1) ey XX(4(x-D) ot Q*f)("’l).

24
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2.2 Dehined nokahon |

(g x=m N Ar (N N) M

(letree $)=M A N) & Lok £=(recf. Ao M) in N
fot(m) o SUE M as (3,1) m X
3Y\O\UY\§ 0%_ g?m‘ M &s ()h\j) ) Y

2-3 Examps & derms

0y Fackodal fundion .
wef, Ax. i 140w | else xx £ -1)

LG { fack\O)L‘: |
fodk (er)= G *fouk () . ]
W) Ackurmann's fan ckion |
e Az vz oas (6 Y)
I x=0 ten ytl oe
K y=0 fom §(x-2,1) Ohse
BACTE f(l)‘(j"l))

LG ( ak(09) = y]
{ ok (t1,0) = odk (%1 ()

~0\</\e b(*hw‘)‘-—’- adk (x, axdlé(xﬂ, y))

25
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(i) The infinte bsk (0,00, (2,(3,C-- IN)).
Uk\r'%;g(l)'s‘ (%, §0ct)) in $o

V) A tom with a Mp@ VY oY
1+(0,0)

V) Tewms o jwelve SQW— ﬂ\pp\\m)ﬁbv\ '.
N OFIEICE ) QYR ICEY

26

2-b



z7

24 hree & bownd varialde occurenus

(1) A b'\V\(A\'M, OCLUr e N ﬂ- xeVar in Mé TWW\
K an otiwrrent OF X flie 5\51«\%’&)& Tree G'f M
N A Subterm (Subives) D“L fAx %\WW\

SOVt (M) X, oy My)
or St (M), 2 1, My)
or A (%, M)
or (2 M)
The Swpe of M Occumrenie is fRe Sbkerm My,
(A bww\o( occwrttne ¢ x M s
non-binding otcurvente o X Wil e Scope
ot sowe binding occumens X .

(W) A free ocomveonie & X i M is one vk

13 V\Q\W \ombw\% nwy' loovw\c{

| I | (‘)
(m) )(,) () S)J” (i

Bg  split £ o (y%) n >\\;} 2oy’
<'\,€. Sp\’r(u,g,i,}(\;})O"PP('O\QP(%J);\j))).)

&



2.5 Definihion: (Sv\bshh\\ww) o
szﬂm{ e N, /\«\,, My -(n21)
Vowiab A ) TR )t“ all diskind
e o
M[ Ml/)(,)"')/\(\“/ﬁy\’.\

("R vt dp Smuttanesnsly S\/\]OS)Y\/\'V‘{'\"\éL
M, %w Al fee occmnen u O\Y Xy N I\/\“)
s debinad (indunchively) acchiv\g b the Shuctere

f o
() Case N s ywée Vor
NL M%) s Mi iF Y =X, Some 1
y oty ise

(1) case N s Ce Gmst
N[ M/ZD is

() Come N s Op(N,,N)
N[MWE) op( N, [M/ﬂ N [/\/\/a])

) (wes N G5 IF(Ny )Ny, Ny ), PNY(NS’Nl)) O’PP z)i

Cave siwilav o me (1),
(V) Cone Nis s?\{lr(N,,g,lg,Nz):

2%
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2.5 Notwhon  (Subshimhion)
Criven R
alic M=M,oMy & Tomg |
o it X = 3, %n  of dishnt Vaviables
a o N
Lok

ND /) (ol ot N[Mn, ., Mary ] )
donfle T Tom obtnind by simulban couslay
epoons  eadh free pccurmene o X hye fhe
e MmN,

) I N= st xas (y,2) in 2y 2oy
hen b 3 .
NI ¥/~ > ‘/\A—] = Spht & as (lj,z)fn Ayili’?
() I N= ax. Y

N[x/n] = Ax
NE (i) is on exawmple of (aptwie Bt o free
VavichW in gre @r TRe /\(\\' b\g A b\'vxbt\/\g
O LUMVIMNIL &'W Sawe vari<ble v N
We wish %o avoid i \/\W‘)P“?/V\\V\?/ SN 1t an
Vo R indd meanivg A s . g in (i)
N is "I fundbon Wit Gonstomt viahae Y
® we dxpeck
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N[I/ﬂ’x v be "t (‘V\V\UIO{UV\ i ronstant vaha N “)
bk NTU) = M0 g0 MR iAoy, fanchion”
A 4 | 1
*SfWN\V\)i\'LO\\\\} ai}km. .

We can oviid this cophwre & free Vaniahly by
VAYKbL indevs o long. s e only ver
fovn o swbsthwion

N[ M/7)
Wan e Free vanables 6 1\7 ore d,\sjp\v\,(‘
fom e b(v\\o{vxg/ variables e N

A nie wvvé %joro«w} his 1S via the
f\? v\\)\\r\% w\dw,ﬁvo(fg VLUP MAahon .

2.6 Delnihion

The labon TFMm

(N\/\Me, { A <40 Vo 1S aﬁ'm'}e&e% & variahles
M 15 o orm

is in()\mdﬁw{% o{L{—\Nb }gx e fb)tvw\’v\} ywles

[dwe Tx  peam Fu(a} it g0
F,)(\Vb, w rV(J’tj\T M;'L\{)l,\g¢r

‘ e
ok, ) ¢

So



Russ for T'rM -
-1

Ik x |
lMNre

r!"M| rl‘ N\Z
rl" W(N\] ’MZ.)

TeNy TeMy TeMm
' 3
T (M, Mg, M3)

rl"N\\ rF/\/\z
rl’ PO\\,)’(M\; Ml)

[{—-'r N\l r)x"/}‘)' Ml
Foplib( My, 0y, M)
1

Ix F M
FFA(x,m)

Tem, Trmg
[+ WVP(/Y\\)Mi)

xr M
Tk R(x, M)

(3
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22 lwwnae |
() B Tem Thn T° Cortanins Al Vanables
N fe ocowrenws In M cumd dves it
portain vanall Wi bivdig o bounl
OCQW%ZAW\Q/\V\ M ‘ 7
W IF 'em omd x4l V{bivxb\'vxg & v vm@r(\/‘})
o [ar M,
s
by TAArdhoA  on T \)Nxf% ok TEM (ie. I%
Rle Trdmchon (13) for UM ).

[]

T i Tx,enx = N

o TEMmy -, TEM,

B e sabsthdin  NTM/3) will ok
wOwe §ree variabws i M (Which are € )
‘_bw\% Aptrtd ‘0\3 binding vaviablea i N
T e e, s ot o sen WA ot

ME NIRRT b,

2.8 Romadle |
 Hue B e f\wvvch, mdmohie dUI\'V\(Wm &t Wi
Rlabim & subshhdion

| [ N[M/Z) =N
doe TXFN and TeMyo TeM, ) TeN
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IY\M&/%'N& MA(\\’\’)V\ & mbshivbion,

T = (%Er) e
r\—g[N\/ﬂ= Y Tr o [M/7) =M

Mrc[Mii)=c
Y_}-Nl[ﬁ\/ﬂ’Na I‘P [RZ ]NL)

Tr o (NN ) T N\/ﬂ""' OP(N\ ! NIZ)

— Similar vl fov N= NG NG N pade (N Ny ) app(ng i),
TENTR/E]= N Tyzr N, [M/3) =N,

Tpxﬁ%bmﬁszWJ[M/I]=SN*(NiuyfuN£)
rW. N[N\/x):N

T Ay (3 = My, N)

~similar wle for N = rec(y,Ny)

Noke =it is not hard to prove (b\g Rinle Tndudion) that
DXEN & TEM, e TFM,
= 3N [F NEM/IYIEN

oxicts W\(qvu,‘.‘,,
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Hm ov; SOWL S'\W\p& 'PWM‘% 6%- S%Sﬁ%u‘hw,
Whith - be paved by il indndbion asing, 25

29 Lamwan

0 TEN[MY) = N

(W) j?[ TEM O TEN and )(,éfFU‘{bWV\bkb{vxa;Aj/
" Vo o MY
(0 ¥hat Daxrm b\g 23(%) ), Thm

PENTM) = N

(i) IF Tem, TxeN, Dxye P

TENI =N, Dxr PLNA)= P

and PFP'[M/xj’P!,)
M / n
T PV, N7y ) =70

T (MPR= P NER ] )
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210 Alpha  Convers ion

