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Foreword

The EXPRESS workshops aim at bringing together researchers interested in
the relations between various formal systems, particularly in the field of Con-
currency. More specifically, they focus on the comparison between program-
ming concepts (such as concurrent, functional, imperative, logic and object-
oriented programming) and between mathematical models of computation
(such as process algebras, Petri nets, event structures, modal logics, rewrite
systems etc.) on the basis of their relative expressive power.

The EXPRESS workshops were originally held as meetings of the HCM
project EXPRESS, which was active with the same focus from January 1994
till December 1997. The first three workshops were held respectively in Am-
sterdam (1994, chaired by Frits Vaandrager), Tarquinia (1995, chaired by
Rocco De Nicola), and Dagstuhl (1996, co-chaired by Ursula Goltz and Rocco
De Nicola). The workshop in 1997, which took place in Santa Margherita
Ligure and was co-chaired by Catuscia Palamidessi and Joachim Parrow, was
organized as a conference with a call for papers and a significant attendance
from outside the project. The 1998 workshop was held as a satellite workshop
of the CONCUR’98 conference in Nice, co-chaired by Ilaria Castellani and
Catuscia Palamidessi, and like on that occasion EXPRESS’99 was hosted by
the CONCUR’99 conference in Eindhoven, co-chaired by Ilaria Castellani and
Björn Victor.

This volume contains the preliminary proceedings of EXPRESS’00, which
was held in State College (Pennsylvania, USA) on 21 August 2000. It includes
the six papers that were selected for presentation by the program committee,
together with the contribution by the invited speaker, Neil D. Jones (DIKU,
Denmark). The final proceedings will appear as volume 39 in the ENTCS
series, which can be found at the URL:

http://www.elsevier.nl/locate/entcs/volume39.html.

We would like to thank the authors of the submitted papers, the invited
speakers, and the members of the program committee for their contribution to
both the meeting and this volume. Many thanks to Catuscia Palamidessi and
Dale Miller (CONCUR 2000 Conference Chairs), and Uwe Nestmann (Satellite
Workshops Chair), for the opportunity they gave us to organize EXPRESS’00,
and for their continuous support. We would also like to thank Michael Mislove
and Uffe Engberg for their help with the editing of the proceedings. Finally,
we gratefully acknowledge the support of BRICS (Basic Research in Computer
Science), Centre of the Danish National Research Foundation.

Luca Aceto, BRICS, Aalborg University, Denmark
Björn Victor, Uppsala University, Sweden
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The Expressive Power of Higher-order Types

or, Life without CONS

Neil D. Jones�

DIKU, University of Copenhagen, Denmark

E-mail, web: neil@diku.dk, http://www.diku.dk/people/NDJ.html

Abstract

Compare �rst-order functional programs with higher-order programs allowing functions as
function parameters. Can the the �rst program class solve fewer problems than the second?
The answer is no: both classes are Turing complete, meaning that they can compute all
partial recursive functions. In particular, higher-order values may be �rst-order simulated
by use of the list constructor \cons" to build function closures.
This paper uses complexity theory to prove some expressivity results about small pro-

gramming languages that are less than Turing complete. Complexity classes of decision
problems are used to characterize the expressive power of functional programming lan-
guage features. An example: second-order programs are more powerful than �rst-order,
since a function f of type [Bool]->Bool is computable by a cons-free �rst-order functional
program if and only if f is in ptime, whereas f is computable by a cons-free second-order
program if and only if f is in exptime.
Exact characterizations are given for those problems of type [Bool]->Bool solvable

by programs with several combinations of operations on data: presence or absence of
constructors; the order of data values: 0, 1, or higher; and program control structures:

general recursion, tail recursion, primitive recursion.

1 On expressivity in programming languages

Does the programming style we use a�ect the problems we can solve, or the e�ciency

of the programs we can write to solve a given problem? Some especially relevant

questions:

1. Does the use of functions as data values give a greater problem-solving ability?

2. Is recursion more powerful than iteration?

3. Would the use of a strongly normalizing programming language, as proposed

by several researchers, including (Turner, 1996) and (Lloyd, 1999), impose

any limitations on the problems that can be solved?

This paper gives some answers to these questions, when restricted to simply typed

functional programs without \cons". In particular, the answer to question 1 is

� This paper is an extract from a forthcoming article of the same title in the Journal of Functional
Programming. This research was partially supported by the Danish Natural Science Research
Council (DART project).
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2 Neil D. Jones

\yes," higher-order programs can solve problems that �rst-order programs cannot.

The answer to question 2 for �rst-order programs is \yes" if and only if ptime

6= logspace (and so not likely to be decided in the foreseeable future). A partial

(positive) answer to question 3 will be given later.

Programming styles. Factors that a�ect e�ciency and ease of programming include

the forms of control that are used: general recursion, primitive recursion, tail recur-

sion, exceptions, backtracking, etc.; the data operations used: is data basic or higher

order, is it untyped or typed by various regimes, are \logic variables" allowed, etc.;

and other semantic issues: eager or lazy evaluation, memoization of function results,

presence or absence of a global state, static or dynamic name binding, etc.

Our main goal is to understand (and delineate) the expressive power of various

programming language features. In general, one can distinguish between absolute

expressivity questions and relative expressivity questions. An \absolute expressiv-

ity" question on programming language feature X : \Do there exist problems that

can be solved by programs with feature X , and cannot be solved without feature

X?" A \relative expressivity" question: \Is there a problem that can be solved

both with and without feature X , but such that any solution without feature X is

necessarily less e�cient than some solution using X?" (E�ciency will measured by

time usage throughout this paper.)

How can expressivity questions be formulated in a precise and meaningful way,

and how can their answers be found? Our approach is to use complexity theory,

which provides a powerful means to classify problems according to their solution dif-

�culty. In particular, there are theorems proving that, under suitable assumptions,

increasing the available computation time provably enlarges the class of problems

that can be solved, with analogous results for other resources such as memory.

An obstacle to studying absolute expressivity. Absolute expressivity questions are

irrelevant to su�ciently strong languages. The reason is that any Turing complete

language can compute all partial recursive functions (modulo data encoding) { and

thus in an absolute sense all are equally expressive. We get around this by studying

Turing-incomplete sublanguages.

Obstacles to studying relative expressivity. One di�culty is the existence of many

rather e�cient simulations of one programming language feature by others. A con-

sequence is that in a strong language it is hard to answer relative expressivity ques-

tions since any expected complexity di�erences would be very small. This is due

to the ability e�ciently to \program your way around a problem" in a su�ciently

strong language. Two related facts of this sort follow. (Running time is measured

as the number of atomic computational steps as a function of input length n.)

� A random-access machine can simulate a �rst-order or higher-order functional

program (or Turing machine) with at most a constant slowdown.

� A �rst-order functional program can simulate a random-access machine with

at most a logarithmic slowdown, from time T (n) to T (n) logT (n).

2



The Expressive Power of Higher-order Types or, Life without CONS 3

Such results tend to minimize the meaning of di�erences in programming paradigm,

provided the languages involved are su�ciently rich in ways to \program around."

Our approach to studying expressivity. A language having unbounded storage/memory

for data values, plus control allowing an unbounded number of operations on data

values, will almost certainly be Turing complete. A way around this obstacle is pro-

gressively to restrict language features, removing one at a time until the resulting

programming language is no longer Turing complete, and then to use computability

and complexity theory to compare the absolute expressive power of the resulting

\minilanguages." The e�ect is to study expressivity of language constructions using

complexity theory to compare di�erent choices of language features.

2 Overview and interpretation of results

We precisely characterize, in terms of complexity classes, the e�ects on expressive

power of various combinations of three program restrictions. The �rst concerns

creation of new storage: are constructors of structured data allowed, or not? The

second concerns the order of data values: 0, 1, or higher. The third concerns pro-

gram control structures: general recursion, or only tail recursion, or only primitive

recursion. The links are summed up in the table of Figure 2.1, and con�rm pro-

grammers' intuitions that higher-order types indeed give a greater problem-solving

ability. In this paper we prove only the results of rows 3 and 4, the others being

included for the sake of context.

Many combinations are Turing-complete, so such programs compute all the par-

tial recursive functions. A classic Turing-incomplete language is got by restricting

data to order 0 and control to \fold right." Such programs compute the primitive

recursive functions. 1

Figure 2.1 shows the e�ect of higher-order types on the computing power of

programs of type [Bool]->Bool. Each entry is a complexity class, i.e., the collection

of decision problems solvable by programs restricted by row and column indices.

ro stands for \read-only," i.e., programs without constructors, and rw stands for

\read-write."

First, we need to justify the formulation, i.e., to argue that Figure 2.1's results

say meaningful things about programming languages. Complexity theory is tradi-

tionally used to classify hardness of decision problems, so we need to link decision

problems with programs and their computations.

Linking decision problems and functional programs. In complexity theory a decision

problem A is a set of strings over a �nite alphabet �, so A � ��. A solution

to the problem is an algorithm that, given any x = a1a2 : : : an 2 ��, decides

whether or not x 2 A. On the other hand, the e�ect of a functional program p is

1 Kleene's de�nition of primitive recursion is a bit more general than \fold right," but is easily
programmed using fold right and composition. See (Hutton, 1999) for details.
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4 Neil D. Jones

Program Data

class order 0 Order 1 Order 2 Order 3 Limit

rw, unrestricted rec.enum rec.enum rec.enum rec.enum rec.enum

rwpr, fold only prim.rec prim
1
rec prim

2
rec prim

3
rec prim

!

rec

ro, unrestricted ptime exptime exp
2
time exp

3
time elementary

rotr tail recursive logspace pspace expspace exp
2
space elementary

ropr, fold only logspace ptime pspace exptime elementary

Figure 2.1: Expressivity of several combinations of control and data orders

to compute an input-output function [[p]]: In ! Out over data sets In, Out given

by p's declarations. To solve a decision problem, program p can take as input a list

of symbols, and return a truth value.

We can without loss of generality choose � = f0; 1g, since larger alphabets can

be encoded as bit strings. The characteristic function fA of set A � f0; 1g�, of type

type fA : f0; 1g� ! f0; 1g, satis�es for all a1; a2; : : : ; an 2 f0; 1g

f(a1a2 : : :an) = if a1a2 : : : an 2 A then 1 else 0

Henceforth we shall identify 0,1 with False, True and encode string a1a2 : : : an
as boolean list [a

1
; a2; : : : ; an], making the analogy between decision problems and

programs with input-output type [Bool] -> Bool exact.

More generally, Figure 2.1 concerns computational power of fully typed functional

programs whose internal types � are limited to ones formed from Bool and [Bool]

by function spaces � ! � 0 and Cartesian products � � � 0. No type of numbers

is included, since if the numbers are bounded they can be simulated by tuples

of Booolean variables; and if the numbers are unbounded, strange and unrealistic

computations can be performed.

Further, complexity and computability classes are invariant under many changes

of data, problem, and even function representation. For example, if f : f0; 1g� !

f0; 1g� is in logspace, ptime, etc. and jf(x)j is bounded by a polynomial in jxj,

then f is computable if and only if the function \�x; i : the i-th bit of f(x)" is

computable. This justi�es considering only programs with a single bit as output.

Restricting programs to input-output type [Bool]->Bool side-steps two super�-

cial di�erences in expressivity having to do with computed values. One is that if a

larger computation time is available, a longer results can be written out. Another

is that higher-order data types allow new values to be expressed. It seems unrea-

sonable, though, to regard either ability as greater expressiveness. If input-output

data is restricted to [Bool]->Bool then higher-order data, whether or not used

internally, have no e�ect on observable program behavior.

2.1 Interpretation of the results.

Figure 2.1 shows the e�ect of higher-order types on the computing power of various

restricted program classes. Some of the table entries have analogues, more or less

4



The Expressive Power of Higher-order Types or, Life without CONS 5

close, in the existing literature. The formulations, de�nitions and contructions using

functional programming are our own, and row 4, on higher-order tail recursive

programs are new, to the best of the author's knowledge.

Explanation of the table. The restrictions ro and rw were explained above. With

or without these restrictions, programs may have general recursion, tail recursion,

or primitive recursion, yielding 6 combinations. There are only 5 rows, though, since

rw=rwtr because an unrestricted program can be converted into a tail recursive

equivalent by standard techniques involving a stack of activation records.

The column indices restrict the orders of program data types. An \order k + 1"

program can have functions of type � ! � 0 where data type � is of order k. Thus,

for instance, the �rst column describes �rst-order programs, whose parameters are

booleans or lists of booleans. Each entry is the collection of decision problems

solvable by programs restricted by row and column indices.

Row 1: These program classes are all Turing complete. Consequently they can

accept exactly the recursively enumerable subsets of f0; 1g�.

Row 2: These programs have unlimited data operations and types, but control is

limited to primitive recursion, familiar to functional programmers under the name

\fold right". Such �rst-order programs accept exactly the sets whose characteristic

functions are primitive recursive (true regardless of whether data are strings or

natural numbers).

Higher-order primitive recursive functions appeared in G�odel's System T many

years ago (Girard, Lafont, Taylor, 1989). They are currently of much interest in

the �eld of constructive type theory due to the Curry-Howard isomorphism, which

makes it possible to extract programs from proofs. Primitive recursion comes be-

cause of proofs by induction; extraction of programs using general recursion is much

less natural.

Row 3: These programs have unlimited control, but allow only read-only access to

their data. List destructor operations hd and tl are allowed, but not the construc-

tor cons. Even though this may seem a draconian restriction from a programmer's

viewpoint, the class of problems that can be solved is respectably large. Order 1 pro-

grams can solve any problem that lies in ptime; order 2 programs, with �rst-order

functions as data values, can solve any problem in the quite large class exptime,

etc. In general, any increase in the order of data types leads to a proper increase

in the solvable problems, since it is known that ptime is properly contained in

exptime, and so on up the hierarchy.

Row 4 characterizes read-only programs restricted to tail recursion, in which no

function may call itself in a nested way. Order 1 tail recursive programs accept all

and only problems in logspace, a well-studied subset of ptime. Higher-order tail

recursive programs accept problems in the (properly) larger space-bounded classes

pspace, expspace, etc.

(Tail recursion is of operational interest because at run time (assuming eager

evaluation, i.e., call-by-value semantics) the call stack depth has a constant depth

bound, regardless of input data. Such a program may be converted to nonrecursive

5



6 Neil D. Jones

imperative form by replacing each function call by a GOTO, and realizing function

parameter passing by assignments to global variables.)

Row 5 characterizes read-only programs restricted so all recursion must be ex-

pressed using \fold right," i.e., only primitive recursion is allowed. Order 1 read-only

primitive recursive programs accept only problems in logspace and are thus equiv-

alent to tail-recursive programs. At higher orders this equivalence vanishes; the

primitive recursive read-only programs' abilities to solve decision problems grow

only at \half speed": a data order increase of 2 is needed to achieve the same in-

crease in decision ability that an increase of 1 achieved for general or tail recursive

programs.

Limit of rows 3, 4 and 5 It is clear that the union of the classes in row 3 equals

the union for row 4 and for row 5. This is the class of problems solvable in time

bounded by 22
���2
n

, where the height of the exponent stack is any natural number.

This is well-known as the class of elementary sets, and was studied by logicians

before complexity theory began.

Scope and contribution of this paper. The results in Rows 1 and 2 are classical,

and not repeated here. We prove the results in rows 3 and 4 of Figure 2.1. The

results in Row 4 appear to be new; and the results in Row 3, while in a sense

anticipated by (Goerdt, 1992), are here proven for the �rst time in a programming

language context. The results in Row 5 are obtained from (Goerdt, 1992) and

(Goerdt, Seidl, 1996) by re-interpreting results from �nite model theory as sketched

in the Appendix.

2.2 On the questions opening this article

It has long been known that order k + 1 primitive recursive programs are prop-

erly more powerful than order k primitive recursive programs, i.e., primk
rec. �

prim
k+1

rec. This is of little practical interest, however, since even the order 0 class

prim.rec. is enormous, properly containing such classes as nptime and elemen-

tary.

Does the use of functions as data values give a greater problem-solving ability?

By Figure 2.1 the answer is \no" for unrestricted programs, and \yes" for all the

restricted languages we consider. The only uncertainty is with the read-only prim-

itive recursive programs; for these, an increase in data order of at least 2 is needed

in order to guarantee a proper increase in problem-solving power.

Is general recursion more powerful than tail recursion? For �rst-order read-only

programs, this question has classical import since, by the table's �rst column (rows

3, 4) this is equivalent to the question: Is ptime a proper superset of logspace?

This is, alas, an unsolved question, open since it was �rst formulated in the early

1970s. An equivalent question (rows 3, 5): Is general recursion more powerful than

primitive recursion?

However the situation is di�erent for second and higher orders. For higher-order

read-only programs, the question of whether general recursion is stronger than tail

recursion is also open, equivalent to exptime � pspace? But the answer is \yes"

6



The Expressive Power of Higher-order Types or, Life without CONS 7

when comparing general recursion to primitive recursion, since it is known that

exptime properly includes ptime.

On strongly normalizing languages. If we assume as usual that programs in

a strongly normalizing language have only primitive recursive control, there ex-

ist problems solvable by read-only general recursive programs with data order

1; 2; 3; : : :, but not solvable by read-only strongly normalizing programs of the same

data orders. This suggests an inherent weakness in the extraction of programs from

proofs by the Curry-Howard isomorphism.

2.3 A paradox? Intensional versus extensional program behavior.

Row 3, column 1 of Figure 2.1 asserts that �rst-order cons-free read-only programs

can solve all and only the problems in ptime. Upon re
ection this claim seems quite

improbable, since it is easy (without using higher-order functions) to write cons-free

read-only programs that run exponentially long before stopping. For example:

f x = if x = [] then true else

if f(tl x) then f(tl x) else false

runs in time 
(2n) on an input list of length n (regardless of whether call-by-value

or lazy semantics are used), due to computing f(tl x) again and again.

What is wrong? The seeming paradox disappears once one understands what it

is that the proof accomplishes2. It has two parts:

� Construction 1 shows that any �rst-order cons-free read-only program decides

a problem in ptime. Method: show how to simulate an arbitrary �rst-order

cons-free read-only program by a polynomial-time algorithm.

� Construction 2 shows that any problem in ptime is computable by some �rst-

order cons-free read-only program.Method: show how to simulate an arbitrary

polynomial-time Turing machine by a �rst-order cons-free read-only program.

The method of Construction 1 in e�ect shows how to simulate a cons-free read-

only program faster than it runs. It is not a step-by-step simulation, but uses

a nonstandard \memoizing" semantic interpretation. (For the example above the

value of f(tl x) would be saved when �rst computed, and fetched from memory

each time the call is subsequently performed.)

The method of Construction 2 yields programs that almost always take expo-

nential time to run; but this is not a contradiction since by Construction 1 the

problems they are solving can be decided in polynomial time.

3 Related work

Work directly relating programming languages and complexity theory. This paper's

aim is precisely to characterize the computational power of several restrictions of

2 For �rst-order cons-free read-only programs see (Jones, 1997; Jones, 1999), which uses a tech-
nique from (Cook, 1971). For higher-order read-only programs, see Theorem 7.17 in the full
article.

7



8 Neil D. Jones

a realistic programming language. (Jones, 1999) is one of the few papers focused

on that interface; it characterizes the power of �rst-order read-only programs in

complexity terms. The logspace and ptime entries in column 1 appear there,

and in (Jones, 1997) as Theorems 24.1.7, Corollary 24.2.4 and Theorem 24.2.5.

Here these results are extended to arbitrary �nite data orders, and to tail recursive

programs.

The results have still deeper roots. The logspace result strengthens a \folklore"

result on multihead read-only Turing machines; and the ptime result corresponds

to a result on \two-way auxiliary pushdown automata" proven by Cook, before his

P-NP paper (Cook, 1971). The contribution of (Jones, 1997; Jones, 1999) was to

re-express Cook's result using a recursive programming language.

Relative expressivity. A signi�cant step forward in relative expressivity (a �eld with

many conjectures but few proven results) was (Pippenger, 1997), which showed

that pure LISP must be slower by a logarithmic factor than \impure" LISP. More

precisely, a certain problem (applying a permutation on-line) was proven to require

time 
(n logn) in pure Lisp, but to be solvable in time O(n) in impure Lisp with

setcar and setcdr. Interestingly, (Bird, Jones, De Moor, 1998) show that the

same problem can be solved in time O(n) in a language with lazy evaluation, so

such languages are intrinsically faster than �rst-order eager languages. A proof that

their construction actually runs in linear time is found in (Neergaard, 1999).

Recursive function and category theory. Recursive function de�nition schemes can

be regarded as de�ning programming languages, for instance the primitive recursive

function de�nitions, and the subhierarchy studied by (Grzegorczyk, 1953) and oth-

ers. (Cobham, 1964) gave an early characterization of ptime involving external size

bounds analogous to those of Grzegorczyk, but using recursion on notation. (Voda,

1994) relates primitive recursion and subrecursion to programming languages, using

a data structure like that of (Jones, 1997). An \intrinsic" approach characterizing

ptime by tiered recursion on notation3 is seen in (Bellantoni and Cook, 1992), and

has inspired much work since then, some involving categorical concepts.

Typed lambda calculi. A series of papers by Leivant (some with Marion) characterize

complexity clases in terms of simply typed lambda calculi with recurrence constants,

including (Leivant, 1989; Leivant and Marion, 1999). In particular they study cal-

culi extended by functions and operations on an algebra of words over f0; 1g, and

characterize ptime, pspace and several other classes. The earlier works had rather

complex formulations mostly related to rami�ed recurrence, but (Leivant, 1999)

characterizes these classes by much simpler syntactic restrictions on the form of

program control.

3 The idea is that recursion over inputs is allowed (�rst tier), but not recursion over computed
values (second tier). A type system keeps track of the tier levels.

8



The Expressive Power of Higher-order Types or, Life without CONS 9

Program schemata. (Paterson, Hewitt, 1970) was a pathbreaking early paper, and

recursion removal has been a recurring theme in this �eld. Complexity characteri-

zations related to data types appear in (Kfoury, Tiuryn, Urzyczyn, 1992). From a

schematic viewpoint, answers to the questions asked about program behavior must

be valid for all possible interpetations of the domains and base functions appearing

in a given program. Such results are less directly relevant to programming languages

than ours; programmers naturally use a single, �xed data interpretation.

Finite model theory. Many complexity characterizations have been made of prob-

lems involving �nite model theory, with (Jones, Selman 74) apparently the �rst in

a �eld developed quite considerably since then (Gurevich, 1983; Gurevich, 1984;

Immerman, 1987; Goerdt, 1992).

There is a natural connection between computation by read-only programs and

in �nite model theory as de�ned by Gurevich and others, close enough that some

complexity characterizations from �nite model theory imply corresponding results

about read-only programs. The connection requires enough de�nitional machinery,

though, that to avoid breaking the continuity of the presentation we defer it to an

Appendix. The only results we do not prove here using functional programming are

those of row 5.

Finite model versions of the logspace and ptime entries in column 1 were shown

by Gurevich. Goerdt proved �nite model versions of all of row 3. Some rather

complex constructions establish the �rst 4 columns in row 5 in (Goerdt, 1992;

Goerdt, 1992); and (Goerdt, Seidl, 1996) shows that the space-time alternation

extends to arbitrary data orders.

4 A functional programming language

4.1 Syntax, Semantics and Types

Our programs are all expressed in a Haskell-like named combinator form. This is

well-known to be equivalent to the lambda calculus with explicit binding and re-

cursion operators � and �. Semantics-preserving constructions taking named com-

binator to lambda form and vice versa may be seen in (Goerdt, 1992), or in many

other sources. For notational simplicity, syntax and semantics are �rst given for

untyped programs.

De�nition 4.1

Syntax: programs and expressions have forms given by the following grammar. The

main function f1 of program p is the one in def1 above. The de�nition of function

f has form f x1x2 : : : xn = ef, where ef is called the body of f. The number n > 0

of parameters in the de�nition of f is called its arity. The main function must have

arity(f1) = 1.

A read-only (or cons-free) program is one with no constructor operator \:".

9
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p 2 Program ::= def1 def2 : : : defm
def 2 De�nition ::= f x1x2 : : :xn = ef

e 2 Expression ::= x j f j e1e2 j False j True j if e0 then e1 else e2

j [] j e1:e2 j hd e j tl e j null e

j (e1;e2) j fst e j snd e

x 2 Parameter ::= identi�er

f 2 FcnName ::= identi�er, disjoint from Parameter

Semantics. Our language has a closure-based call-by-value semantics (laziness would

give no programming advantages, and would require a more complex semantics).

Expression evaluation is based on a set of inference rules, one for each form of

expression.

Types. A typed program has explicit simple types, without polymorphism. A com-

plete program p must have type p::[Bool] -> Bool. All occurrences of a function

name f in a program must have the same type throughout the program; but pa-

rameter name types need only be consistent within each function de�nition.

De�nition 4.2

Types have a usual syntax and semantics with two basic types: Booleans and lists

of Booleans.

� 2 Type ::= Bool j [Bool] j �->� j (�,�)

Judgement e :: � , signifying that expression e has type � is de�ned in Figure

[OMITTED]. A fully type-annotated function de�nition has form

f�1!�2!:::�m!�x�11 x�22 : : : x�m
m

= e�

De�nition 4.3

The order of a type is de�ned by order(Bool) = order([Bool]) = 0; order((�; � 0))

= max(order(�); order(� 0)); and order(� ! � 0) = max(1 + order(�); order(� 0)).

Program p has data order k if every �; �i in any de�ned function has order k or

less. Thus f above has order k +1 if at least one �i or � has order k, justifying the

usual term \�rst-order program" for one that manipulates data of order 0.

De�nition 4.4

Type � denotes a set of values [[� ]] de�ned as follows.

[[Bool]] = fTrue; Falseg

[[[Bool]]] = f[a
1
; a2; : : : ; an] j ai 2 [[Bool]]; 1 � i � ng

[[(�,� 0)]] = f(v1; v2) j v1 2 [[�1]]; v2 2 [[�2]]g

[[�1->�2]] = ff : [[�1]]! [[�2]]g

Remarks on types: The restriction of our language to well-typed programs of type

[Bool]->Bool is quite signi�cant: the untyped version of the language contains the

�-calculus, and so is Turing complete.

10
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4.2 Decision problems

De�nition 4.5

Suppose program p of type [Bool]->Bool terminates on all inputs. De�ne:

1. Program p accepts string a1a2 : : : an 2 f0; 1g
� i� [[p]] [a

1
; : : : ; an] = 1.

2. The set accepted by program p is

Acceptp = fx 2 f0; 1g� j p accepts x g

De�nition 4.6

Two classes of decision problems de�ned by syntactic restrictions on programs:

ro
k = fAcceptp j read-only program p has data order kg

rotr
k = fAcceptp j read-only tail recursive program p has data order kg

We will see that the problem of deciding question \x 2 A?" for a set A � f0; 1g� can

be solved by a �rst-order read-only program if and only if the question is decidable

by a polynomial-time algorithm, i.e., i� the set A is in ptime. Analogous results

will be seen for higher types and complexity classes.
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Abstract

We study the distinguishing and expressive power of branching temporal logics with
bounded nesting depth of path quantifiers. We define the fragments CTL�

i and CTLi

of CTL� and CTL, where at most i nestings of path quantifiers are allowed. We show
that for all i ≥ 1, the logic CTL�

i+1 has more distinguishing and expressive power
than CTL�

i ; thus the branching-depth hierarchy is strict. We describe equivalence
relations Hi that capture CTL�

i : two states in a Kripke structure are Hi-equivalent
iff they agree on exactly all CTL�

i formulas. While H1 corresponds to trace equiv-
alence, the limit of the sequence H1,H2, . . . is Milner’s bisimulation. These results
are not surprising, but they give rise to several interesting observations and prob-
lems. In particular, while CTL� and CTL have the same distinguishing power, this
is not the case for CTL�

i and CTLi. We define the branching depth of a structure
as the minimal index i for which Hi+1 = Hi. The branching depth indicates on the
possibility of using bisimulation instead of trace equivalence (and similarly for sim-
ulation and trace containment). We show that the problem of finding the branching
depth is PSPACE-complete.

1 Introduction

Temporal logics, which are modal logics geared towards the description of the
temporal ordering of events, have been adopted as a powerful tool for spec-
ifying and verifying concurrent programs [18]. One of the most significant
developments in this area is the discovery of algorithmic methods for verifying
temporal logic properties of finite-state programs [2,12,19]. This derives its
significance both from the fact that many synchronization and communication
protocols can be modeled as finite-state programs, as well as from the great
ease of use of fully algorithmic methods. Finite-state programs can be mod-
eled by transition systems where each state has a bounded description, and
hence can be characterized by a fixed number of Boolean atomic propositions.
This means that a finite-state program can be viewed as a finite propositional
Kripke structure and that its properties can be specified using propositional
temporal logic. Thus, to verify the correctness of the program with respect

This is a preliminary version. The final version can be accessed at
URL: http://www.elsevier.nl/locate/entcs/volume39.html
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to a desired behavior, one only has to check that the program, modeled as
a finite Kripke structure, satisfies (is a model of) the propositional temporal
logic formula that specifies that behavior. Hence the name model checking for
the verification methods derived from this viewpoint [3].