Gonwd idea o e obstadk S\ﬂ»d‘afx S tewms i
Stll oo concrebe , W ek Toywms A{Hwivxﬂj/
oy vy e pows ¢ Ty bownd var iables
W always he given e Seme LA ol

S Swodd e | /W/\J(\'S\U{
(Bg. M.(uy) v ATty )
o st Mo (y2) inlyrz) ©
s st oas () in (). )

omal O&Q/Jn'v\ﬁ\'m
The e loton (;% oL - oovww‘c{b{\{lr\}
TE M~ M

Temy CEm

IS MW\QA NN~ h, The f\:\\\m\'
- Yy by ¥
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2.16
Tndmctive olefinition ¢ ot~ vverion

° ‘m%xivﬁg(: T
] S\ﬂmw“v\é{f r"MN"‘N\—:
T M'Ag M

! / I
o ~ M~
erms\’ﬂv‘% 4 [F M~ ‘ v o M

Tk Mo M

- DAV AXI QTS

s SP\{{‘(MI y X ‘j)fv‘z) ™ SP“JC(M“ d ‘jl’ My [1’/7“%,/‘(7'])

M FA(,M) ~ o MY, MIAY9))

F'r rec(y M) ~o rec (¥, MD'/fl)
. (/ov\ngw\& ey
" M| My N\\l r\'Mz'\’a Ml’

' op(M, My)~y 0p (M, mM2)
—Sinila 4 for if, P ond app.
TEMAN D Mra MY

l—"' S?\\t(N\n ))\G)M‘L) Nog gp‘\*(M{, a‘j,M;)
~ sl s fv N awd e |
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2.7
S 2.0 Definiton chf L- RKPrEAsIoNs |

Noke that  { (Myw) | TEM~ A

on equivaline rplaion an M| MEm}

Wt B () (] Y/ ay,

dondle e Sk ot eqnivalnee  Clagses,
T olumwnts o Exp(I) ome wlld fhe
expressions o I N\W\ fee varisblen ¢ T

N

OQV\V%H@Y\ Cwe Wil make no o petakona ()l’sjr\’ma‘ioy\

WV\ QA JPQ/W\/\ ond The e Q&\M\V&\LU/\(X class
It okrmives In prache s should net
Canse OVY\ﬁ/\S‘W\

B AN d.o,iw\mg, V\ﬁ‘nmé nvolu V\j/ L eacpwss»w\f
Vi Jr@»/vv\s WD repreatint B, e Whawe o
Mmake Sure thet  the dﬁ)\‘W\\)ﬁ@\/\/DWAlr\M/\%( on
1L9/\(W\% 1S nvariank V\V\{i@lf ol

An exomple 8% s 15 Swbstitabion, Whivh (s
el Adepintd on Oxpressions  lecawe of the
{\)\\mwg Imvea (praved lag, muchion on the
Pt ot [“>7L1—N~°¢N )

212 Wmma

TF o NN and D M A
UE NEM2 vy N N/ET
0
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3. OPERATIONAL SEMANTICS -,
.ﬁw he ?NUMW\M{V\Q, \ﬂn\ojway 1.

3.0 Definthons

An [Lymgmw\ s o cosed IL expression
le. an [LQ/&pv%s\'W\ wWilih Vo E&E Varially
2. an ot ¢ Exp(M) n e M= 9,

We wnk |

v e sk &Y PWﬂVO\W\S,
- An L ovalwe , o canonicad fwm IS o
Progrowa reprivented oo tm in one o e
%v\\ﬂwka S\C)vd'&\(f(\'b {DYW\S

o Constants, C

o paivs, (P &) (dwe BFPand BrQ)

o funcin absthachions, Nx M (e {p M)
We wvike

| Vol
fv e set of L-ualnes,

3aﬁﬁmmm
Tre -walnabon rlaion
PUV (?épwg,VéVM)

s sy\m«mg Mbm "J‘J e {v\\ﬁvoivx? ywles :

B




RU\\RA {0\/ “/

(JvaL) VUV

(Y op) Rbn R, ( C= valye & nopn,
Poph U cC |
(YIF) - B UV

(i 8 \’V\MANW@)(/’\/

| 415) BU false QL YV
(if 8 tum Pele @) & v

? P
(U siT) PU(R,R)  MLNA, )5'){1,\/

(Spht Pas (o) in M ) U v

(app) Pl Axm MI&/x ] v
P v

(U Ree) ML reex. M /3] 4V
ecx. M UV
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3.3
3.3 Exomple

Consider ~ F = mefidoem

Jave M= i x<0 then 1 oelse 14 f(a-1)
Clim thar for all n20  Fn { n! .
v five it el o Show  for alt n30 et

G310 YPehoy (PUn > FPU w!)

N e Cown 0 TS b\g ndnchion o N,

Evs‘r nSe i
D) LF/EY & o, mEFE] by [va)
>0 FU MLmEF/s) bbwﬁfc)

30 b% ({l APP)
321 FPUm i MIF/E,7ad U m

Thon f PUO L P<O U tme by (BoP)
o M[Fg Pl L » (LvaL) & (U IF,).
So Fpl o! b\ﬂ (33-2) , &S W‘V\'\‘% Swv
(e n=o af 331,

Swppmre 331 s for woan) ek PU Nt
Thon PrlUn 5o by hgpetivas F(p-1) ¥ nl
o Px EWP-1) U (ne))), Bt also P<o O falwe,
o Al al

MY Flg, Pl ()

(M\‘U\u\&\*(d.

- ho
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Rowmonle

The ddbnivow ¢ the walnation wlakon U (ond

B fansiion el — 35, below) is an wxample &
d Shuchural oprohondd  spmantics  (Sos)  in
(’N%ﬁ&ﬁ?oi’i&im: n OL pw%of |
PUV (ov o P—>P") fe \m% e need

1S dutemaingd 1’)\/ b S\jv\’m(/k\c bruckre d{» P,

Four thay \reo\J\\'M o SOS

M. HQ/V\V\LSSv Thae Semanties 0{: vaﬁmwxwwwg/
U\m@w\ws An EU/WWV\{-M\/ Db chivn Usivg,
Stouctwend Opm\*\mak S&’/v\r\ow\ﬁos \A)M«?} y 1990

G. Kehn, ™ Nl Semaantics™ s In K i & MoNVvat
(eds) ' ?\fvgmmw\\'\ﬁg ot fature Gevershinn Comvpudent |
Novth-tollound , 1983 Pp 2373 -25B.

G.D. Plotkin, " A Stwdtovrad  apprwehh T operatinel
Somantics | Repot DAIMI Fn-19, Aadwa Univ,,
931

A frll-scale oxample -

R, Milwr M Tofte & K. Howpe, MD@}wth\
ot Smww(i ML, MIT Press, 1990.

R.milnew & M. ToSte , " COW\WWW{WV\ZL on S
MU, NOT P\%s 1991,
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3.4 Pyoposition (De)rww\\'v\mg ¢ evaluntion)

£ POV omd POV Hem V=V’
Broof ‘
Use R Indndion fov U ¢ chock Mok
{(PV)] PUVEYV(PUV' = v=v)
s dowd wade e s n 3.2, q

Tws (P T POvT is & parbial funchim

fow pogroms o valugs.

L Note ¢« it ig Mm’v\i\-&b\g wot o ol §Mvm‘\'w\
E}ﬂV(Wm.xﬁzv), WW{J? ]

The  ovnluation relabion povidts a Convenient

Tormnl alon oy easoning  olomk onermd propeibies
ot is Qaﬁmk {QAV\UBW\ b b is less Conveniend
Fw Co\\wta\\wg, e value & e pavty ol g\/w\d\w
\fy O\W&) ~t PM(MW Dmﬁm"‘” \/\/e vl (5\\/‘&?\
Mo oncaele  doriphion o valuabon  in

s o nted s‘wps_ & Computation.