We distinguish between two types of temporal logics: linear and branch-
ing [10]. In linear temporal logics, each moment in time has a unique possible
future, while in branching temporal logics, each moment in time may split into
several possible futures. Linear temporal logics enable us to express proper-
ties of paths in Kripke structures. In branching temporal logics, we add the
ability to quantify over paths that branch from a state in the structure. In
the branching temporal logic CTL�, this is done using the path quantifiers E
(exists) and A (for all). The CTL� formula Eϕ is satisfied in a state s of a
Kripke structure if there exists a path that starts in s and satisfies the formula
ϕ. Similarly, the formula Aϕ is satisfied in a state s of a Kripke structure if all
the paths that start in s satisfy the formula ϕ. The branching temporal logic
CTL, which is a sub-logic of CTL�, is restricted to formulas in which every
temporal quantifier is immediately preceded by a path quantifier.

Sub-logics of CTL� have interesting properties. For example, while the
model-checking problem for CTL� is PSPACE-complete, the model-checking
problem for CTL can be solved in linear time [20,2]. So, it may be beneficial
to explore other sub-logics of CTL� and compare them to CTL and to each
other. One way of comparing two logics is by examining their expressive
power. We say that a Kripke structure K agrees on two formulas if K satisfies
both formulas or K does not satisfy both of them. Two CTL� formulas are
equivalent if all Kripke structures agree on them. We say that a logic L1

has more expressive power 1 than another logic L2 if there exists a formula
in L1 that has no equivalent formula in L2. For example, it was shown in
[5] that CTL� has more expressive power than CTL. The logic L1 has more
distinguishing power then L2 if there exists a formula ϕ in L1, and two Kripke
structures K1 and K2, such that ϕ distinguishes between K1 and K2 (i.e.
ϕ is satisfied by one and only one of the two structures) and there is no
formula in L2 that distinguishes between K1 and K2. Clearly if L1 has more
distinguishing power than L2, then L1 also has more expressive power than L2.
The opposite direction is not true. For example it is proved in [1] that CTL�

and CTL have the same distinguishing power: both logics can distinguish
between K1 and K2 if and only if K1 and K2 are not bisimilar .

A bisimulation relation between K1 and K2 relates states of K1 with states
of K2 so that two related states w1 and w2 agree on the propositions that hold
in them, every successor of w1 is related to some successor of w2, and every
successor of w2 is related to some successor of w1 [16]. Bisimulation is helpful
when comparing two systems. Two bisimilar states of the same structure
can be merged to a single state, leading to smaller and more manageable

1 Note that in our terminology, it may be that both L1 has more expressive power than L2

and L2 has more expressive power than L1, in which case L1 and L2 are incomparable.

2

14



Shamir, Kupferman and Shamir

systems. Also, the simulation relation between structures, which releases the
third requirement of bisimulation (that is, successors of w1 in K1 should be
matched by successors of w2 in K2, but not vice-versa), is useful to check
that an implementation is correct with respect to a specification. Indeed, if
an implementation K1 is simulated by a specification K2, then K1 has less
behaviors than K2, thus all its behaviors are allowed, and it is correct.

Recall that two structures are bisimilar iff they agree on the satisfaction of
all CTL� formulas. In this work we examine the sub-logics of CTL� obtained
by bounding the nesting depth of the path quantifiers E and A, and we study
the equivalence relations they induce. We define the sequence CTL�

1, CTL�
2,

CTL�
3,. . . of logics, where formulas of CTL�

i are allowed to nest at most i
path quantifiers. In particular, formulas of CTL�

0 are boolean combinations of
formulas in the linear temporal logic LTL. We show that the logics in the se-
quence constitute a strict distinguishing-power hierarchy: formulas with more
nested path quantifiers have more distinguishing power. This implies that
the logics also induce a strict expressive-power hierarchy 2 . We define equiv-
alence relations Hi over states of a Kripke structure that correspond to the
distinguishing power of CTL�

i , and describe a polynomial-space algorithm for
calculating these relations. In particular, H1 corresponds to trace equivalence.
Milner’s bisimulation is then the limit of the sequence H1, H2, . . .. We further
show that the stuttering version of the logics (that is, their restriction to for-
mulas that do not contain the X (next) temporal operator) does still retains
a strict distinguishing-power hierarchy.

The above results are not too surprising and, since the calculation of Hi

is not easier than that of checking trace equivalence, they are also somewhat
disappointing. They do lead, however, to several interesting observations and
problems we discuss and study. Let CTL1, CTL2, CTL3, . . . be the sub-logics
of CTL defined in a similar fashion. Thus, formulas of CTLi are allowed to
nest at most i path quantifiers. Equivalently, CTLi = CTL ∩ CTL�

i . Recall
that CTL� and CTL have the same distinguishing power. What about CTL�

i

and CTLi? We show that CTL�
i has more distinguishing power than CTLi,

for all i ≥ 1. In fact, we show that CTL�
1 has more distinguishing power

than CTLi, for all i ≥ 1. There is an interesting phenomenon here: the
situation is nice when the Hi relations reach their limit: CTL� and CTL have
the same distinguishing power, they both correspond to bisimulation, and
bisimulation can be calculated in polynomial time. On the other hand, the
situation in the intermediate Hi is less nice: CTL�

i and CTLi have different
distinguishing power, and finding the relation Hi induced by CTL�

i required
polynomial space. For a Kripke structure K, let the branching depth of K be

2 In [6], a different expressiveness hierarchy for temporal logics is presented, showing that
LTL formulas with more nested Until temporal operators have greater expressive power.
We mention also [7], in which a strict hierarchy of sub-logics of the Hennessy-Milner logic is
introduced. Each sub-logic allows the use of one more nested negation, inducing a sequence
of simulation relations that reach bisimulation in their fixed point.

3
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the minimal index i for which Hi+1 = Hi. In particular, the branching depth
of K is 1 if for all pairs w and w′ of states in K, the states w and w′ are
bisimilar iff they agree on the set of traces that start in them. We use this
observation in order to prove that the problem of finding the branching depth
of a Kripke structure is PSPACE-complete. This refutes the hope for a more
efficient calculation of the relations Hi.

2 Preliminaries

Formulas of the branching temporal logic CTL� are constructed from some set
AP of atomic propositions using the usual boolean operators, the temporal
operators X (next time) and U (until), and the path quantifier E (exists).
The logic CTL� has two types of formulas: state formulas and path formulas.
A CTL� state formula is either:

• true, false or p, for p ∈ AP .

• ¬ϕ1 or ϕ1 ∨ ϕ2, where ϕ1 and ϕ2 are CTL� state formulas.

• Eψ, where ψ is a CTL� path formula.

A CTL� path formula is either:

• A CTL� state formula.

• ¬ψ1, ψ1 ∨ ψ2, Xψ1 or ψ1Uψ2, where ψ1 and ψ2 are CTL� path formulas.

Note that the syntax we describe does not contain the A path quantifier,
which can be expressed by dualizing E; i.e., Aϕ = ¬E¬ϕ. Similarly, the
F (eventually) temporal quantifier is defined as Fϕ = trueUϕ, and the G
(always) temporal quantifier is defined as Gϕ = ¬F¬ϕ. A CTL� formula is a
CTL� state formula.

The semantics of CTL� is defined with respect to a Kripke structure K =
(AP,W,W0, R, L), where AP is the set of atomic propositions, W is a set
of states, W0 is a set of initial states, R is a total transition relation, and
L : W → 2AP labels each state with the set of atomic propositions that hold
in it. We assume that W is finite 3 .

When R(w,w′), we say that w′ is a successor of w. A path in K is an
infinite sequence of states π = w1, w2, . . . such that for all i ≥ 1, we have
R(wi, wi+1). The i’th state in the path π is denoted by π(i), with π(1) being
the first state in the path. The prefix of length i of the path π is denoted by
π[i] = π(1), π(2), . . . , π(i) and the suffix of π that begins from the i’th state
is πi = π(i), π(i+ 1), . . .. A finite path is a prefix of an infinite path. We use
|ρ| to denote the length of a finite path ρ. We extend the labeling function L
to paths, thus L(π) = L(π(1)) · L(π(2)) · · ·. For a state w, the trace set of w,

3 Our results hold also for infinite Kripke structures, only that then, the sequence of re-
lations defined in Definition 3.2 may be infinite, in which case the fixed-point calculation
of its limit does not terminate – just as is the case for the standard Milner algorithm for
calculating bisimulation [17].

4
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denoted T (w), is the set of infinite words that corresponds to paths starting
at w. Formally, T (w) = {L(π) : π(1) = w}. Note that T (w) ⊆ (2AP)ω. For a
set W ′ ⊆W , the trace set of W ′ is the union of the trace sets of the members
of W ′. In particular, the language of K is T (W0) = {L(π) : π(1) ∈ W0}.
Finally, we say that K is deterministic if for every state w and set σ ⊆ AP of
atomic propositions, w has at most one successor w′ with L(w′) = σ.

We use w |= ϕ to indicate that a state formula ϕ holds at state w in K.
Similarly, for a path π inK and a path formula ψ the notation π |= ψ indicates
that ψ holds along the path π. The relation |= is defined inductively below,
with ϕ1 and ϕ2 being state formulas, ψ1 and ψ2 being path formulas, w being
a state in K, and π being a path in K.

• w |= true and w �|= false.

• w |= p iff p ∈ L(w).

• w |= ¬ϕ1 iff w �|= ϕ1.

• w |= ϕ1 ∨ ϕ2 iff w |= ϕ1 or w |= ϕ2.

• w |= Eψ1 iff there exists a path π such that π(1) = w and π |= ψ.

• π |= ϕ1 iff π(1) |= ϕ1.

• π |= ¬ψ1 iff π �|= ψ1.

• π |= ψ1 ∨ ψ2 iff π |= ψ1 or π |= ψ2.

• π |= Xψ1 iff π2 |= ψ1.

• π |= ψ1Uψ2 iff there exists a position j ≥ 1 such that πj |= ψ2 and for all
1 ≤ i < j we have that πi |= ψ1.

For a Kripke structure K, we say that K satisfies ϕ, denoted K |= ϕ iff
w0 |= ϕ, for all w0 ∈W0.

The logic CTL is a subset of CTL� in which the temporal operators X,
U , and their negations are immediately preceded by the path quantifier E.
Formally, a state formula in CTL is either:

• true, false or p, for p ∈ AP .

• ¬ϕ1 or ϕ1 ∨ ϕ2, where ϕ1 and ϕ2 are CTL state formulas.

• Eψ, where ψ is a CTL path formula.

A path formula in CTL is either Xϕ1, ϕ1Uϕ2,¬Xϕ1, or ¬ϕ1Uϕ2, where
ϕ1 and ϕ2 are CTL state formulas.

Consider a Kripke structure K = (AP,W,W0, R, L). A relation H ⊆
W × W is a bisimulation relation if for all pairs w and w′ of states with
H(w,w′), the following hold:

• L(w) = L(w′).
• For every state s such that R(w, s), there exists a state s′ such that R(w′, s′)

and H(s, s′)
• For every state s′ such that R(w′, s′), there exists a state s such that R(w, s)

5
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and H(s, s′)

Every Kripke structure has a maximal bisimulation relationHmax that contains
all other bisimulation relations. We say that two states w and w′ are bisimilar
iff Hmax(w,w′). It is well known that two states are bisimilar iff they agree on
all CTL� formulas [1].

3 Branching Depth

Formulas in CTL� can be classified according to the maximal number of nested
path quantifiers they contain. We will see that the more nested path quanti-
fiers we allow, the more expressive power we get. Moreover, given i, we can
determine if two states in a Kripke structure agree on all CTL� formulas that
have at most i nested path quantifiers.

We define CTL�
i to be the sub-logic of CTL� that allows only formulas

with at most i path quantifiers. The formal definition is given below.

Definition 3.1 Given a set AP of atomic propositions, we define the logics
CTL�

1, CTL�
2,. . . inductively. We begin with the logic CTL�

0, defined as follows:

• A state formula in CTL�
0 is p,¬ϕ, ϕ ∨ ψ, true, false, where p ∈ AP , and

ϕ and ψ are state formulas in CTL�
0. Thus a state formula in CTL�

0 is a
boolean combination of atomic propositions.

• A path formula in CTL�
0 is a state formula in CTL�

0 or Xϕ,ϕUψ,¬ϕ, ϕ∨ψ,
where ϕ and ψ are path formulas in CTL�

0.

For i ≥ 0, we define CTL�
i+1 as follows.

• A CTL�
i+1 state formula is one of the following.

· a CTL�
i state formula,

· Eθ, where θ is a CTL�
i path formula.

· ¬ϕ or ϕ ∨ ψ, where ϕ and ψ are CTL�
i+1 state formulas.

• A CTL�
i+1 path formula is one of the following.

· a CTL�
i path formula,

· a CTL�
i+1 state formula,

· ¬ϕ, ϕ ∨ ψ, Xϕ, or ϕUψ, where ϕ and ψ are CTL�
i+1 path formulas.

A CTL�
i formula is a CTL�

i state formula. Note that for all i, the logic
CTL�

i+1 subsumes CTL�
i . Note also that state formulas of CTL�

0 are boolean
combinations of the linear temporal logic LTL.

Every sub-logic of CTL� induces a natural equivalence relation on the
states of a Kripke structure: two states are equivalent if and only if they agree
on all the formulas of the sub-logic. Below we define equivalence relations
H0, H1, H2, . . . on states of a Kripke structure. In the following theorems we
show that for every i, the relation Hi is the equivalence relation induced by
the logic CTL�

i .

6
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Definition 3.2 Given a Kripke structure K = (AP,W,W0, R, L), we define
the sequence H0, H1, H2, . . . of relations on the states of K, and the sequence
P0, P1, P2, . . . of relations on finite paths in K.

We start by defining the relation H0. Two states w and w′ are H0-
equivalent if and only if L(w) = L(w′). Then, for all i ≥ 0, we define Pi

as follows. Two finite paths ρ and ρ′ are Pi-equivalent, denoted Pi(ρ, ρ
′), if

and only if |ρ| = |ρ′| and for every j ≥ 1, we have Hi(ρ(j), ρ
′(j)). Finally, for

all i ≥ 0, we define Hi+1 as follows. Two states w and w′ are Hi+1-equivalent,
denoted Hi+1(w,w

′), if and only if the following hold:

• For every finite path ρ that starts in w, there exists a finite path ρ′ that
starts in w′ and Pi(ρ, ρ

′).
• For every finite path ρ′ that starts in w′, there exists a finite path ρ that

starts in w and Pi(ρ, ρ
′).

We refer to the relations Hi as the path-quantification state relations of
K, (PQS relations of K, for short) and we refer to the relations Pi as the
path-quantification path relations of K (PQP relations of K, for short).

Note that Hi+1 ⊆ Hi, and Pi+1 ⊆ Pi. Since W is finite, there must be
a fixed point in the sequence of these relations; we call this fixed point H .
Obviously, H = Hj for some j ≤ |W |.

We extend the PQP relations to infinite paths. For i ≥ 0 and two in-
finite paths π and π′, the relation Pi(π, π

′) holds iff for all j ≥ 0, we have
Hi(π(j), π′(j)). The following lemma now follows from the definition of Hi

and König’s Lemma.

Lemma 3.3 For all i ≥ 1, the relation Hi(w,w
′) holds iff for every path π

that starts in w there exists a path π′ that starts in w′ such that Pi(π, π
′), and

for every path π′ that starts in w′ there exists a path π that starts in w such
that Pi−1(π, π

′).

Lemma 3.3 gives us a way for calculating the relations Hi. Indeed, the
transition from Hi to Hi+1 is reduced to checking the equivalence of the trace
sets of states, with L being extended to atomic propositions that indicate the
equivalence classes of Pi−1. Since checking equivalence of trace sets can be
done in polynomial space [15], and since there are at most polynomially many
checks to perform, finding each Hi can be done in polynomial space.

Example 3.4 Consider the Kripke structures M1 and N1 in Figure 1. The
language of both structures is a · b · cω + a · b · dω. Accordingly, the initial
states of M1 and N1 are H1-equivalent. The state labeled b in M1 branches to
both b · cω and b · dω. On the other hand, the states labeled b in N1 branch to
either b · cω or b · dω. Therefore, no state in N1 is H1-equivalent to the state
labeled b in M1. It also follows that the initial states of M1 and N1 are not
H2-equivalent.

We now show that the logics CTL�
i characterize the distinguishing power
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of the PQS relations.

Theorem 3.5 LetK = (AP,W,W0, R, L) be a Kripke structure, let H0, H1, H2, . . .
be the PQS relations of K, and let P0, P1, P2, . . . be the PQP relations of K.
For all i ≥ 0, for every state formula ϕ in CTL�

i , and for every path formula
ψ in CTL�

i , the following hold.

• If w and w′ are two states in K such that Hi(w,w
′), then w |= ϕ iff w′ |= ϕ.

• If π and π′ are two infinite paths in K such that Pi(π, π
′), then π |= ψ iff

π′ |= ψ.

The proof is not hard, and proceeds by induction on i for both path and
state formulas, where the induction step for path formulas is proved by induc-
tion on the structure of path formulas in CTL�

i+1.

We now prove the opposite direction; i.e., that if two states agree on all
CTL�

i formulas then they are Hi-equivalent.

Theorem 3.6 LetK = (AP,W,W0, R, L) be a Kripke structure, let H0, H1, H2, . . .
be the PQS relations of K, and let P0, P1, P2, . . . be the PQP relations of K.
Then, for all i ≥ 0, the following hold.

• If w and w′ are two states in K that are not Hi-equivalent then there exists
a CTL�

i state formula that distinguishes between them.

• If π and π′ are two paths in K that are not Pi-equivalent then there exists
a CTL�

i path formula that distinguishes between them.

Proof. The proof proceeds by induction on i. For the base i = 0 of the
induction, let w and w′ be two states inK that are notH0-equivalent, therefore
L(w) �= L(w′). Without loss of generality we can assume that there exists
an atomic proposition p ∈ L(w) such that p �∈ L(w′). Thus the formula p
distinguishes between w and w′.

Assume that we proved the claim for i. First we prove the induction step
for states, let w and w′ be two states that are not Hi+1-equivalent. Without
loss of generality we can assume that there is a finite path ρ of length n that
begins in w that has no Pi-equivalent path that begins in w′. Let ρ′1, . . . , ρ

′
m

be all the finite paths of length n that begin in w′. Since ρ and ρ′j are not
Pi-equivalent, then for every 1 ≤ j ≤ m there exists a position kj such that the
states ρ(kj) and ρ′j(kj) are not Hi-equivalent. From the induction hypothesis
we have that there exists a CTL�

i state formula ϕj that distinguishes between
ρ(kj) and ρ′j(kj), without loss of generality we can assume that ρ(kj) |= ϕj

and ρ′j(kj) |= ¬ϕj . So the CTL�
i path formula ψj = Xkj−1p distinguishes

between ρ and ρ′j. The formula ϕ = E
∧

j=1,..,mψj is a CTL�
i+1 state formula

that distinguishes between w and w′.
All that is left to prove is the induction step for paths. Let π and π′ be two

paths in K that are not Pi+1-equivalent. Then there exists a position j such
that π(j) and π′(j) are not Hi+1-equivalent. From what we proved above we
have the CTL�

i+1 state formula ϕ that distinguishes between π(j) and π′(j).

8
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So the CTL�
i+1 path formula ψ = Xj−1ϕ distinguishes between π and π′. ✷

Note that in the proof of the last theorem the only temporal operator we
use is the X operator. The results of this section can be summed up in the
following corollaries.

Corollary 3.7 Given a Kripke structure K, let H0, H1, H2, . . . be the PQS
relations of K. Two states in K are Hi-equivalent if and only if they agree on
all the state formulas in CTL�

i .

Since CTL� =
⋃

i CTL�
i , we also have:

Corollary 3.8 Two states in a Kripke structure are H-equivalent if and only
if they agree on all CTL� formulas.

It follows that the limit H of H0, H1, . . . coincides with the maximal bisim-
ulation relation Hmax. Note that the intermediate PQS relations Hi are differ-
ent from both the limited observation equivalence relations and the observation
equivalence relations studied in [17,9], although all three relations converge
to the bisimulation relation. The limited observation equivalence relations
are the intermediate relations one gets in the process of calculating H using
the fixed-point calculation described in [17] (called strong equivalence in [17]).
While the i’th iteration in [17] involves a “look ahead” of at most i states, in
the PQS relations the i’th iteration involves at most i branches. Like PQS,
observation equivalence refers to finite paths that start at the related states,
but it imposes weaker requirements on the intermediate states of the paths.

We now show that formulas with more nesting depth have greater distin-
guishing and expressive power. Thus, the expressiveness hierarchy they induce
is strict.

Theorem 3.9 For all i ≥ 0, the logic CTL�
i+1 is more distinguishing and

more expressive than CTL�
i .

Proof. Clearly, CTL�
1 is more expressive than CTL�

0, which can just specify
propositional assertions. Consider the sequences M1,M2, . . . and N1, N2, . . . of
Kripke structures presented in Figure 1. By Definition 3.2, it is not hard to see

Mi

a aa a

b b
b

Mi+1 : Ni+1 :

b b

c d c d

b

Ni

N1 :M1 :

Mi Ni

Fig. 1. The sequences M1,M2, . . . and N2, N2, . . .
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that the initial states ofMi and Ni are Hi-equivalent. Hence, by Corollary 3.7,
no CTL�

i formula can distinguish between Mi and Ni. We describe a CTL�
i+1

formula that distinguishes between the structures. Let ψ1 = X(EXc∧EXd),
and let ψi+1 = X(EXψi ∧ EX¬ψi). The formula ψi is a CTL�

i path formula.
Now, the CTL�

i+1 formula ϕi+1 = Eψi is such that Mi |= ϕi+1 and Ni �|= ϕi+1.
It follows that CTL�

i+1 is more distinguishing, and hence also more expressive,
than CTL�

i . ✷

4 Branching Depth with Stuttering

Another relation that we can explore in the same manner is the stuttering
relation. Intuitively, stuttering equivalence of two infinite words means that
the letters in these words appear in the same order, ignoring repetitions of the
same letter. In this section we extend the results of the previous section to
stuttering .

A partition of a path π is an infinite sequence B1, B2, . . . of nonempty
disjoint finite sets of states such that π(1) ∈ B1 and π(i+1) ∈ Bj iff π(i) ∈ Bj

or π(i) ∈ Bj−1. We give here the definition for equivalence with respect to
stuttering.

Definition 4.1 For a Kripke structure K = (AP,W,W0, R, L), define the
following relations Hstut

0 , Hstut
1 , . . . ⊆ W ×W inductively as follows.

• Hstut
0 (w,w′) iff L(w) = L(w′).

• Hstut
n+1(w,w

′) iff:
(i) For every path π in K with π(1) = w, there exist a path π′ in K with

π′(1) = w′, a partition B1, B2, . . . of π, and a partition B′
1, B

′
2, . . . of π′,

such that for all j > 0, s ∈ Bj, and s′ ∈ B′
j, we have Hstut

n (s, s′).
(ii) For every path π′ in K with π′(1) = w′, there exist a path π in K with

π(1) = w, a partition B1, B2, . . . of π, and a partition B′
1, B

′
2, . . . of π′,

such that for all j > 0, s ∈ Bj, and s′ ∈ B′
j, we have Hstut

n (s, s′).

The relationHstut ⊆W×W ′ is defined as follows: Hstut(w,w′) iffHstut
i (w,w′)

for all i. Finally, we say that two states w and w′ are equivalent with respect to
stuttering if Hstut(w,w′). Note that each relation Hstut

i+1 is contained in Hstut
i ,

therefore there exists a fixed point in the sequence of these relations. Clearly
this fixed point is equal to the relation Hstut defined above.

Our definition is the expected extension of Definition 3.2 to the stuttering
case. Interestingly, the same definition appears in [1] as the definition of
stuttering bisimulation with no reference to its branching-depth structure.
So, while for the stuttering case, the natural definition for bisimulation is the
fixed point of the stuttering PQS relations, for the non-stuttering case, the
natural definition is the local one, of [17], which is simpler than the fixed point
of the PQS relations.

For a logic D let D \ {X} denote the set of all formulas ψ in D such
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that ψ does not contain the X quantifier. In particular, we refer to the logics
LTL \{X}, CTL�

1\{X}, CTL�
2\{X}, . . . Consider the logics CTL�

i \{X} and
the relations Hstut

i above. Using the same considerations as in the previous
section, one can prove the following theorem.

Theorem 4.2 Consider a Kripke structure K = (AP,W,W0, R, L) and the
equivalence relations Hstut

0 , Hstut
1 , . . . on the states of K. For every i ≥ 0,

two states in K are Hstut
i -equivalent if and only if they agree on all the state

formulas in CTL�
i \{X}.

Note that while in the proof of Theorem 3.6 we use only the X temporal
operator, in Theorem 4.2 the only temporal operator we use is the U operator.
The limit case of Theorem 4.2 is proved in [1], and our results here provide
an alternative proof, based on the observation that Hstut is the limit of the
relations Hstut

i .

Theorem 4.3 [1] Two states in a Kripke structure are Hstut-equivalent if and
only if they agree on all CTL� \{X} formulas.

5 Branching Depth in CTL

In this section, we examine the restriction of the logics CTL�
i , defined in

Section 3, to CTL. Formally, we define the sequence CTL1, CTL2, CTL3, . . .
of logics, where CTLi = CTL∩CTL�

i . We show that while CTL� and CTL
have the same distinguishing power, CTL�

i has more distinguishing power then
CTLi, for all i ≥ 1.

In [5] it was proved that CTL� has more expressive power than CTL. Emer-
son and Halpern proved that the formula ϕ = AF (p ∧Xp) has no equivalent
CTL formula. This was done by defining two sequences M1,M2,M3, . . . and
N1, N2, N3, . . . of Kripke structures for which the following hold:

(i) For all i, Mi |= ϕ and Ni �|= ϕ.

(ii) If ψ is a CTL formula of length at most i, then Mi |= ψ iff Ni |= ψ.

It follows that no CTL formula is equivalent to ϕ; thus CTL� has more
expressive power than CTL. A careful analysis of the inductive argument in
the proof in [5] actually implies a stronger claim:

Lemma 5.1 If ψ is a CTLi formula, then Mi |= ψ iff Ni |= ψ.

Since ϕ′ = ¬EG(¬(p∧Xp)) is equivalent to ϕ, it follows that for all i, the
logic CTLi has no formula equivalent to ϕ′. Now, since ϕ′ is a CTL�

1 formula,
it follows that CTL�

1 has more distinguishing and expressive power than CTLi,
for all i.

11
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6 Branching Depth of Kripke Structures

For a Kripke structure K, let the branching depth of K be the minimal index
i for which Hi = Hi+1. Structures with branching depth 0 are such that two
states agree on their label iff they are bisimilar. Structures with branching
depth 1 are such that two states agree on their trace sets iff they are bisimilar.
Note that if the branching depth of K is i ≥ 1, then there are states in K for
which there is a CTL�

i formula that distinguishes between them but no CTL�
i−1

formula can distinguish between them. Since bisimulation can be checked in
polynomial time, having branching depth 1 is a very helpful property of a
structure 4 .

In [8], Grumberg and Kurshan introduce the notion of equi-linearity for
CTL� formulas. A CTL� formula ψ is equi-linear if it cannot distinguish
between states with the same trace sets. For example, the CTL� formula
AGAFp has no equivalent LTL formula, but is equi-linear (with respect to
finite Kripke structures). Our definition of branching depth can be viewed
as the structural analogue. Accordingly, we say that a Kripke structure is
equi-linear iff it has branching depth 1. Note that a structure is equi-linear if
all CTL� formulas cannot distinguish states with the same trace set.

Lemma 6.1 All deterministic structures are equi-linear.

Proof. Follows immediately from the fact that for deterministic structures
bisimulation coincides with trace equivalence. ✷

Deciding whether a Kripke structure is deterministic can be done in poly-
nomial time. On the other hand, as we show below, deciding whether the
structure is equi-linear is much harder.

Theorem 6.2 Deciding whether a Kripke structure is equi-linear is PSPACE-
complete.

Proof. Consider a Kripke structure K = (AP,W,W0, R, L). Since bisimula-
tion implies trace equivalence, we only have to check that for every two states
w and w′ with TK(w) = TK(w′), the states w and w′ are bisimilar. Let Hmax

be the maximal bisimulation of K. We can find Hmax in polynomial time. For
a given pair 〈w,w′〉, deciding whether TK(w) = TK(w′) can be done in poly-
nomial space. So, a naive algorithm that checks whether all the pairs 〈w,w′〉
not in Hmax are such that TK(w) �= TK(w′), requires polynomial space.