AN

3-5 Definttion
The ransiion redaton
P—a (P& € Py )
13 '\V\O\Mu’f\'v?/{'g M\MA bV) the fo\\ow\'\/\? mles :

2



Rwln for —
P, — P’
PopP,— Pop P,

(—op,)

P, = Pz)

[=>0p2) ~
' Ny op Pz_ﬁ n, sz'

) (1€ = vl 3t nyop 1)

__\OPDZ -7 C

, B -8’
(+IF) = — .
())CBWKWPOAK&)-?()% B lmm P olse &)

(- IF,)

(f e fn Pelsle @) — P

(- If;)

(1E falke Fum Poise @) —> R

P— P’
(spht P o (ay) in M) — (spht Plas (x,y)in M)

(—=spuiT,)

(=P, )

(split (P, %) as (tyy)in M) — M A7y, Rly]

P— p’

PQA— P'Q

(= AP (Ax-M)Q— ML®/x]

(= REQD ™oy M —, M [ e M /5]
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3.6

3.6 fiogosition. ( Dettrrainacy 6 =)
T PP ank PP, ten P=P

Rl tndunckinn o = ¢ of prof - Deposihion 34 A

3.7 Proposihion
or ol Pe ?mﬁ. and Ve Vol |
PV & P-*V
(Recall fam Example b4 thok =X dates The
ieflnive - bonstiee  Closwre & P rtlwion — )
?ﬂ_@é (OV\‘v\iM)’

) Show  Hant %(P}V)) P%%V\{ 1S clsed wnewr

e by Njy\'\/\\'vg/ V. Honce b\d Rule Tadwction
PUV = P =%V,

) Shod thak { (PP I VV(PUV = PUV) Y
s cwsed wnder the s ULQ/{'\'V\\'Y\% .
by Rwle Tndwction

Pop'2 Vv( Puv = Plv)

Sine T(P, ) VV(PUV= PUVI)is a
reblaive % femsitte redetion it follows  That
P= P V(P UV pUY)

Takivg, P'=V, for Wi e hove. UV V7,

e

P-*v= PU Vv, :
| R
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3.3

3.% Divergmny

The traveihon lobion —  albws e o owv»L?«e
the ott {Pe?m% \ $V€VM(PU\/)} of progroms
WInidh do b valnate o canoniwal fovm.

fov, lo\j ?vwos'\h'm 3.0, W })vﬂﬁfé\wx P dubermins
O AWNGAL OMPIRTARN  Sed NN L

POP-;%PO—-o p\——ipl-?"-
& moxivead (pngftn  IF e Lot ds W, me
Sow % d:vaé:m, and Wik pP—v, TP ks
fnile , soy
P=pP, = P—> = P (n>0)

faom P is Jerwinak jie FHP'(P—P).

Note fhok  awy VeVal is torminad . However
e owe " Stwok™ prograws e P oohida are
formival bt not @il o

S

Eii & o Studk progam 0 +twe
By & a divergenk proyiem £ PeC X X

Rowewk. Tt is in fnck pussible 1o cefine the Sk
{Pehng | Pdivergeny Just staig with . Qne
Com slwz (xerase) ok I incides Wl the sob
\{PQPW?W P'ﬂ\'}v CD;{V\'O(MUHM/} 0(475‘(V\g,& (C{S— \,\l)
by The ]QO\\D\A)\'V\%A mles © |

4S



g;x

Rulus w-in&w}n\&l% (Xb\j'm'wa{ d{vw@mw,ﬂ\

Rt } P |
- Poph Dop P, 1 (RY )
| Rt
(6 B thon Pele @)
o) ]
- \ )
N AR T TT R MPTE
)
P{\\ ) M[PW ﬁ,‘j-],ﬁ\
(o - — PUAB, 2
(S Pos (o) in ) A (Wt Pas () m m) ﬂ\( f P))
pA M8/
B - PO M. m
_ M[reca. m /)Lj ’(l\‘
e, N AN

C(Ench vl is lebd) Wit A =T o reminy on A et
the e b@\\f\(/‘} wed I 54—;/\9, o Sok (,o,iy\)v\()({wd_g. ,_{;a,
e e indertdey in T V)WAHA‘r wst-§oeed  poek ol
I resvanked mondtone Wa{w,)

b



e AN b e bt o L AT NAI s 0

39

TMS Trin pR (9( Rule (o-Trdvdkyon  (Lowvna (1)2)
N W Cae &K\MAA e fv\\rvwwwg, meihed o

vy, divegang -

To pove PAT it swive o sww PeD for
some DG Prog sl f’\d(n% :
o V4 D' (g, Ve Val)
© (Ropf)eD = Pen or(In(f4n)s fep)

o (it RfumPele)eD = BeD or
(ROt & PED) ov
(Y%U/f&\\&e& &éD)

® (bt Pas(y) mm)eD = PeD or
IRL(PU(R,G) X
N\[P\/x,Pt/ﬂé D)

o PaeD = Pedor IxM(PUALM %
ML &y]e D )
o cxMeD D MIrerMa]eD,

— ‘}l___@ In Powvtrcmlow (A D W\sq\\’v e c\wh vl
E_@ D= o{reu ) m&m fo witness that (e )f,

3



S-10
2.9 Romak

Tre mis by U (and fov =) ewmbodsy aftain
hoies  abovt aw o Bvaluate E\AV\JHOV\ Cvppl\' (nhon
ond D - deatrackows o both ywles  ove

non-stvict  Cor “call- by-name ™) in ihak
W@\AW\KN\JTS are  Swhshimted gw Pavmw@m b ok
‘a@iv\/a, valuaded . |

T Sk (o " Ca\\-b\é*wx\v&,h) VOVAOWS |
(nowld I k

PU MM UV ML VI
Py v’

(3:9.1)

(39) PU (V, V) MDVivx, ViryJ U v
spit P as (v dm M 4 v

Pﬁl{\\{&i e dﬁf‘\'xf\i’nﬁv\ | O€ VA\M IS C’/\M(j@? S0
Hn '(P\,\”l) i< n valne iH (ivxdmd-\'vdj)

P\ g P2 ot values —henwe we alse need the fo\loin\? ml
(39:3) Fuvi ROV,
P2 ¥ Svpvey>

T Wit U asia Definiin 32, e e
~ (M tne) (recxx) 4w

CwWherem it fRe stk wle (59) we get
RV (e (e )V V)

O&Low\% BV(\‘QCA/I JV) )
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L OBSERVATIONAL REFINEMENT &% EQUIVALENCE
«EN e mgmmwdv\% lN\sv\(«gC L,

Rucall e gonerd idtn o E nd & hom e
Tatvoducton:  for L oxprassions M, M'
N & W "\\C \Cw all \)W&)YO\W\S P\:M] mvo\v\'vxﬁ,
occrvenws & M (in T Ssydtax tvee ot «
fom repw)w\h'w} W pgram up o - u‘u\(volem&))
nny obswrbe it gt WN\MhW} P[M) ic o
ohsermble Ye/ébd\‘ ¢ valnating Pim'] — e
t odler 1s!"PIMT Wit OCWV\(,QS & M
Rplad by M’ "

r—

TQCN’\(CV\)( prablom : A V\ﬁ-‘v\'mj 1S Ay \/\MLO%M

on oL-equivalinte dasses 8- foms L So opoes ngonst

e Convenbion o 2- 11

Eq ¢ the "ontoxt’ PL-12 Mo = ghould e
T Same as (- conwirhle ) Ay
Bk replacivg, — by x yiolds  ditferewt resulks

pvP v K- Eckw§vd\(;q‘AALL. ( A% v the (:\v‘ﬂ‘ (A4c
W Ay TR SQWV\&).

Techniead olubion - we Wil maintain TR Convenlion
ot (/00{\(\'\/\% wp-1o -0 equivalene bvg 'EV\W\W'V\}
Mndhion varieb2s  ond  Swhstimbion  of meka-ahshinghions
‘EDY funkon vaviahles. |
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T@fwi_v\tf\ogxgz i e Glemdere ferms with hsles

ke ML= e ald ontexts . B
doservariond eawivaling i o%w called
Conrertunal w\udw«ll./v\tt,

Gy 'Dq/"\’V\\‘h'OY\‘S

Fx o comnltalbny infinile sek
FVow o Swnchion vaciahts 3,57
(digjoint fom Var U lonsk v Op ),

ond o funchim

or + Bvawr — N
AsSigning, b oeadh Ee Fugnr s {ML% or(§)%9.
(We ossume {teWor | ar(g)= 0} i wuntahly
Gl , B eadh we W)

The <ot Terwn® of  odended [L-fawms s
‘W\o\wk\'w Al b? Mms o8 o 2-1 plus e
ywle

M, € Toom® - M, € Term™
E(Myy-aMy) € Term*

( ar(g)= n)
The rednabion M E M
Whore {I" € pin Vor v FVour

M € Tem*

SO



s \V\&w/hvw(, difined by e v n 2:6 plus
e

Y‘ \"M, ot r ﬁ/\/\y\
Bl E ((ar(5)=n)

18- \f S(Myy- M)

Note : Torm QTQA’W\* ond o
TEM 2 [THM (e, Var, M & Term).

TV\Q, _, E'UVW\VJ y wmdunchive ak}f mhon Og substhabion
i wdended oy fov vanal\s -
[ NI /3] =N
15 just as i 4.8, et hat b s defined o
e T CVm UFvar , M N, N € Tom® s&n’sfﬂ\‘vﬁr
LYXVN, TEM e omd TEN

k.2 Dodinition (Suberitvhioan @ neta-ahshackovs fov n. veus.)

T ODXFM dwe T =2, s o list o
st Vwiab\td, Tuin

ERESN)
s o peka-abshadchin ((/O\VH/\ free variabr & Swunckion
VAV RUA CF> ~ We. wish T Mm e reantt d}
wbsh’mhvx@ 0 meka- A G kion (DM §r « funchon
VaTinble Z M A oxlendd Fm N, donled N[(")M/gj.

St




oy

he WW \QW N 1$ O%Wf\m’\(\ E(My)- )M)
e W toke N[OOM(E] o be mIM/FT,

Rvmm\\Aj y e 'W\r}\A/\(/HvR/‘A& M{\’V\L A relalon
Whore

T,iF
L &N
I N

bg wir ke Hoe o 203 ﬁw M cares et
N 15 a constant , opuator - forwr conditioywad pa AV,
applicalNon , poniv - deatinctor  o¢ Nowrsw/bg R
(Uonded) e | plus e following  les  fov s
Coases ok N is a variable  or a functon vanable

apphied 1o oxtembed Yo

I E \}.[(;)N‘/gj—;% (gel)

e LM TN RN [N

. (5%el)
[P EN,.N, >[<1’.M/1 = g’(N{,...,N' )

TEN, [N)M/g] N TEN [(*)M/g] N,/
CEE(N- [(")M/g] [N oMo/,
| (NB :intie $2LoVIA Y\A.(ﬂ; sne glel , V\L(gjs(,m\«} Z '+ %)
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43 Romantes X
B TR weiom [F NLEMET=N" s dw

@ﬂ?\@/\' & o fandkion, e
Didm & Tgdn = 30N (FEN©Y)-n')

@) Tris possthe o clekine simudtantons  Subeiitintion
o mokn-obshoctions fov Bnchov variabls | A
we Wt bty to do o e,

Ly L (f 2:9(1) )
=

LIEM TEueN L5 rP (545
| Ly N[OMEY =N
ST et PLON/g ) =p!
rr pLM/g) =P
M el N = pt
(Te " (pLAN/p ) ) [EIM/g] = P[(B'WW)M’?]/;'} )

Moot .
By induction on e pot f LE'+P. .

S3



k6
45 Depnbion ¢ ol- tnwession
The equivabing ot ot _ol- tonvertioiliby
FE MM (TFEM TEM)
or eadn TG Vawr V BV | [k e
Exp*(1) = {MeTemd* | TFM} /nyy

dondte fhe seb & emuivalenie dasses The elovepts +
ot Bp'(T) o colled fhe eknded T expressions
At free Variahles and  functisn variables < T
Noke & thhem T E Var, Eep (D)= Exp*(I).
Thus T exprassions ane e Specaal case & tendad
ﬂ_,Q/XPHAg\%W OOY\‘A‘MV\\'V\} v ﬁw\o{\bv\ VAT A lg\l/)
Tre ondlogme & Lomwa 2912 Jilds , and o
Swbatvinhn  of - weka-mhsha ghisns S twinbow
v determines el defived  funchion

M € Exp* (GX)

N € Qm*(ﬂg)} — N[()()M/g’}é E}/P‘X(P)

(N8 ¢ TC Var, thom wecassanly M and N[COM /g )
e IXPYEASIDNG 1_&’(‘NW bron ox lernded .?/X)mr%&l'wf, )

SY



k7

Vﬁ‘t_}_@;Exo\m?\z |
Winen {N= MUE) € Byt ()
M= xe Bup(x)

NLOMW Y = Aex (= 7\%3 .d‘c,)

M EGE) 1S owr Vearsion ot e "oontexctt Ax—,
Note far we Gondt ok by inferprebig
pe = ey vavialbles o fhee iS00 |
IMhsttabon e o ke 'ﬁsv \ét N )\],vdr, h
Wi \3_{?/\(7\/3 AX X Up fo o= Cenvesion.

o

With frose preliminanies abowt fundbon vanables
oWt & e way, we gt btk b difining

e netions &Yi— dhsurvational y\eﬁn@vv\,m& LA
dhservshional Qc\v\lualﬂ/v\(z fuv B ‘P/xp;\e/ssigm



k6 Debwvwhong
Wk Obs = st udpaiv, \} . The dhsewable form

obs(v) € Obg of & valve VeVak s ‘M‘“’hw(“d’

dehivad bu}/
ohs (¢) = ¢ (ce Gonst )
s (P,R)) = pair
bs (Ax.m)= A

for wdh M= {nyo1.Y € = Cin \/M re  redation
G fosuvational refinpmenk
UEME M (M, WE Bup (L))
\s OLQ/J(W\M o Inold ﬁ
Broall PeExp*(8) (Wwe efVary ar(s)=
ond all Ve Vd, f
P[(I\; >1w)f\/\/§) U/ \7
thon
P[(l""”"”)M/g] Yy v’
b some Ve Val with  dos(v) = (V')

The rlohion & Goservahonad VAl @

TEM > M (MmyM€ Ep())
s defied o old il |

FEMEM andd [ Fm'EM
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.9
. T Lumwa

Observaonad efimemank  is a preovder, ie. it is
refluntive |
Ur MEMm (all Me Gup(m)
ond  ransinive
CEMEM & CrMEM" = Trmem”,

Obseruational equaw/\ct IS an eqkmvmu/mct
gl ion .

?Mv
Tovediste JGWW\ e d@qﬂw\r\wow

N

4. 3 Poposition ,
I NXrMEM ad TEEN, fwm
L N[(f)/\/\/g] C N[(i’)M/g] :
02t e T= 01y oed = (B vkt §= o o

%’flw PeExp™() Whwe ar(g)=m, drwosirg
%“GFVM Wi ar(ZY)= man de)pwz/ |

N NECRITED /g] € Exp*(§,5")
PLEINY g ) e Eap’ (5”)
Thon b%umww o |
N' TG/ < N [ 5"(%[(”")/“/5"] Je)
| = N[GOM/ £ ]
SE



Y 1o

and  hone
P \éx)N\/g 1= p[(g)N[(%J)M/gﬂ/ N

_ P[(\g)(\l[ )N\/g]/g]

oind s\w\\\w/\i\% i M A p\o\& 6‘- M. H—P/V\(,L rf
p[ (41 NLCOME] ' 1 U v

P [l%x)/\/\ /%/'] U v
BRI %XFN\CN\ e 1s Some V' owaia
dhs (v = fhs{V) ownd o
[(_\Z:)—Z)N\/g vV

0. »\M’vx /
PL (\g)N[“‘)M/B']/ v

Sinw tns RoMds for awg Pe Exp(¥), we
howe Fa, N[()L)N\}f]c: N[(nx)/v\/g'] |
O

4.9 Covv\\a% (&vx%mw& pvpedtios oF £ )

)y I TFMEMW & ['FN LN Tun
FE(Meop V) E (W ep N

Wy 5 TFRER, T MEM wd TFNEN thon
D F(if 8 thom Moelie N) € (if B' o s else N°)
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LA

Gy IE TrmEM and T NEN' o Trimin)E (W) N),
av) T TEMEAW and Ty ENENS T

[ (st Mas () N & (splik W aas () in N
(\) I\' T,?L - N\E.N\’,"W/\A TFM. M LAV |
W) TEOTEMEAN ond TFNEN) o T'FMNE MmN,
Wiy T Gak MEM fgn Threca, ME e M