For the lower bound, we first claim that the problem of deciding whether
a Kripke structure contains two states w and w′ such that TK(w) = TK(w′) is
PSPACE-hard (note that this is different than the problem of deciding whether

4 The computational advantage is so compelling as to make simulation useful also to re-
searchers that favor the linear approach to specification: in automatic verification, simula-
tion is widely used as a sufficient condition for trace containment [4]; in manual verification,
trace containment is most naturally proved by exhibiting local witnesses such as simulation
relations or refinement mappings (a restricted form of simulation relations) [11,14,13].
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TK(w) = TK(w′), for given w and w′, which is known to be PSPACE-hard).
To see this, recall that the problem of deciding whether a Kripke structure is
universal (that is, T (W0) = (2AP)ω) is PSPACE-hard. The proof described
in [21] reduces the problem of deciding whether a deterministic polynomial
space Turing machine T accepts an input word x to the universality problem
by defining a Kripke structure KT,x such that the trace set of the initial set of
KT,x contains all words that do not encode a legal computation of T on x or
encode a legal rejecting computation. The initial set of KT,x is then universal
iff T rejects x. The structure KT,x contains an accepting sink (that is, a clique
with 2|AP| states, corresponding to all the possible subsets of AP ). Once KT,x

observes that a word does not encode a legal computation or that a rejecting
configuration has been reached, it goes to the accepting sink. The structure
KT,x can be defined so that all states w and w′ have different trace sets, except
possibly for an initial state wσ and a state w′

σ in the accepting sink, both
labeled with σ. In fact, KT,x is universal iff for all σ ⊆ AP , there is an initial
state wσ labeled σ such that wσ is universal (that is, T (wσ) = σ · (2AP)ω).

Let # ∈ 2AP be the first letter in an encoding of a legal computation of T
on x, and let w#

in be the initial state labeled #. Since all the legal computations
of T on x starts with an encoding of the initial configuration, # is well defined.
Since KT,x goes to an accepting sink as soon as it observes that a word does
not encode a legal computation, all the initial states in KT,x that are labeled
by σ �= # are universal. Given KT,x, we define a structure K ′

T,x as follows.

First, we split each initial state win �= w#
in into two initial states, w1

in and w2
in,

such that T (w1
in) ∪ T (w2

in) = T (win) and no state in KT,x has the same trace
set as w1

in or w2
in. Since we can define KT,x so that every initial state is visited

only once, it is easy to perform this split, say by defining a partition Σ1 and
Σ2 of 2AP and defining w1

in to have transitions only to states labeled by letters
from Σ1 and similarly for w2

in and Σ2. The structure of KT,x guarantees that
such a split indeed results in w1

in and w2
in whose trace sets are different from

these of other states in the structure. Note that we do not split the initial state
w#

in. Hence, the only candidates for having the same trace sets in K ′
T,x are w#

in

and the state labeled # in the accepting sink. Accordingly, we have that T
rejects x iff K ′

t,x contains two states with the same trace sets. Indeed, such two
states exists iff KT,x is universal. Hence, the latter problem is PSPACE-hard.

We now do a reduction from the problem of deciding whether a Kripke
structure contains two states with the same trace set to the problem of deciding
whether the structure is equi-linear. Given a Kripke structure K with state
space {w1, . . . , wn}, let K1, . . . , Kn be Kripke structures over a set AP ′ of
atomic propositions for which AP ∩AP ′ = ∅, such that all Ki’s have the same
language but are pairwise not bisimilar (that is, for all i and j, Ki and Kj are
not bisimilar). We can define Ki with O(n) states and a single initial state
(for example, using the same considerations as in the structures in Figure 1).
Now, let K ′ be K where each state wi also has a branch to the initial state of
Ki. Since no two states in K ′ are bisimilar, it follows that K ′ is equi-linear iff
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no two states in K ′ have the same trace set, and we are done. ✷

The same considerations (in fact, even simpler) can be used in order to
show that the problem of deciding whether for two given states w and w′, we
have that w and w′ are bisimilar iff T (w) = T (w′) is PSPACE-complete.

We use Theorem 6.2 in order to prove that the problem of finding the
branching depth of a Kripke structure is PSPACE-complete. This refutes the
hope for a more efficient calculation of quantities related to the relations Hi.

Theorem 6.3 The problem of finding the branching depth of a Kripke struc-
ture is PSPACE-complete.

Proof. Consider a Kripke structure K = (AP,W,W0, R, L). In order to find
the branching depth of K, we can calculate the PQS relations Hi of K. The
branching depth of K is the fixed point. Since the transitions from Hi to Hi+1

can be done in polynomial space, and a fixed-point is obtained within at most
|W | iterations, membership in PSPACE follows.

For the lower bound, we do a reduction from the problem of deciding
whether K is equi-linear. Indeed, K is equi-linear iff its branching depth is
1. ✷
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Abstract

It is an open problem whether weak bisimilarity is decidable for Basic Process

Algebra (BPA) and Basic Parallel Processes (BPP). A PSPACE lower bound for

BPA and NP lower bound for BPP have been demonstrated by Stribrna. Mayr

achieved recently a result, saying that weak bisimilarity for BPP is �P
2
-hard. We

improve this lower bound to PSPACE, moreover for the restricted class of normed

BPP.

Weak regularity (�niteness) of BPA and BPP is not known to be decidable either.

In the case of BPP there is a �P
2
-hardness result by Mayr, which we improve to

PSPACE. No lower bound has previously been established for BPA. We demon-

strate DP-hardness, which in particular implies both NP and co-NP-hardness.

In each of the bisimulation/regularity problems we consider also the classes of

normed processes.

Note: full version of the paper appears as [Srb00].

1 Introduction

An intensive study of a variety of process algebras based on the interleaving

model of CCS (see [Mil89]) has taken place in the last couple of years. Lots

of activity has been focused on the analysis of in�nite state systems. The

two central questions are decidability and complexity of certain behavioural

equivalences (for a survey see [Mol96]) and veri�cation of system properties

expressed in suitable logics (for a survey see [BE97]).

1 Basic Research in Computer Science, Centre of the Danish National Research Foundation.

This is a preliminary version. The �nal version can be accessed at
URL: http://www.elsevier.nl/locate/entcs/volume39.html
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In this paper we address the �rst question with a special focus on bisimula-

tion equivalence. Strong bisimulation equivalence is known to be decidable

for the classes of Basic Process Algebra (BPA) [CHS95] and Basic Paral-

lel Processes (BPP) [CHM93]. If we restrict ourself to normed processes,

there are even polynomial time algorithms for bisimilarity of BPA and BPP

[HJM96a,HJM96b].

However, we draw our attention towards the notion of weak bisimilarity, which

is a more general equivalence than strong bisimilarity, in the sense that it

allows to abstract from internal behaviour of processes by introducing a silent

action � , which is not observable [Mil89].

Decidability of weak bisimulation equivalence and weak regularity (�niteness)

for BPA and BPP are well known open problems. There are partial results, e.g.

by Hirshfeld [Hir96], showing decidability of weak bisimilarity for restricted

classes of so called totally normed BPA and BPP. Stribrna proved in [Str98]

NP-hardness for these restricted classes. Also, some results are known about

weak bisimilarity of BPA/BPP with �nite state systems [JKM98,KM99]. In

spite of the fact that weak bisimilarity and regularity are not known to be

decidable, only a few lower bounds have been found.

For weak bisimilarity in the BPA class, PSPACE-hardness was proved by

Stribrna [Str98], using a reduction from totality problem for �nite nondeter-

ministic automata. No lower bound has previously been established for weak

regularity in this class.

In the class of BPP, weak bisimilarity appeared to be NP-hard [Str98]. This

result was recently improved by Mayr [May00a] to �P
2
(in polynomial hierar-

chy). In the same paper, �P
2
-hardness for weak regularity is proved.

Our contribution. We show PSPACE-hardness of weak bisimilarity for

BPP, thus improving the �P
2
-hardness result by Mayr, and moreover we prove

our result for the restricted class of normed BPP. This result can be trans-

formed to weak regularity for BPP, thus achieving PSPACE lower bound

(again even for normed processes).

For the class of BPA we prove DP-hardness of weak regularity, which in par-

ticular means both NP and co-NP-hardness. Moreover NP-hardness can be

transformed to the normed case.

All these results hold also for PA (Process Algebra [BW90]), which is a natural

�union� of BPA and BPP, where we are allowed to use both sequential and

parallel composition.

2 Basic de�nitions

Let Act and Const be countable sets of actions and process constants such

that Act \ Const = ;. Moreover suppose that Act contains a distinguishable

silent action � . Let Op � f: ; jjg. We de�ne the class of process expressions

2
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over Op as

EOp ::= � j X j E 
 E

where � is the empty process, X ranges over Const and 
 ranges over Op. The

operator `:' is a sequential composition, and `jj' stands for a parallel compo-

sition. In what follows we will not distinguish between process expressions

related by a structural congruence, which is the smallest congruence over pro-

cess expressions such that the following lows hold:

� `:' is associative

� `jj' is associative and commutative

� `�' is a unit for `:' and `jj'.

In this paper we consider the class of PA (Process Algebra [BW90]) expressions

Ef:; jjg and its natural subclasses; BPA (Basic Process Algebra, also known as

context-free processes) expressions Ef:g with only sequential composition; and

BPP (Basic Parallel Processes) expressions Efjjg with only parallel composi-

tion.

A PA (resp. BPA or BPP) process rewrite system (PRS) [May00b] is a �nite

set � of rules of the form X
a
�! E, where X 2 Const, a 2 Act and E 2

Ef:; jjg (resp. E 2 Ef:g or E 2 Efjjg). Let us denote the set of actions and

process constants that appear in � as Act(�) resp. Const(�) (note that

these sets are �nite). A process rewrite system � determines a transition

system [Plo81,Mol96] where the states are process expressions over Const(�),

and Act(�) is the set of labels. The transition relation is the least relation

satisfying the following SOS rules (recall that `jj' is commutative).

(X
a
�! E) 2 �

X
a
�! E

E
a
�! E 0

E:F
a
�! E 0:F

E
a
�! E 0

EjjF
a
�! E 0jjF

As usual we extend the transition relation to the elements of Act�. We also

write E �!� E 0, whenever E
w
�! E 0 for some w 2 Act�. A state E 0 is

reachable from a state E i� E �!� E 0.

A weak transition relation is de�ned as follows.

a
=)

def
=

8<
:

��

�! �
a
�! �

��

�! if a 6= �

��

�! if a = �

We de�ne a process as a pair (P;�), where P is a process expression and � is

a process rewrite system. States of (P;�) are the states of the corresponding

transition system. We say that a state E is reachable i� P �!� E. Whenever

(P;�) has only �nitely many reachable states, we call it a �nite-state process.

Important subclasses of process algebras can be obtained by an extra restric-

tion on the involved processes - normedness. A process expression E is normed

i� there is w 2 Act� such that E
w
�! �. A process (P;�) is normed if all

its process constants Const(�) are normed. We say that (P;�) is totally

3
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normed i� it is normed and moreover there is no transition X
�

=) � for any

X 2 Const(�).

Now we will introduce the concept of weak bisimilarity [Par81,Mil89]. A binary

relationR over process expressions is a weak bisimulation i� whenever (E; F ) 2

R then for each a 2 Act:

� if E
a

=) E 0 then F
a

=) F 0 and (E 0; F 0) 2 R

� if F
a

=) F 0 then E
a

=) E 0 and (E 0; F 0) 2 R.

Processes (P1;�1) and (P2;�2) are weakly bisimilar, and we write (P1;�1) �

(P2;�2), i� there is a weak bisimulation R such that (P1; P2) 2 R. Note that

without loss of generality we can suppose that �1 = �2 since we can always

consider a disjoint union of �1 and �2 as a new �.

Bisimulation equivalence has an elegant characterisation in terms of bisimula-

tion games [Tho93,Sti95]. A bisimulation game on a pair of processes (P1;�)

and (P2;�) is a two-player game of an `attacker' and a `defender'. The attacker

chooses one of the processes and makes an
a

=)-move for some a 2 Act(�).

The defender must respond by making an
a

=)-move in the other process under

the same action a. Now the game repeats, starting from the new processes.

If one player cannot move, the other player wins. If the game is in�nite,

the defender wins. The processes (P1;�) and (P2;�) are weakly bisimilar i�

the defender has a winning strategy (and non-bisimilar i� the attacker has a

winning strategy).

3 Hardness of Weak Bisimilarity and Regularity for

BPP

Problem: Weak bisimilarity of (normed) BPP

Instance: Two (normed) BPP processes (P1;�) and (P2;�).

Question: (P1;�) � (P2;�) ?

In what follows we show that weak bisimilarity of normed BPP is PSPACE-

hard. We prove it by reduction from QSAT 2 , which is known to be PSPACE-

complete [Pap94].

2 This problem is known also as QBF, for Quanti�ed Boolean formula.

4
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Problem: QSAT

Instance: A natural number n and a Boolean formula � in

conjunctive normal form with Boolean variables

x1; : : : ; xn and y1; : : : ; yn.

Question: Is 8x19y18x29y2 : : :8xn9yn:� true?

Literal is a variable or the negation of a variable. Let

C � 8x19y18x29y2 : : :8xn9yn:C1 ^ C2 ^ : : : ^ Ck

be an instance of QSAT, where each clause Cj, 1 � j � k, is a disjunction of

literals. We de�ne the following BPP processes (P1;�) and (P2;�), where

Const(�) = fQ1; : : : ; Qk; X1; : : : ; Xn; Y1; : : : ; Yng

and

Act(�) = fq1; : : : ; qk; x1; : : : ; xn; x1; : : : ; xn; yg:

For each i, 1 � i � n, let

�i be a parallel composition of process constants from fQ1; : : : ; Qkg such that

Qj appears in �i i� the literal xi occurs in Cj (i.e. if xi is set to true then

Cj is satis�ed),

�i be a parallel composition of process constants from fQ1; : : : ; Qkg such that

Qj appears in �i i� the literal :xi occurs in Cj (i.e. if xi is set to false then

Cj is satis�ed),

�i be a parallel composition of process constants from fQ1; : : : ; Qkg such that

Qj appears in �i i� the literal yi occurs in Cj,

�i be a parallel composition of process constants from fQ1; : : : ; Qkg such that

Qj appears in �i i� the literal :yi occurs in Cj.