Vi) I6 TemEm amd TarNEN ) How CENA)EN WA,

Do

Fodh & () -(vi) fllows from 4.3 by Chaosivg @ switele
oxlended puession. Eo {w (v) we [, % - AX, Z ().
In e mes 5\- m%\%&p\i",w@mww’rf N CW L ok
A twe  opd wpp\Aa humﬁ*\w-g (43). ng fov (1) we
fiwk pvove
TEMEM = THMepNE mopN
(ENEN = TFMypNE My N
(by tonsidedvy, [EE 09N ol [,3 ¥ Mop T()
M\)Qd\W)OxM Phon  Wie J(mm{‘(\'v{hd b gk (1),
SM\\'\&\A% foy ('\'\),('\'\'\),(fv) o (V).
Ev\o\\'\«\g fov  (vili), \/\3\'\/\% ‘wv\'s\"(\'\/\)né, he Cmn Spht
ANV )GYWW\%/
| FTeEmeEmMm &k TarN = [+ N[N‘MEN[M'/)L]
owd TEMk Tr NEN' 2 Tr N[ML)EN'[MA]).
The first imphication fouows 'fva\ (V))—(ui) ioxd induhion s
e pwdp & DarN. e seond Hollowos otfrw%lr} fom b8
Wirg T8 E(M). 0
$9 '



k.12

 Notgvhon |
Wion ’PQEVN% e jms)r Wk PEQ ownd
P~r@ fv OFPE& owd QFPzQ.

hio TACTS oot C mnd 2,

A/]:NB Mhis fack reflecks The

yaistic nat
) IF PUV ten PV, wmtww“ﬁfa}

(1) B- conversions |
(@ (dxM)Q & M[S/x]
by (split (P, &) as oy in M) & M[Px, @]
© (F tme fom Dol @)~ P
(dy (i fale o Pee )~ Q

(i) _tonditionak - tonversions -

(@ IF PYU Axm tn Pz 7\‘j~P(j
(by OF PU(D,%), than
(Splt P s () 0 /\/\[(“5)/%] )~ mLPlE]
(© IF Bétwme or BY fabe , fhon
(if & ton m[twesa]) ohe mIfalsesy]) = mLE/]

(W) @A\-efnsw\r\o\\i\'& pvoy Uy
@AM EALM & VP (MIPhTE M[P/aj)
b) (P,>F)~(®U®1)<> PE® K L@,

() cccd & c=c/
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4.3

(v)_lemst prefixed poink propedty :
(@ wmex.M ~ MIrexm /4]
By MIP/IEP = wex.MEP,

i) pwperties ok O % e,

(g Q EP
(M Py e Fv(PuVv)
W) detinable lubs o O\W\’(\'v\u'\‘rg :

Pk | M Q .
ey py A N\[recmd.N\/l]

Ton e amE e mE - L reen M
) Vi rec®x. M T P) = weamieP
Nore %QN\LW\\\%,(W WY NEExp(y),
LR M) £ P 5 Vi (M5 5) 2 )

Thuse FACTS provide & wsehul hasis for reasonivg abowt
doservational refinoment /eqnavalone ok L expreasions.

The prlem 35 that it i difioat o prove These FACTS
dihy fm T depindon & € and 2 becamse of
IR quariification  over All Mvontends” (P € Exp*(E) ) n
the. ddhiviion. T S\Abﬁe@v/\mv\}? Cochions  (ve  mbwdunce
VAYVIONS op@m\\\bv\a& wnd  dondtonbonal Hoels for sPlving,

AR probloan .

G



S

5. APPLICATIVE (BD)SIMULATIONS

Alg ﬂvé\(\w) 1 ObSQ;/vAhW\d w&inw Con
be C\(\ow&\c\-@fi%ﬁ)‘ NS T \Ovr%(yﬁ elation . betwemm

L- vajro\wvs So\ﬁs%{yé/
Pep' @ Veelwst (PU/C = ’P'U/c)

X
Voe (PU(P,f) = 369,
PP, )& RER SR ER)
%
Vo (PUAem = I am
UM & Vo M) E N\'[@/x']))
Noke b & sofisfies e cloove  bicondvbional pund
MW)S T ODY\STVW(\LQ/ PW\{)%A‘M n 49 , s Sm)(*\'f&{e««l’
b establish Seversl & e fadks liskd o ko,
nenedry (), (), (i) (V), (V)(&) ourd (V1) .

b2



S.2
- 5.1 Detinihons
Gaven @ biww\g laton 5.C Pwg X Awa., U
[5] C ?m%x?mg, be duhnor b\ﬁ% s

PIs1? & Ve ( PUc = P'Ye)

K
VPI’?Z (P”U/(P\)P‘),) :—_5 3 P\/) P’),’
U)K PSP K PSp )
%
YoM (P MM 2 3 A

PUAL M'E Ve MI%s]E M 8/y]) )

Nole that 5 [STis o wonstons operntor - an @ (P x g )
(e 5258’ [515(87).
The wlaon £ € PWSX PYVﬁ» 0{1 applicadive regim@www&
s dehined o be fre  greskest post-Gixed poink o}
S [8Y) (¢ o),
The relodin ~ € Rag x Prog ¢ opplicahive eqivaling
AN b
PrvR &= Pi@ K axf
o oWe atlend £ ound ~ o ol Lo exprasens (valiaey
tan ek B closed ones ) a8 pllows
%’W@/V\ L ,Qg(v;Vwr, 3‘0\/\3"’ = ‘(?\\)"“)mly\‘j} |

cond MN €Bp (), dopine
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S.3

PEME N © Vo, 0 My MPR]E N[ P/A]

CEMAN @ YR, fe by MEPR)Y NP/,

 We aim to Ve
T . Aplicdive whaad (1ap. equivalena )
Wnads Wt 6\“%\)6\‘(\'%04 \‘e"{mewwk (TM?.
QO\U\'\\)NQN\(L), g
{ PEFMEN <« TTFMEN
CEMAN & [F MYN

5.2 Lomvnwa ’
< i a pﬂow M (\/\W\UL) ~ 1S BN Qﬂw’va(ﬂmu
M\m&-\m.
Prodt
Tric ot haol B chude bt S 18] wbisfes
(5201 L CclT]
is22) [83-153 €L8%5]
whore T = °{(\O>\D)\ Pép\mﬁ)] s The \‘AX/\(\{’\/"(\O/(/ JOJ'vvvvxg/
el on Y)wrd N
s =4 (p,R)I0(PE5R % OS8R}
is The  mpoiim ¢t relobions. |
Tne < is e geatal post-fixed point ok 5p [8],
(52) gy TC £, 16 K0S redfosve, And (£2.1)
o Lo S =LK ]l=]) cl<ef), v £ CXK, e
< Kk henahve, B
- oY




Sy
53 Rownle |

Sinee < i refluxive b\j 52, omd Sine
< =[<7, % flows that P< P holds

if

Vveval( PUV = P V).

TR Serves o Oteblish Pk FACTS W10 () (i)
VR () Wl for applicaive equvalmne.

dStne < s Mb\/\@ AL A ﬁwaM\‘ kaeb pOnAL‘
& o ywondlone Gpertoy, we s Prmndake o
G- induckion prinviple fov it (<5 lomma 112) ¢

5.4 Ropositon (App\{ca&m’& S\'mw\ox)(\by\g)
5C PWQAX ng “ ﬂs\ oON %@\'Cé&(\fc Smunloton if
b SoRsbses b for all P PE Proﬁ, Pg P’ implies:

o Plc = P lc  (celonst)
o PU(N,%) = 3000 (p'U(r,P4) & RS0 & DEP)

o PUMLM D NN (P WM %
Va( M) 5 M[@/x]) )

Thon for oy PPERog, o prre P P’

v o Sow PB P {va Tome mv)‘)lica\‘\v\/e o

Svmnlahion 5, ‘ ]
6S -



gt

nsd v ok 5 is an applicative  Similaim
W o Sk ponk & [ e, i (8]
¥ for oy mwh 8 Sc £ 5

~

C.5 Roawle (Applicatice bigimmlotions)

Topoe PPl culy sl b find

O\W\\U\‘Ww smnlations B omd g i P P’

(e PLP) and  PE/P’ (home PP,

However ~ wn be  charaderigey  direck

e gresdont pos‘rwaa point of B> <8> W
<ey & [Sj N [se]°

e B =4 (0, P) | PSP donfler fre

opposite ¢f o binewy rlaton S,

[ Brenise - pve ~ s The greakurt fosk-ficed pok
¢ S>> )

s o opave PPt suies o shaw PSP
W G S <E>. Sadh S ane clled agplicbive

\D\S\W\V\\O\\\W\& § S Wh @& Y‘(’/{C’/\\'\W\ l§€ ﬁ?\’
Al P‘PC?vozd PSP implies |

s Plce= Plc (ce Gw\b\) |
< PUR,Y) >3%?(P{L(P,,%)Ang'&sESP-Z)
o P (pe) 2 A, (P{,(P\, 1)k PEP s P 8P)

6o



S.b
o PUALM= INLM (PUALMNE
| Vel n&x)8 M &) )
s P'UMN = 3 }\1./\/\Q PY A Y
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.\V\d\\'((l\)‘e that ? 15 S A b onA-
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7.8

.8 Proposition ( Plotking  charmctnzation o wo
Cintomws & o wnfwwxw pww\/\w)
T\N& fawily & opern |
-9 > (%) ( D a CPPD’ f DD (/DV\JV)\/\\/&OMY)
1 U\masv\lk\g, d»ULWv\MV\Q) \0\1 e fobvw\»'\g/ "(VOD

; D o=
Wy by oy Gom mntalve  squee |
(s shidt & cis) el
uie) = s pmif)

Prodf

CW I SA+\€‘€\M (V) and WE Cun ASE
§L0\\ W\WV\UJV\‘W\ (%.5) ‘\‘D \W/\fﬁ thedt i+ So\}\Sf\M (n)
Rt nele that

FristmEn) = slH(nlf))) = s(pif) (by (0)

S s(mUE) s o fixed pomk for £ and hame
}M\C )‘:S(M({) So it SV\‘\'\'(M v Show thet
st & plf) , e Tk p(p)e S Where
S={deD] sthe p(§)}. Clasly S s
odmissible (- )eS be Lomse S S‘}V\ck S w-dhain

losed becomne o ovivaaous ). S0 4 5 f
Swhics © duk  deS D L(d)eS. Bt f deS
o s(Ed)= F(sd) = £ (m¢1) =pn(§') 0 §)e S,

T



3.9

T omeint o Show ot wois unigue mia
popediier (D8L0). Swppre M 15 oo b

opem\\ov\
bt O ke o ool coxll T
oW ]
I V;:(' HO\SS—& ﬁ/\'ﬂ\ﬁvam
» for §L |
ls .
QUA/\AJ, 18 o Cppo o T ‘:uvxd‘\év\ c:SL~>S1
(3Mm b\g . N+l NCwW
G*(M:J\
W N= (J

16 contmanows,  Turthor mere | Ggiven o - cham
ded,€ - In n cpo D, fhwe is o Wnigine
Continnona  funchion d:0-D it

Ay =d,  (n<w)

nd AR . '
dw)= U dn

n<w

Given anwg,  cppo D o conbvmows T Do D,
Wk a: Sl-ﬁD wmpm/\b o the wd/\ovm wﬁ\,\

do = £7(D (n<w). Twws we  hhave dlw)= /AHM
m—‘i—>D |

O'i, J/:f' vavwkaTNM gw\(,c 112% 3Ah3]€\’&1 (\\)J
.Q_T D

9L
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m{f) = Q\W\w). <
Bk m oako sahsfia (i), 50 m(e) = o (m(o)
oW Inmee wle) = w \ e 00 has Q/XO\()V\AQ/

tne Q\be ‘)\)\V\(‘C VIiZ . W) TWW
wm£) =7 (W\KO'))‘ IO }/\(‘S')

0 rea\w iw\
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& TUNCTORVAL CONSTRUCTIONS ON POMAINS

 TERMUNOLoGY Toy Y pwrposes & Wais owrse e
oSt amplicalkd typr & Sewanhic  devnain (*’Sw
Aunstalions o’k pYv %ym\r\w\(y\% \ay\s WAge Q/xymsx’ms)
e Wl ned IS o Po%vx’rul Cpo = & an w-cham
e postt Wit o st glewmank . Hene fovw v

we Wil refer fo pointed pos (Cppos) os dowmams

[N\O\\Mgf e Speeac JMW 6} donan — Sttt domains,
Dl-bowiy\S,w — otew m the iik/m’cw&.j

In this Sed{b\n We gve Varions  (onshuchions
s gpos mRd Jovwing  thal kil e W2
for TR donstndional SoMARKCS o L. Tn each
e we gir e Lndediive sek o the
Al oy, degwivng e remU/r o chedk ot
s € o-chebns da inded oxist (cwxb that o
Losh  olowat oxists  in R (ase N o oS tion

¢k & dumenin). | :
T\f\m we ok ab varons  assoualed  conshmdhons

. o Ovvd\v\vwws fww’n\ms (v\s\v\g . moditam &

A o
S

4

3.

h



-2

%1 Dehintions

1) Lifbng,
The Uﬁg Xy & a cpp X s e domain
obtined by jm'V\\'y\% 0 Wow ok
X, 2 X v {1} Whwe 1€ X
ounal Q»dfmd\{vxg, the poitind ordr Ty Yo X, b\g_
\N\(AK'W\% L lognt .
ueE, W& (u:— 1or (wueX ¥ Uy \/L’))

=X,

Q}_}__@_ IF X 0\\){9\&\3 has & Loast olomant A (ie.is &
dowain), o Ly 15 no lowior lwt n X . )
Notabion : giveny & dowain D, ik "w/\h?rivxocd‘

1S the Cpo

0 den ] dty,}

(i) Disorete Cpos % flab Qomines |
Each sk X g vise fo o disecele CPO Via e
bl oder : g X & A=,

A dowain s flob ¥ His & Befom Xy for sowe
Aisueke cpo X, | - f
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(i) Guhesian % spady prodmcks

Given opos X &Y, thiv  Cowltrion Dwdmk 1S oo
XxY L ) L aeXx s e YY)

(04) Eppy 0Y) & Lasxx' & yeoy') .

(\_l__é (10:40), (1Y), $ an w-dvn o XRY \'ﬁt
Xy Gad Yool O ro-cheis v X %Y

wipehv S ene )
oy - UX\' J v.
SEW“(I\ Yi) (-‘<w )\'Kw‘éf\‘)

B If XY e domaing, & i XxY —is Lt
Yk \e@w\?d, U-X)l‘()»

Z

l\

e Swmash PVOO(M& DRE & two domals D&E istin

Cdman DRE 4 (DJ/X E‘J«).L

= {(do)eDxE | dx L=} v {1}
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Some Pickures, w we B=1{0,1},disutke cpo

Bx8
\L 0 1’ (0,0) i‘ (o,) (h,0) (’j;l) "
\ / (0,0) (o)) (1,00  (,1)
4
_ \J—//
L
B, x8,
(0;03 (o) (1,0) (1,1)
DY
\
(1 D)/,i) (4,1 (1,4)

1+
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(v) Digipink union & Conlesced Sum
Gwn os X )Y, thay O\KS:W\’V\"C Waow 1S i ¢po

X+Y % (i) e X Yud ine(p) | ye Y]

UE L W Txx'eX (usindm)gvinrla)s LEx)
v Ayy'eY (weinly) & w=invy) % y£,y")
Whore Ik mEE), Y nrly) are injechie fomchons
WA digioink iVY\O\g/M (Qﬁ for defintenas, covld tuke
oo % (o)) , 'wwbg)”tf—-‘L (1,y)).

NB 'f Uothyo 18 o w-than n XFY  thon
UW .U.'l:'\\/\e(l{) WH’\ Jb)xl)"' oan (a)——(/{/\A\"v\ \V\x

or Wiz iv(y) With Yphyooo omoonw Y

_\y\ m)\\%)\" (e ‘\Z\_LV\\ = wl (,\L(wa\') ) ly\m
QI : |

SN (R ’L—\{,M| - 'V\\F(‘\Lz'w \6" ) .

T walsced sum DOE db domains Dx;E s fhe

Ao

boE 4 (D, +€,),

= {intid) | 4 #de DY dinefe ] sgpecehy {1
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(v) Twadkion Spass
Glem Cpbslwx Y, ‘W\W ~ (nInnons fvmdw’\m oo, 1S

e o Xy 1£: XY Fis bonFnows )
fo fe Yaex ({05 f)

Ng Tf So 4 fa- 16 an W-chain in XY thon
o ]CDY each xe X, fo(x),f‘(l),.—- 1S o w-cham m Y
. e ‘RAV\(/\'{OV\ AxeX. U () s Conhvuous |

i< 1

OVY\(}\ '(9 W \V\b 6\' fo)§\;u~ \V\ X’?Y.