The set of transition rules � is given by

5
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Xi
xi
�! Yijj�i Xi

xi
�! Yijj�i for 1 � i � n

Yi
y
�! Xi+1jj�i Yi

y
�! Xi+1jj�i for 1 � i � n� 1

Yn
y
�! �n Yn

y
�! �n

Xi

qj
�! Xi Yi

qj
�! Yi for 1 � i � n and 1 � j � k

Qj

qj
�! Qj Qj

�
�! � for 1 � j � k.

Finally, let

P1

def
= X1jjQ1jjQ2jj : : : jjQk and P2

def
= X1:

The intuition is that the attacker will be forced to play only in the process

P1 and if C is true then the defender will have the possibility to add all the

process constants fQ1; : : : ; Qkg.

Let 
 be a parallel composition of elements from Const(�). We de�ne the set of

process constants that occur in 
 as set(
)
def
= fX 2 Const(�) j X occurs in 
g

and we also de�ne setQ(
)
def
= set(
)\fQ1; : : : ; Qkg. The following proposition

is an immediate consequence of the de�nition of �.

Proposition 3.1 Let 
 resp. 
0 be a parallel composition of some process

constants from fQ1; : : : ; Qkg. If setQ(
) = setQ(

0) then (
;�) � (
0;�).

We want to show that C is true if and only if (P1;�) � (P2;�).

Lemma 3.2 If (P1;�) � (P2;�) then C is true.

Proof. We show that (P1;�) 6� (P2;�), supposing that C is false. If C is false

then C 0 def= 9x18y19x28y2 : : :9xn8yn::(C1^C2^ : : :^Ck) is true and from this

we claim that the attacker has a winning strategy in the bisimulation game

for (P1;�) and (P2;�). The attacker plays only in the process P1 (without

using � actions) performing the following sequence of actions

ex1; y; ex2; y; : : : ; exn; y
where exi, 1 � i � n, corresponds to either xi or xi, depending on the truth

values for which the formula C 0 is true. It does not matter, how the choice

of the rule for the action y is solved. The defender can only respond by

performing the same actions ex1; y; ex2; y; : : : ; exn; y (eventually using some �

actions). The actions ex1; : : : ; exn are forced. For the action y there are always

two possibilities, corresponding to assigning a truth value for some yi, 1 �

6
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i � n. Finally the processes P1 and P2 are in states P 0

1
and P 0

2
, respectively,

such that set(P 0

1
) = fQ1; : : : ; Qkg and set(P 0

2
) � fQ1; : : : ; Qkg. Since we

assume that C 0 is true, there must be a clause Cj, 1 � j � k, which is

not satis�ed. Hence Qj 62 set(P 0

2
) and P 0

2
cannot perform qj. However, qj is

enabled in P 0

1
and thus the attacker has a winning strategy. This implies that

(P1;�) 6� (P2;�). 2

For the proof of the opposite direction let us �rst observe the following prop-

erty of (P1;�) and (P2;�) above. Let � be some state such that set(�) \

fQ1; : : : ; Qkg = ; and let 
 and 
0 be a parallel composition of some process

constants from fQ1; : : : ; Qkg satisfying the condition that setQ(
) � setQ(

0).

Let us consider the processes �jj
 and �jj
0. Whenever the attacker chooses

any move in the second one, the defender has an answer, which makes these

two processes weakly bisimilar (exploiting � actions to eliminate the extra

process constants Qj from the �rst process and then using Proposition 3.1).

We are now ready to prove the following lemma.

Lemma 3.3 If C is true then (P1;�) � (P2;�).

Proof. Let P 0

1
and P 0

2
denote successors of P1 and P2, respectively, in the

bisimulation game. The defender's strategy is to satisfy the following condi-

tions during the game

� setQ(P
0

1
) � setQ(P

0

2
) and

� never delete (using � actions) any process constant Qj, 1 � j � k, in the

process P 0

2
, unless it is necessary for satisfying the �rst condition.

Of course these conditions are true at the beginning of the game. Using the

argument above this lemma, we can see that whenever the attacker makes a

move in the process P 0

2
, he immediately looses, since the defender can make

the resulting processes weakly bisimilar. This means that the only possible

winning strategy for the attacker is to keep playing in P 0

1
. However, now the

defender can always ful�l the conditions of his strategy. On a move containing

xi resp. xi there is only one possible response for the defender. Whenever the

attacker makes a y move, the defender chooses one of the rules Yi
y
�! Xi+1jj�i

and Yi
y
�! Xi+1jj�i, such that the formula 8xi+19yi+1 : : :8xn9yn:C1 ^ : : :^Ck

is still true. Since we have the rules Xi

qj
�! Xi and Yi

qj
�! Yi for any i; j such

that 1 � i � n and 1 � j � k, the only possibility for the attacker to win is

to perform some sequence

ex1; y; ex2; y; : : : ; exn; y
possibly including also some � actions and then reach some state P 0

1
, where

set(P 0

1
) � fQ1; : : : ; Qkg. Since C is true the defender can always get to a corre-

sponding state P 0

2
, where set(P 0

1
) = set(P 0

2
). Hence (using Proposition 3.1) the

attacker looses again. This means that the defender has a winning strategy

and so (P1;�) � (P2;�). 2

7
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Theorem 3.4 Weak bisimilarity of normed BPP is PSPACE-hard.

Proof. Observe that all the process constants in � are normed and that the

reduction is in polynomial time. The theorem is then an immediate conse-

quence of Lemma 3.2 and Lemma 3.3. 2

Corollary 3.5 Weak bisimilarity of BPP is PSPACE-hard.

Remark 3.6 Theorem 3.4 can be easily extended to 1-safe Petri nets where

each transition has exactly one input place (for the de�nition of 1-safe Petri

nets see e.g. [JM96]). It is enough to introduce for each �i=�i and �i=�i,

1 � i � n, a new set of process constants fQ1; : : : ; Qkg to ensure that in each

reachable marking there is at most one token in every place. Related results

about 1-safe Petri nets can be found in [JM96].

Another problem we will analyse, is weak regularity of BPP processes.

Problem: Weak regularity of (normed) BPP

Instance: A (normed) BPP process (P;�).

Question: Is there a �nite-state process (F;�0) such that

(P;�) � (F;�0) ?

Mayr has proved that weak regularity of BPP is �P
2
-hard [May00a], demon-

strating a reduction from the weak bisimilarity problem between a pair of

special processes with �nitely many reachable states. It can be easily seen

that his proof works also for a general pair of weakly regular processes and

moreover it preserves normedness.

Theorem 3.7 ([May00a]) Let (P1;�) and (P2;�) be weakly regular BPP

processes. We can construct in polynomial time a BPP process (P;�0) such

that (P1;�) � (P2;�) i� (P;�0) is weakly regular. Moreover, if (P1;�) and

(P2;�) are normed, so is (P;�0).

Observe that the processes P1 and P2 from the proof of PSPACE-hardness of

weak bisimilarity (Theorem 3.4) are regular and moreover they are normed.

This gives the following theorem with an immediate corollary.

Theorem 3.8 Weak regularity of normed BPP is PSPACE-hard.

Proof. Because of Theorem 3.7, there is a reduction from a PSPACE-hard

problem of weak bisimilarity for normed BPP to weak regularity of normed

BPP. 2

Corollary 3.9 Weak regularity of BPP is PSPACE-hard.

8
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4 Hardness of Weak Bisimilarity and Regularity for

BPA

In this section we consider the same problems for BPA, as we did for BPP.

First, we show that there is a reduction from weak bisimilarity of regular

BPA to weak regularity. The idea of the proof is similar to the case of BPP

mentioned above from [May00a].

Theorem 4.1 Let (P1;�) and (P2;�) be weakly regular BPA processes. We

can construct in polynomial time a BPA process (P;�0) such that (P1;�) �

(P2;�) i� (P;�0) is weakly regular. Moreover, if (P1;�) and (P2;�) are

normed, so is (P;�0).

Proof. Assume that (P1;�) and (P2;�) are weakly regular BPA processes.

We construct a BPA process (P;�0) with

Const(�0)
def
= Const(�) [ fA;B;C;B1; B2g

and

Act(�0)
def
= Act(�) [ fag

where A;B;C;B1; B2 are new process constants and a is a new action. Then

�0 def= � [�1, where �1 is de�ned as follows.

A
a
�! A:B A

�
�! �

B
a
�! � B

�
�! �

C
a
�! B1 C

a
�! P1

B1

a
�! B1 B1

a
�! P1

C
a
�! B2 C

a
�! P2

B2

a
�! B2 B2

a
�! P2

Let P
def
= A:C. Observe that if (P1;�) and (P2;�) are normed, so is (P;�0).

Proofs of the following lemmas can be found in [Srb00].

Lemma 4.2 If (P1;�) 6� (P2;�) then (P;�0) is not weakly regular.

Lemma 4.3 If (P1;�) � (P2;�) then (P;�0) is weakly regular.

Theorem 4.1 is an immediate consequence of Lemma 4.2 and Lemma 4.3. 2

In the paper by Stribrna [Str98] it is shown (Theorem 2.5) that weak bisimi-

larity for totally normed BPA is NP-hard. The proof is by reduction from a

9
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variant of the bin-packing (knapsack) problem and the processes in this proof

have �nitely many reachable states (and so they are weakly regular). Thus we

can use Theorem 4.1 to obtain the following result with an obvious corollary.

Theorem 4.4 Weak regularity of normed BPA is NP-hard.

Corollary 4.5 Weak regularity of BPA is NP-hard.

We remind the reader of the fact that PSPACE-hardness of weak bisimilarity

for BPA achieved by Stribrna [Str98] does not imply PSPACE-hardness of

weak regularity for BPA, since the described processes are not regular. In

the next theorem, however, we prove that weak regularity for BPA is not

only NP-hard but also co-NP-hard. This we demonstrate by showing that

weak bisimilarity for BPA is co-NP-hard, where the involved processes are

�nite-state (nevertheless they are unnormed in this case).

Theorem 4.6 Weak regularity of BPA is co-NP-hard.

Proof. We reduce the complement of 3-SAT [Pap94] to weak bisimilarity of

BPA and then we use Theorem 4.1.

Problem: 3-SAT COMPLEMENT

Instance: A natural number n and a Boolean formula � in

disjunctive normal form with implicants of length

3 and with Boolean variables x1; : : : ; xn.

Question: Is 8x18x2 : : :8xn:� true?

Let

D � 8x18x2 : : :8xn:D1 _D2 _ : : : _Dk

be an instance of 3-SAT COMPLEMENT, where each implicant Dj, 1 � j �

k, is a conjunction of three literals. Let us de�ne the following processes

(X1;�) and (X 0

1
;�), where

Const(�)
def
= fD1

1
; : : : ; D1

k; D
2

1
; : : : ; D2

k; D
3

1
; : : : ; D3

k;

X1; : : : ; Xn; Xn+1; X
0

1
; : : : ; X 0

n; X
0

n+1
; Y1; : : : ; Yk; A; Sg

and

Act(�)
def
= fd1

1
; : : : ; d1k; d

2

1
; : : : ; d2k; d

3

1
; : : : ; d3k; x1; : : : ; xn; x1; : : : ; xn; a; sg:

For each i, 1 � i � n, let

�i be a sequential composition (in some �xed ordering) of process constants

Dr
j (1 � r � 3 and 1 � j � k) such that

10
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� D1

j appears in �i i� the literal xi occurs in Dj in the �rst position

� D2

j appears in �i i� the literal xi occurs in Dj in the second position

� D3

j appears in �i i� the literal xi occurs in Dj in the third position

�i be a sequential composition (in some �xed ordering) of process constants

Dr
j (1 � r � 3 and 1 � j � k) such that

� D1

j appears in �i i� the literal :xi occurs in Dj in the �rst position

� D2

j appears in �i i� the literal :xi occurs in Dj in the second position

� D3

j appears in �i i� the literal :xi occurs in Dj in the third position.

The set of transition rules � is given by

Xi
xi
�! Xi+1:�i X 0

i

xi
�! X 0

i+1
:�i for 1 � i � n

Xi
xi
�! Xi+1:�i X 0

i

xi
�! X 0

i+1
:�i for 1 � i � n

Xn+1

a
�! Yj X 0

n+1

a
�! Yj for 1 � j � k

X 0

n+1

a
�! A

A
a
�! A

A
�
�! �

S
s
�! S

Yj
d1j
�! S Yj

d2j
�! S Yj

d3j
�! S for 1 � j � k

Yj
a
�! Yj for 1 � j � k

Yj
�
�! � for 1 � j � k

D1

j

d1j
�! S D2

j

d2j
�! S D3

j

d3j
�! S for 1 � j � k

D1

j

�
�! � D2

j

�
�! � D3

j

�
�! � for 1 � j � k.

The intuition is that the attacker plays in X 0

1
and generates some truth as-

signment. When he reaches the process constant A, the defender chooses an

implicant that is satis�ed by the truth assignment by performing a transition

Xn+1

a
�! Yj. The attacker can now test whether this implicant is indeed

satis�ed.

Lemma 4.7 If (X1;�) � (X 0

1
;�) then D is true.

Proof. For the sake of contradiction suppose that D is false, i.e. there is

11
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some assignment of truth values for x1; : : : ; xn such that D1 _D2 _ : : :_Dk is

false, which means that for each j, 1 � j � k, there is at least one false literal

in Dj. We show that the attacker has a winning strategy in the bisimulation

game. First, the attacker plays in X 0

1
generating this false assignment and

�nally he uses the transition X 0

n+1

a
�! A. The defender can only respond by

performing the same actions xi=xi with the �nal transition Xn+1

a
�! Yj for

some j (observe that the defender cannot use the transition Yj
�
�! �, otherwise

the attacker wins immediately). Now the attacker changes the processes and

plays Yj
drj
�! S, where r is a position of a false literal in Dj. This means that

the defender looses, since he has no response to this move. 2

Lemma 4.8 If D is true then (X1;�) � (X 0

1
;�).

Proof. We show that the defender has a winning strategy. Whatever the

attacker performs during the �rst n moves the defender imitates in the other

process. Finally we get a pair of processes Xn+1� and X 0

n+1
�. If the attacker

chooses the rule Xn+1

a
�! Yj for some j then he looses, since the defender can

do the same move in X 0

n+1
� and make the resulting processes equal. The same

happens if the attacker chooses the rule X 0

n+1

a
�! Yj for some j in the second

process. So the only possibility for the attacker to win is to move under a to

A:� in the second process. The defender answers by performing Xn+1

a
�! Yj,

where Dj is the implicant which makes the formula D1 _D2 _ : : : _Dk true.