TP Y s oo lask elovt o does XY,
V2. >\1€ X-—LY

|&

The Shick conbinmons fundion spae D=E & two
Jowains D % € ig T domanin

Db U {fe(poe) | fll=L ¥

i padtial order inhwied fram D E.

Rucall ek £:D-E is soid to be shick € f()<le
Notokion - §: Do E inicdtes fis a stnek W\fr(mwwj
Bandimm fromn Do € (fe. §€(DoE)).

l}(_:___% D-dEf:l;g’ o 0o e lamie "LD-3£ i shdk
and L0 is svick Wwn {5, s an w-dhain
< |
s ik tonbinnons fundhons,
| 79
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%2 D(’} o

A Oownidud e © s o calegow

Cin e forteada. paiy X X ﬂf fojecks
e ol €KX of movphdsns X=X s
ndon®d it TRe Shudwie ¢F o0 opo, v sudh
0 wm\g ok eadh Oompvsi\'{wx Sunchion

COGX) x COOXD — €KX
(5§ > 9) V= g°Ff
15 GowtDAS.

Noe that if € s cpe-anidhed e

A P well — st fuke
opposite  Codehns s 0 ot st T
e o-Stwdtwre on - CP(X\X) = €(x\Xx) ©
be tnowt ghom C v COGX).

Nok also thok 16 C &% D owe both cpo-enichss,
We G wse S/ (0D o make The IT)\NAMU\' (abeys
CxD pr?/va — ;\v\s*w:rak!z, tRe.  cpo stvv (hare
on (Cx D) (YD), (X,Y)) = COx)xD v
o ke os v B () [ exarase s chadk Thak (/prvsﬁ\'w\
in CXD 15 sonbinwmms  given et itis in €5 D.]

A Qgg\)—. onvidhd * ov) Lo (/0\\\/\% Contivimomns . fandov
E:C— D bebwen OPO~%ﬁM cadeﬂvm Cg D
15 o fundor for vinich e achon on mwphiams

CCOGOxT) = DR, §(X)

} — F&) ,
i contivaoa( fov emdn poiv (F C- Soperts - X, x’) .
e -




3-F
5.3 Exowples
The catesovies
Cpo = Cpos % CoNMADMY {w\u’c&w
Do = dovoains K (vbimnona ﬁmuhm
Cpo, = dovnoins & Qnick comBinuoms {’\m Homns
(nsiln  Comvpusihion & identity woyplioms  inhented frovn
e v\vw\w\/\g,ivv} Cod“&\a)mﬁ 6€ Seks % ‘g’\AV\O\'\'O’Y\SJ
ore o\l cpo-umridad via Bl (V) |
Go (X Y) = XY 4 t
Dowm(DE)= D=t
@OLCD,E) = D—=E
Exevcise : chek that  Cowvposihion
X2 Y)x(Y22) —> (X7 Z)
C fig) t - 603‘@ Axex.j(ﬂﬂ)
'\5 o Continnons \Q\Avxdﬂb\(\, Wse e followiw?,:

24 g,

Gn o oo X and o family ob eloments
\Zi5 | i<w, (< w) Sm¥;‘sf\f'w%,

1<V K &4\’]' = Iijgli/;/

L (,u x;j): L = U (L1 x0)

Cw \ J<wW k<w J<w \i<w

o~ . / N .
B E S, . o

K \ N L N
¥ v’: ot s
i

)o;_
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3.5 Covollawy | ,-
Civen opos XaY,Z, o funchion fXxY 22
S Ganhwwons \\3( |
Ve X f,-): Y27 18 (mbnnons

M £ ’
XVI\AE\( f’(')‘j)" X=>Z s Conbyanons

]

2.6 Pyoposthion N
Liftirg,  extends T [ow\\\/\g, tovbinuows  functor

Cpo, = Cpoy.

Cwtesionn prodct, Symash prodmct amd - calesced
Swm exlend o &owll% Continuons  Sundtors
Gpo, x Cpoy, — Cpo, -

Covbinuous & Stick Gonbvions {\Av\uh'm/\ Spoa. Gmstmdts
xdend to \va)\\\% (A BINAPIAA ?\M/\U{Uﬂ Q:L)bipx Cpo,~ Cpo, .

Rod

We  jnst oow’\«e o dehinihion of e orckion ok T
Vaviowns  domain st on Sk onbmrons
fundions o) lowe  TRR 1Rader b ok Phat
e aklons  owe Wt ou)wks i pw_\/,\iw\w .
frod oy ‘ugield sk Continwman fumncttons ) and

(PVWIMATWA.
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Lifing + given Do E }_‘L:Dio—-aE1 i$
afinad bav ,
fd)  if u=deD
ot (1
1 1)( u=1
 Pedwik  given \CiiDio—e £, (i=),2),
fx§,: D xD, o> Eox g s defingd b\ZL
Sxhldd) ¥ (R0, ftdy)
SW\O\S]/\ pvvdMé{‘ 3 g'\\,w\ {ji K D; 0—> Ei ({—<|;’l)
f¢®5"z: D;® D7_ —> E;‘®Ez_ 1S (A(’A‘W\l/h Lu
({\®¥z>(‘*)= i(ﬁ(d\);&_(dz)) o u=(d,d, )Q(D)x(DJ

, S+ L (i=1,2)
_ otenasise

Coo&ﬂ&d Swn - grivdn f.:D; o> B (1=12)
£®f, 0 DOD— E®E, is difnd oy
wnd (£3dD) \f u=inl(d,), de(b),&§ AL
(fiot,)w = { WAL (d))  If weinr(0), dye (D) kb
| 4 Stiwrwi'se -
- _Continnows 8 Shick govbinmows funchion Spaces - @M’M
fiiE D (NE‘) f.:D,o>E, , hm
(5D (D) = (608) & (Fief) (D) (8~F)
Gre ol vt by gl—%fgf,
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CTn e nedk Sechion we will give D PYograras
_PEPVV% AcGtaons . TPT € D) vdwe D is &
parbiowar  dovanive Sartis Mmgg

(x) Dz (C+(DxD)+ DD),

Whwre C@{’rm,{o\m}u Z, regmw as o disutle Opo
ond X indicales  on  {Sormovphism n e ”“‘“3"“{;
Domy & domating,
L Nok ¢ 1o speeify o igomoplusim 1o X 2 Y n Gpo. Do
o @poy > & Swilus 1o Gve O bis'e(/\'m behwean e
UnderWjing, Gots & e Cpos it tRe popediy
\v'x,x’ex( ‘D't.‘?xu"é—éi 1(1)E i(:t’)).
This puparty e fo s It both 1
and i invese 17 YE X ane Gonknnons fanchions,
ad hesowe LA b Wxisks.
Exevcise : chede Fnis. )

AN

(%) is o hpfeal owmple & & reamsive doman

| eﬂ\vv\m)n:m. TM‘ ishunie 6}. D Sc\h’sflyq GL) s o

' Y\UY\“)YY\ViOV\ PVV)D\,@VV\ y . \V\H‘\V\\\/\}So]v& b\é DO\V\O\ SLD“‘
equabion= we il pvside ~is D F(D,D) .-

a Coa v 0? | N T o R
l \[\S\\Q/('?J F ) ‘LPO_L X onl,f—-) &polJ ‘g “A loml‘/\} JCVY\HV\MW :
fun oy,

|04
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9.1 Delinthons |
Lt F @o:?x([lpol,—-y d_?o lae. o Qvu\l\%
OOn\'iV\V\OM)ﬁAY\W.
An  invariane f\W Fis o paiv (D)i’) y Whwe

Dis & dovatn and 7t F(D, D)2 D 15 o
1sowovphism (in Cpoy ).