Now the attacker has to switch processes since if he continues in A:� doing the

� action, he looses again (the defender can make the two processes equal). In

the process Yj:� the attacker has essentially two possibilities. He can perform

Yj
drj
�! S for some r, 1 � r � 3. However, the defender can perform some

sequence of � actions to enable drj in the second process and then he performs

the transition Dr
j

drj
�! S. As S is unnormed, the resulting processes are

bisimilar (since (S:�;�) � (S:� 0;�) for any � and � 0). The other attacker's

possibility is to perform �rst Yj
�
�! �, but then he looses as well (the resulting

processes can be made equal). Thus the defender has a winning strategy, which

means that (X1;�) � (X 0

1
;�). 2

The proof of Theorem 4.6 is then a consequence of Lemma 4.7, Lemma 4.8,

Theorem 4.1 and the fact that both (X1;�) and (X 0

1
;�) are �nite-state pro-

cesses. 2

Corollary 4.5 and Theorem 4.6 show that weak regularity for BPA is both

NP and co-NP-hard. We use these results to obtain DP-hardness. The class

DP is de�ned as follows [Pap94]. A language L is in DP i� there are two

languages L1 2 NP and L2 2 co-NP such that L = L1 \ L2. Obviously

NP [ co-NP is contained in DP and moreover the other inclusion is unlikely.

We show that weak regularity is DP-hard by demonstrating a reduction from

the SAT-UNSAT problem [Pap94].

12

40



Srba

Problem: SAT-UNSAT

Instance: Two Boolean formulae �1 and �2.

Question: Is �1 satis�able and �2 is not?

Theorem 4.9 Weak regularity of BPA is DP-hard.

Proof. As we know that weak regularity is both NP and co-NP-hard, we can

construct in polynomial time processes (P1;�) and (P2;�) such that (P1;�)

is weakly regular i� �1 is satis�able, and (P2;�) is weakly regular i� �2 is not

satis�able. Let us now construct a process (P;�0) such that (P;�0) is weakly

regular i� �1 is satis�able and �2 is not. We de�ne Const(�0)
def
= Const(�)[fPg

and Act(�0)
def
= Act(�)[fa1; a2g where P is a new process constant and a1; a2

are new actions. The set �0 contains all the rules from � together with

P
a1
�! P1 P

a2
�! P2:

Obviously (P;�0) is regular i� both (P1;�) and (P2;�) are regular. This

proves that (P;�0) is weakly regular i� �1 is satis�able and �2 is not. 2

5 Conclusion

In the following tables we summarise known results about weak bisimilarity

and regularity problems for BPA, BPP and PA. The results obtained in this

paper are in boldface. Question mark means that there has not been any

known lower bound yet.

�
�

of normed processes

BPA PSPACE-hard [Str98] NP-hard [Str98]

NP-hard [Str98] NP-hard [Str98]

BPP �P
2
-hard [May00a]

PSPACE-hard PSPACE-hard

PA PSPACE-hard [Str98] NP-hard [Str98]

PSPACE-hard PSPACE-hard

For the case of � in the class of PA, the result in this paper is more general,

since our processes are weakly regular, which is not the case for the result by

Stribrna.
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weak regularity
weak regularity

of normed processes

BPA ? ?

DP-hard NP-hard

BPP �P
2
-hard [May00a] ?

PSPACE-hard PSPACE-hard

PA �P
2
-hard [May00a] ?

PSPACE-hard PSPACE-hard

We remind the reader of the fact that DP-hardness means in particular both

NP and co-NP-hardness.
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Abstract

In ACP-style process algebra, the interpretation of a constant atomic action com-
bines action execution with termination. In a setting with timing, different forms
of termination can be distinguished: some time termination, termination before the
next clock tick, urgent termination, being terminated. In a setting with the silent
action τ , we also have silent termination.

This leads to problems with the interpretation of atomic actions in timed theories
that involve some form of the empty process or some form of the silent action.

Reflection on these problems lead to a re-design of basic process algebra, where
action execution and termination are separated. Instead of actions as constants, we
have action prefix operators. Sequential composition remains a basic operator, and
thus we have two basic constants for termination, δ for unsuccessful termination
(deadlock) and ε for successful termination (skip). We can recover standard process
algebras as subtheories of the new theory. The new approach has definite advantages
over the standard approach.

1 Introduction

In ACP-style process algebra (see e.g. [12,11,10]), the interpretation of a
constant atomic action combines action execution with termination. In a
setting with timing, different forms of termination can be distinguished: some
time termination, termination before the next clock tick, urgent termination,
being terminated. We will explain these notions in the paper. In the presence
of the silent action τ , we also have silent termination.

This leads to problems with the interpretation of atomic actions in timed
theories that involve some form of the empty process or some form of the silent
action, see [6,9].

Reflection on these problems lead to a re-design of basic process algebra,
This is a preliminary version. The final version can be accessed at
URL: http://www.elsevier.nl/locate/entcs/volume39.html
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where action execution and termination are separated. Instead of actions as
constants, we have action prefix operators as in CCS [19] or in CSP [18]. As in
CSP, but different from CCS, we have that sequential composition remains a
basic operator. As a consequence, we have two basic constants for termination,
δ for unsuccessful termination (deadlock) and ε for successful termination
(skip). As in CCS, but different from CSP, bisimulation equivalence is our
main notion of equality. We still have the advantage of ACP over CCS and
CSP that we have a strictly algebraical approach: we start out from a set of
axioms, and can consider different semantical models.

We can recover standard process algebras as subtheories of the new theory.
To be more precise, standard BPA, PA, ACP become SRM (Subalgebra of
Reduced Model, in the terminology of [5]) specifications of the new approach.
The new approach has definite advantages over the standard approach.

We have better separation of action execution and termination, and more-
over better separation of atomic actions as a parameter of the theory and as
signature elements. We can define a minimal process algebra without sequen-
tial composition, and this eases formulation of concepts such as structural
induction, linearity, elimination and guardedness. The difference between the
silent step τ and the empty step ε becomes clearer.

In the operational semantics, we have no need for separate terminating
action executions. We have a natural restriction of iteration to action prefix
iteration, allowing complete axiomatizations in more cases. Moreover, prefix
iteration is sufficient to formulate time iteration and embedding of untimed
into timed theories. In addition, prefix iteration suffices to formulate divergent
behaviour and fair iteration.

In the next Section, we will analyse the embedding of untimed into timed
process algebra. In the following Sections, we present our process algebra
with explicit termination with its timed extensions. Finally, we have a look
at prefix iteration.

1.1 Acknowledgements

The author wishes to acknowledge suggestions and helpful remarks by Jan
Bergstra and Alban Ponse (University of Amsterdam), Leszek Holenderski,
Sjouke Mauw, Kees Middelburg, Michel Reniers, Jeroen Voeten, Marc Voorho-
eve and Tim Willemse (all Eindhoven University of Technology).

2 Interpretation of Untimed Into Timed

When we design a formalism that incorporates timing aspects of a system, it
is important that different forms of timing can be considered, such as discrete
time vs. dense time, or relative time vs. absolute time. Also, we should
consider the interplay with untimed specifications. Maybe, for some parts of
the system, timing information is not relevant, or a first draft of a part of a
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system did not yet take timing considerations into account. In any case, it is
relevant to consider the relation between untimed and timed versions of the
same formal method. This is also true for process algebra. Untimed process
algebras have been around for some 20 years, and timed versions are getting
well-established by now.

In setting up timed variants of ACP, always interrelations between the
different variants and interpretation of the untimed theory were considered,
see e.g. [7,8]. It is time to have a closer look, after some problems arose with
the interpretation of untimed constants in a timed setting, in [6,9].

First of all, consider an untimed process that starts with the execution of
an atomic action a. In a timed setting, it is natural to interpret this by saying
that a occurs at some unspecified moment of time. Stated more precisely, we
interpret the atomic action as a delayable action: arbitrary time steps can
occur before action execution. Besides these delayable actions, most timed
theories will contain some form of actions with timing constraints (such as, in
relative discrete time ACP, the action a that must execute a before the next
clock tick).

Next, we consider the inaction constant δ. In the untimed setting, this
is the process that cannot execute any action, and cannot terminate (the
process STOP in CSP [18] or LOTOS [14]). Interpreting this process in a
timed setting, we find we have two options:

(i) We can interpret it as time stop, standing for the deadlocked process, that
allows no action execution, no time step and no termination;

(ii) We can interpret it as livelock that allows no action execution or termi-
nation, but does allow time to pass.

Now we want to argue that we prefer the second interpretation, i.e. as
livelock. We have (at least) three reasons for prefering this interpretation:

(i) δ stands for the blocked atomic action. When a process starts with the
atomic action a, and we block the action (called restriction in CCS), the
outcome is δ. Restriction, also called encapsulation, is renaming into δ.
Since a can let time pass, so should δ.

(ii) The treatment of divergence. To give an example, the process that starts
with action a, and then diverges, i.e. can only perform an unbounded
sequence of internal steps, and that cannot terminate (we can put aτω),
equals the process aδ in weak or branching bisimulation equivalence. This
fits well with an interpretation of δ as livelock.

(iii) In the axiomatization of parallel composition ‖, we have a ‖ δ = aδ
(this is a consequence of interleaving, and treating δ in the same way as
an action). Since in a parallel composition, time can pass only if both
components allow to do so, also δ must be able to let time pass.

Thus, we let δ stand for the livelock process. We need another constant for
the deadlocked process, and will use the notation δ̇ for the deadlocked process

3

47



Baeten

from [7].

In the basic process algebra BPA (with the basic operators + for alternative
composition and · for sequential composition), there are two axioms for δ:

x+ δ = x (A6) δ · x = δ (A7).

The second axiom, A7, will also hold in a timed setting, but the first axiom,
A6, does not hold for all processes x. If x has restricted timing, then adding
δ adds the possibility of arbitrary delay. Thus, A6 only holds for all delayable
processes x. This is in contrast with the situation for δ̇: the law x+ δ̇ = x will
hold for all timed processes x, also undelayable ones. The difference between δ
and δ̇ can also be observed (in the untimed theory; in [7], also δ̇ was introduced
in the untimed theory) in the combination with parallel composition: we have
the laws

x ‖ δ = x · δ x ‖ δ̇ = δ̇.

Now, let us consider successful termination. In standard ACP-style process
algebra, successful termination is usually implicit : the atomic action constant
a will execute the action followed by successful termination, there is no con-
stant for the terminated process. In some work, termination is made explicit,
see e.g. [23,11] but also [3]. We denote the successful termination constant by
ε, and call this the empty process or skip (exit in LOTOS). In the untimed
theory, this process is operationally characterized by one rule, viz. the ter-
mination predicate (denoted ↓ or

√
) holds and no action can be executed.

Interpreting ε in a timed setting, there are again two options: we can allow
time steps before termination, or not. We prefer again a delayable interpreta-
tion. We can give two arguments for this.

(i) The relation of ε and parallel composition was investigated in [23]. There,
it is argued that the following equation should hold:

a ‖ (b+ ε) = a · (b+ ε) + b · a,
and thus there is no summand ε · a, the ε cannot be executed before the
a. Since a, b are delayable, this means also ε must be delayable.

(ii) The law A6 above is in all accounts a law of untimed process algebra.
As argued above, this law only holds for delayable processes. Thus, it is
desirable that all untimed processes are delayable. Having the process ε
in untimed process algebra, we need to have ε delayable.

Thus, we make the choice to have ε stand for the process that can terminate
at some unspecified moment of time. Analogously to the situation above, we
introduced the constant ε̇ to stand for the terminated process in [9]. The
terminated process ε̇ cannot execute any action, and cannot let time pass.

Now we return to our basic untimed process algebra BPA with explicit
termination, containing constants δ, ε. Since ε denotes skip, the standard
theory involves the laws

ε · x = x (A8) x · ε = x (A9).
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These laws also occur in [3] (with nil instead of ε). Interpreting these laws in
a timed setting, we see that A8 expresses that x must be delayable (adding an
arbitrary delay at the start doesn’t make any difference), and A9 expresses that
an arbitrary delay is possible before termination of x. Thus, the interpretation
of a constant a must be that action a is executed at some unspecified time,
followed by termination some time later (or at the same time). Operationally,
we have the rule a

a→ ε.

Then, we encounter a problem in the timed theory. We must be able to
express the process that will execute action a at an unspecified time, followed
by execution of b before the next clock tick (for instance, receive a message
at some time and send it on within a specified time). We want to express
this process as a · b. But then, we have a different interpretation of a, as
termination must now follow immediately (or at least, before the next clock
tick). Operationally, we have the rule a

a→ ε̇ instead of a
a→ ε. This implies we

are dealing with two different interpretations, that we should keep separate.

We encountered the same phenomenon when dealing with timed process
algebra with abstraction, in [6]. In order to enforce the first τ -law x · τ = x,
an interpretation of an atomic action with some time termination becomes
necessary; on the other hand, working with actions with restricted timing,
immediate termination is needed.

The solution we propose in this paper is to always denote explicitly which
form of termination we are considering. We will not have the constant pro-
cess a with implicit termination (as in [11,3]), but instead, replace this with a
unary action prefixing operator ax of CCS or CSP. Different from CCS, but
like in CSP, we combine this with general sequential composition and con-
stants for both successful and unsuccessful termination. The two constants
are called SKIP, STOP in CSP, and EXIT, STOP in LOTOS. All the laws of
untimed process algebra still hold on the untimed subtheory, and we have a
straightforward interpretation of the untimed into the timed theory, we just
add new forms of termination.

3 Minimal Process Algebra

We start out from the process algebra MPA or Minimal Process Algebra. This
acronym was introduced in [15]. MPA is a modification of the basic process
algebra BPA, where action constants and sequential composition are replaced
by action prefix operators. We assume we have given a set of actions A. This
set, usually finite, is considered a parameter of the theory. The signature
elements are:

• Binary operator + denotes alternative composition or choice. Process x+ y
executes either x or y, but not both. The choice is resolved upon execution
of the first action.
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• Constant δ denotes inaction, and is the neutral element of alternative com-
position. Process δ cannot execute any action, and cannot terminate.

• Constant ε denotes the empty process or skip. It is the neutral element of
sequential composition. Process ε cannot execute any action, but terminates
successfully.

• We have a unary operator a. for each a ∈ A called action prefix. Process
a.x, usually written ax, executes action a and then proceeds as x. Putting
a constant for x, we have the basic processes aδ (deadlock upon execution
of a) and aε (successful termination upon execution of a).