9.2 Example o
Nok ot (C+(DxD)+(D>D)), = GODOXD),@(>2D), .
So \0\/3 Ve 6} ‘\7\:6\9” 806, Selnbons o (%) ome
fre Some Hing a5 invavionts fov e Suncter
Fi oY x Cpo, — (o 1iwose  ackiom on ooy ks
Snds G paiv ¢ doweins D) D o
(C +(D'x D7)+ (b7> D*) )l

rme——
———

- & = owe (iavariant in Tl Wh-hand
QVOMWS (for Sk continuang QAV\UBW) Whith
newsstakty (,w\g'w{mv\% fundtors ot Shape @{J;{XCPQL‘? (po
iy vaw\\'swsk Gpo, = Cpo,. ']

[‘\\B:i% P W\Qf{?\v{' hat e fundion spac pons T o

0§



v e dondrbional Somantics & T howe od
pwyediea QS\;{CEf{Lo\\\/\g, , fov ot o e bompv\‘to\h’owoxlhg, '
: ako\u\w@re“) We (anndt  just  use g dovaa v
Sox’f\‘ﬁ\ﬁ\\«ag (%) — e howe 1 Wse OnL Which
is Swiimbly, miviwal S in fre f\)\low{v\g $ense

9.3 Dehvibion

Lk (D) ke an thwvariant or a loml\/\&
Govinmpons  tandoy ¥ Cpolf x Cpo —> Cpo. By
ovtne & lowl conbnnily oF F owe get a
COWEIAADUA .'J%v\v\o‘(\'vy\

5:(DoD) = (D=D)
vy by e 1o F(ee)e 27

We Sow, (D) & & mwninab nvay ik f\)*v Ff
e Lomst pre§ixed poimdt | w(3), 8f 8 is idy, T
gty {W\uh'm on D, e i for all ded

d = U w,d)

n<w
Where Tt Do D (new) ome  defined oy

T, (d) = Ly
{ T (4) = 1( F(ma,ma) (1)) )
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94 Tiovom (Exiskne f minimal mvariants)

f\vv,\g, kow\\\/\g tonbinmons  fundor  F: Olpoj_"x Cpo,— Qyo
possesses & minimal variond, 1t F(D,D)z D,

(1) Constmction 5?- D (as e liwt (7% an W ol«m\n),
Lt (Dyin<w) ke e gouily 5t domains
dehined by
Dodﬂ- Q_L = {‘L} '

{ Dy F(D,, D,)

N+l

We V\d‘m stvict Gontinuoms Sf\/\vxuln'ws

1o - 1
{\DOOAD\O—L-)DZO———-}”’

Ly T, -
DO (o] Dle__’_oD2Q--oa..

by et def
‘J’ { 1o = _L(DO-OD|) > T = L(D\-OD‘,)

» M . _ ’
1’,“_*_]: F(T“)L'n) b 'r.“‘!’i—’ F(Ln)PA)

Now &
L e e T D,

Wit pm/]riw\ order

(dalnew) E (ol Jnew) & Vﬂ(w(dﬂ EDn d:\)
Becomse the P, are Shick towbmows, D is a
domain , wiby  bs G R-chatns given  Componumdise
and ttn lomt Ot L =( 1y ) n<w) | Twdher-
ove, e pojeckon Sundioms  (dlncw) — d, defermine
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9.5
- shack w.v\*\'x\yw\l& Tanchions

So\\‘\sﬁ/y\ (0o Pasy = Prv b st
- \M LQ/\/\/\M
v all new, ?Y}\o i "AD”
{ 0T, E 'dl)
ntl

Pod ¢ by indudhion o 1, fom TR d%ﬁ\w\ o
W& T P T toudk ok E preserves o & . DG?

(i
(W) L@wax,@\
Be oach nym<w ond tach xeD | difing
ro () 4]£ m<n
(en00),, % { . { m=n
1y (V) i m>n

e {Dv m<n,
%“ AE D Sy D e s D)

2N\»'\O\'i“)r(b Dm+1°—’7 o———aD

Than |
(ay  en(1) = ((%(}))m l m < N) eD
b e, De—D
(C) eY\ =\ e’\l\'H ¢ i’ﬂ X : Q)\.‘fef\&.rh g e-’/;‘\i-]\ "
\d_) 'Pnoke;\”"—'-‘ ’lan _
() ©€.oP, c e-pC... ound nL‘_‘wewpﬂ = ;dD
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Proct
() folons frown (1) and It definiion ot D
(k) fllows fovn e fouk ot allde 1 gy, me
(onkvwnons & St dk .
(O L) folow faowt (D + defiahion & €, -
Tor (0), nike fat Hhat

oo Py = (Q\MH‘5 )n) ° ( n ° Pax ) b\é’ (H%(e)
T G L"V\”fvx) * Pae \
= O’ Poer b\ﬁ ()
N\oroey

&(Q’V\"an(‘i))m: Q‘Qv\(dw))m: AW\ %7\/ MmN
Tws fov Gy ded  awl g M3 0
(U enopa)d)) = U (@uopad)),

m N<
) b of A dhain

= hl_z_,’m ((Qv\" Pn)(d »m :fo;&f Afg\'/\p\,‘
= O{W\

Hunt h‘?lw%opﬂ = ’AD :
eh (i)

—

(V) Conshction & 1:F(D,D)=>D ond ik NV

Nole trodt by ()4 (iXe) + fanvoriality & F -
_.F(Q"’PM = F(Q“+ILV\7 Ya ?Mn) = F(L'Y\l{n)F(@r\-H) pf\-ﬂ)
= Vot F(Qf\-ﬂ ) PY\«H)

S Cnai FL@M' Pl = Crt f\M) F(erm ) Pt )€ Qh‘rz‘:(gﬂ*\’p"*‘)-
&bg (i )e).
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T (eaniFlen o)  FEOY oD [n<w)  foums
on w-chan in (F(DD)=D). Debin
! dg-’)r n\—;‘w e (e ) 0 F(DD)oen D

Simley,  (FPoren) Py © Do F(O1D) [ne] s
wn - ) e (an M\/\L
ML F(pae)e Payy 0 D> F(D, D).

n<w

—

T
ot = (U ECR ) )

= L F(P{Q)Q\Q)P,@“QR_H F(Q/\Q,PK) I”{I lemma &4

U o, F(evam)) N |

n<w

k<w
- UOE(RL W) Fly, P) by (it )(d)
k<
= 0 E( R P ) Sk© )
o
= AL entm 5 I o) by Lumma 34
= FGd, i) by (W) ()
- il

and

(,03 _ (Y&Jw Qvﬂ'\ F(QM) \%) )(Wl\_gw F\PV\'\\QW‘)FW\-H)

= U ey, Flo, R PP 8 ) By, by e 44
Rew | '
= h‘ljw s T B> Phel’l) Plen
=R B P by )
o | by (i)(e).

ho



9.3

(v) _“\)Qf\{-{mﬁw\ & wininved vy ank WM\%

by eadh nyo, wie thek
Lo Flpaian) = U»Téw a1 F Gy P ) )F(Pw N

= U i F(Py\em) Pmew)

m>n |
: by def
= U F(r,, i) Twabde
N> N ‘
= U Qm“ F( Ym-)lkh-])F<r;\\'27th._z)‘v F(Y\V\ 11‘1»’\)
m>n
= U e Tm (R ih‘H
>N
... = L-J en-ﬂ
Mm>n
= Ln+l

S\W\\\ F(Qh)?v\)"j == Patr
chcwg

s Pagt = 1 F (Potn) F(€n, Pn) ]
= 1 Flenpnrentn)l
= %(enPn)
W 0 18 A Definiton 33, S €= Lpop >
it llows (by induihion on n) et View (3(0)=2,,).
e nld) = U e.p, = id, laat (ih)(e). | _

n<w

[ [ 94

I



3-9

9.5 Exouwple
bk Pt xCpo,— Cpo,  hethe  lowlly
| (owFons '@Wwﬁw qivtn on 6b£u’r$ by
| Mo, pY) = U*D)

| N,
Lok Dk RN
\,_{1'

e

D
Cnecle Bank s Dis o miniveal mvaviant fov F

Comby, F(0D)= [1+D), = \/D

9.b Poposihon

Lk RO D)2 Dhe as n De’pmhv\/\‘%3 For g
Paiv ¢ movphiams
FoAoe> FIBA) , 90 F(A,B)—> B
m Go, e owe l/\v\\';\w, movphisms
he Ae—= D, h:De—RB

w\kiw} - L'
D= F(D,0)  Fp0)eg— D
Mo TR W) K
A?F(B,M F(A)E)7B

(ot I Q,QDJ_,

[\
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Resk
CBedene B Wk coleb (k) ke dan (st prefixed
ok ’o'fg e (onbiwiows fw\uhtm
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