The process algebra MPA is axiomatized by axioms A1,2,3,6 in Table 1.
These axioms are well-known from e.g. CCS [19]. This system was called
FINTREE in [1]. Prefix operators always bind stronger than other operators,
+ always binds weaker.

x+ y = y + x A1

(x+ y) + z = x+ (y + z) A2

x+ x = x A3

x+ δ = x A6

Table 1
Axioms of MPA.

Using the axioms, each closed MPA-term t can be written in one of the
following two forms:

(i) MPA ` t = δ + a1t1 + · · ·+ antn, or

(ii) MPA ` t = ε+ a1t1 + · · ·+ antn,

for certain n ∈ N, ai ∈ A and (simpler) MPA-terms ti (i ≤ n). (In the first
case, we can omit δ when n > 0.)

We present structured operational rules (so-called SOS rules) in the style
of Plotkin (see [20]). The rules in Table 2 define the following relations on
closed MPA-terms: binary relations

a→ (for a ∈ A) and a unary relation
↓. Intuitively, they have the following meaning:

• x
a→ x′ means that x evolves into x′ by executing atomic action a;

• x ↓ means that x has an option to terminate successfully (without executing
an action).

Thus, the relations concern action execution and termination, respectively,
we do not have the need for a mixed relation

a→ √ as in [11] or [10].
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ε ↓ ax
a→ x

x
a→ x′

x+ y
a→ x′

y
a→ y′

x+ y
a→ y′

x ↓
x+ y ↓

y ↓
x+ y ↓

Table 2
Deduction rules for MPA (a ∈ A).

The rules provide a transition system for each closed term. We define the
equivalence relation of bisimulation (notation ↔) on the resulting transition
systems in the standard way (see e.g. [19,11]).

Definition 3.1 Let R be a binary symmetric relation on closed terms. We
say R is a bisimulation if the following holds:

• whenever R(x, y) and x
a→ x′ then there is a term y′ such that y

a→ y′ and
R(x′, y′)

• whenever R(x, y) and x ↓ then y ↓
We say two closed terms t, s are bisimulation equivalent or bisimilar, no-

tation t↔s if there is a bisimulation R with R(s, t).

Standard now are the results, that bisimulation equivalence is a congruence
relation on closed MPA-terms, and that the theory MPA is sound and complete
for the model of transition systems modulo bisimulation, i.e. for all closed
terms t, s we have

MPA ` t = s ⇐⇒ t↔s.

So far, we have considered untimed process algebra. Now we consider tim-
ing. We interpret untimed processes as processes that can delay an arbitrary
amount of time before each action and before termination. It is not necessary
to look at the whole framework of discrete and dense timed, absolute and rel-
ative timed, time-stamped and two phase process algebras (see [8]). Instead,
we can make the point by considering one member of this family, viz. process
algebra with discrete time in relative timing in two phase notation (see [7]).

We have the following syntax in addition to signature elements of MPA:

• current time slice action prefix a., where a ∈ A. The process ax will execute
action a in the current time slice and evolve into x.

• current slice time stop δ. Time cannot progress beyond the current time
slice, and no termination can take place. For the moment, we do not include
the constant δ̇, standing for the deadlocked process. In the absence of
terminated processes, δ is the neutral element of alternative composition.

• current slice termination ε. Time cannot progress beyond the current time
slice, and termination takes place. For the moment, we do not include
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the constant ε̇, standing for the terminated process. In the absence of
terminated processes, ε is the neutral element of sequential composition (to
be added in the next section).

• time prefix σ. The process σx will pass to the next time slice and then
execute x. We elect to take σ /∈ A (this decision is rather arbitrary but em-
phasizes the difference between passage of time and execution of an atomic
action).

The axiomatization of MPAdrt replaces axiom A6 of MPA by axiom A6DR
in Table 3. Further, we have axioms A1,2,3 of MPA in Table 1 and the
remaining axioms in Table 3. The Time Factorization axiom DRTF expresses
that the choice in alternative composition + is resolved by the execution of
an action, not by the mere passage of time. Axiom DRA is actually an axiom
scheme: we have such an axiom for each action a ∈ A.

The delayable processes ax, δ, ε are defined recursively. For instance, pro-
cess ε is defined to be the solution of the recursive equation x = ε+ σx. This
is an example of a so-called guarded equation: each variable on the right-hand
side is in the scope of an action prefix operator (notice this is a more conve-
nient definition than e.g. in [11]). Implicitly, we have the assumption that we
will only consider models of the theory where all guarded recursive equations
have unique solutions. This is easy to achieve in the operational model we
usually consider: just add rules that a process defined by a recursive equa-
tion can perform a step or terminate exactly when the right-hand side of its
equation can do so.

Uniqueness of solutions can be used to derive equality of processes. For
instance, since both processes ε+δ and ε are solutions of the recursive equation
x = ε + σx, it must be that ε + δ = ε. Similarly, we can derive ax + δ = ax.
The proof rule used to derive these equations is called RSP, the Recursive
Specification Principle (see [11]).

We will return to the particular form used here, x = p + σx for a certain
term p, further on. Because of the axiom of time factorization, it is convenient
to limit these equations to the class where p is not delayable, i.e. p cannot
perform an initial time step.

x+ δ = x A6DR ax = ax+ σax DRA

σx+ σy = σ(x+ y) DRTF δ = σδ DRD

ε = ε+ σε DRE

Table 3
Axioms of MPA in relative discrete time (a ∈ A).

The definition of an operational semantics by means of SOS deduction

rules is as follows. To the relations of Table 2, we add a binary relation
17→
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on closed terms. Intuitively, x
17→ x′ means that x evolves into x′ by passing

to the next time slice. We add the rules in Table 4 to the rules of Table 2.

Note that x
1

67→ means that x cannot execute a
17→ transition, i.e. x cannot pass

to the next time slice. Thus, we have here an SOS definition with negative
premises. The negative premises are used to enforce time factorization. The
SOS specification is well-defined, however, as is shown in [22]. Using the
technique of saturation, it is possible to avoid the negative premises, see [9].

ax
a→ x ε ↓ σx

17→ x

ax
17→ ax δ

17→ δ ε
17→ ε

x
17→ x′, y

17→ y′

x+ y
17→ x′ + y′

x
17→ x′, y

1

67→
x+ y

17→ x′
y

17→ y′, x
1

67→
x+ y

17→ y′

Table 4
Deduction rules for MPA with relative discrete time (a ∈ A).

We can now appreciate the advantage of having actions as a prefixing op-
erator instead of a constant: we have the desired embedding of the delayable
untimed actions, and we can consider different forms of termination: aε will
terminate in the same time slice as the execution of a, whereas aε will termi-
nate some unspecified time after the execution of a. We also have the forms
a ε, both action execution and termination in the current time slice, and aε,
action execution in the current time slice, termination at some later time.

To state the argument again, the interpretation of a term abx must be that
b is executed in the same time slice as a, so the interpretation of the (untimed)
constant process a in the timed theory must include immediate termination
(or at least, current time slice termination). But then, the equation a · ε = a
is not valid anymore, spoiling the equations of the untimed theory (see [9]).
It is this difficulty, that lead us to develop the current paper. Consequently,
several other advantages of action prefix over action constants were found.

All processes in this discrete time theory allow a delay up to the end of the
current time slice before each action and also before termination. (Compare
this characterization to the characterization of untimed processes as processes
that allow arbitrary delay before each action and before termination.) We
can appreciate this better if we add processes that allow no delay. We illus-
trate by adding the constants δ̇, ε̇. They are characterized because they both
denote processes that are terminated (either unsuccessfully or successfully).
As such, they do not represent a state of a process (see [9]). We denote this
in the operational semantics in Table 5 by an extra predicate ↑ and have to
modify the delay rule, since just idling cannot bring a process in a terminated
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state. The predicate ↑ only holds for processes δ̇, ε̇, and in the definition of
bisimulation we also require preservation of the predicate ↑. We see process δ̇
is characterized by ↑, 6↓, ε̇ by ↑, ↓, δ by 6↑, 6↓ and ε by 6↑, ↓.

δ̇ ↑ ε̇ ↑ ε̇ ↓ x 6↑
σx

17→ x

x ↑, y ↑
x+ y ↑

Table 5
Deduction rules for discrete time with terminated processes.

In the axiomatization, law A6DR x + δ = x does not hold anymore, as

δ̇ + δ = δ. Law A6DR only holds for discretely timed processes. We show
axioms in Table 6. The first axiom is discussed before. As long as some activity
is still possible, a process is not terminated. The middle two axioms are best
explained in a dense time framework. Terminated processes are terminated at
the start of a time slice. Every discretely timed process can delay for up to
(but not including) one time unit. The last two axioms come in place of the
discarded A6DR. The last axiom is best explained via the operational rules.
For more information, see [9,8].

x+ δ̇ = x δ = σδ̇ ax+ δ = ax

ε = σε̇ ε̇+ δ = ε

Table 6
Axioms of terminated processes in relative discrete time.

4 Sequential Composition

It is now straightforward to add sequential composition to MPA, obtaining the
Sequential Process Algebra SPA. SPA is a modification of the basic process
algebra BPAδε or the algebra of [3], where action constants are replaced by
action prefix operators. Different from CCS (see [19]) we have sequential
composition as a basic operator, not a derived operator. In our view, this is
needed in view of the central role of sequential composition in all specification
and programming languages. As a result, we need the distinction between
successful and unsuccessful termination.

The process algebra SPA adds axioms A4,5,7-10 in Table 7 to the axioms
of Table 1.

The following proposition is easy to prove by structural induction.

Proposition 4.1 For all closed SPA-terms, axiom A5 is derivable from the
other axioms of SPA.
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(x+ y) · z = x · z + y · z A4 δ · x = δ A7

(x · y) · z = x · (y · z) A5 ε · x = x A8

ax · y = a(x · y) A10 x · ε = x A9

Table 7
Axioms of SPA (a ∈ A).

Thus, associativity of sequential composition (A5) can be proved in the
initial algebra model of the theory. This could be a reason not to include this
axiom in our theory. We do so, nevertheless, since it is such a basic result, that
we will always assume that it holds for all processes. Its status is comparable
to the axioms of standard concurrency of [13].

It is also a standard result that each closed SPA-term can be reduced to
a closed MPA-term, so sequential composition can be eliminated from closed
terms. This is the so-called elimination theorem. This allows the use of struc-
tural induction in proofs and axiomatizations without considering the case
of sequential composition. The separation of action prefixing and sequential
composition allows easier formulations of the elimination theorem and struc-
tural induction.

Being able to reduce each closed term to a term without sequential com-
position does not imply that sequential composition is not important. In
fact, when we add recursion we can define only regular processes just using
prefixing, but can define non-regular processes with the use of sequential com-
position (an example is the counter process, see e.g. [11]).

A consequence of the elimination theorem is the fact, that SPA is a con-
servative extension of MPA.

Operational rules are easy, see Table 8.

x
a→ x′

x · y a→ x′ · y
x ↓, y a→ y′

x · y a→ y′
x ↓, y ↓
x · y ↓

Table 8
Deduction rules for SPA (a ∈ A).

Bisimulation equivalence is still a congruence relation on closed SPA-terms,
and the theory SPA is sound and complete for the model of transition systems
modulo bisimulation, i.e. for all closed terms t, s we have

SPA ` t = s ⇐⇒ t↔s.

We can recover the original formulation of the process algebra of [12,11,10]
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55



Baeten

as follows. We define new constants a by the equation a = a.ε, for each
a ∈ A. Then, we reduce the signature by deleting the prefix operators. The
subalgebra of the initial algebra that is obtained by this reduced signature is
now completely axiomatized by the theory BPAδε of [11,10]. Following [5], we
call BPAδε an SRM-specification (Subalgebra of Reduced Model Specification)
of SPA.

Then, we can reduce further by deleting ε, or also δ, and obtain the SRM
specifications BPAδ resp. BPA of [12,11,10]. This means that all specifications
and verifications of systems that have been obtained in the last decades remain
valid.

Following [22] we can now obtain the discrete time extension. Laws A6
and A8 hold only for all processes that can delay an arbitrary amount of
time initially, and A9 holds only for processes with any time termination
(termination in ε). These laws are replaced by law A6DR of Table 3 and the
laws ε ·x = x · ε = x. These axioms, in turn, have to be discarded if we extend

with processes δ̇, ε̇ as we indicated at the end of the previous Section. We limit
ourselves to showing operational rules, time rules in the first line of Table 9,
terminated rules in the second line.

x
17→ x′, x 6↓

x · y 17→ x′ · y
x ↓, x

1

67→, y 17→ y′

x · y 17→ y′

x ↓, x 17→ x′, y
17→ y′

x · y 17→ x′ · y + y′

x ↑, x 6↓
x · y ↑

x ↑, x ↓, y ↑
x · y ↑

Table 9
Deduction rules for sequential composition and time (a ∈ A).

We can go further and extend the present theories, timed and untimed,
with parallel composition, without or with communication, and further opera-
tors. More details can be found in [4]. Here, we limit ourselves by just having
a look at prefix iteration and the silent step.

5 Prefix Iteration

An interesting extension is the extension with the iteration prefix. First, we
have a look at the untimed theory. For each action a ∈ A, we have a new unary
operator a∗ called iteration prefix. The process a∗x can execute a a number
of times before starting the execution of x. Note that this construction allows
unbounded behaviour, for instance a∗δ will execute a an unbounded number
of times, i.e. infinitely often.

The process algebra SPA extended with prefix iteration is called SPA*,
which is axiomatized by the axioms of SPA and the axioms in Table 10, MPA
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with prefix iteration is called MPA*, and is axiomatized by the axioms of MPA
and the two axioms on the left hand side in Table 10. The first axiom says
that process a∗x is a solution of the recursive equation y = ay+ x. The proof
rule RSP in this case reads

y = ay + x =⇒ y = a∗x RSP*.

However, the remarkable fact is that this proof rule is not needed in order
to achieve a complete axiomatization of the operational model, based on the
rules presented in Table 11.

a∗x = a(a∗x) + x a∗(x · y) = a∗x · y
a∗(a∗x) = a∗x

Table 10
Axioms of iteration prefix (a ∈ A).

a∗x
a→ a∗x

x
b→ x′

a∗x
b→ x′

x ↓
a∗x ↓

Table 11
Deduction rules for iteration prefix (a, b ∈ A).

Proposition 5.1 The theory MPA* is a sound and complete axiomatization
of the model of transition systems modulo bisimulation.

Proof. This is a straightforward adaptation of the proof of Fokkink in [15].2

Proposition 5.2 The theory SPA* is a sound and complete axiomatization
of the model of transition systems modulo bisimulation.

Proof. First, we extend the elimination theorem, showing that each closed
SPA*-term can be reduced to a closed MPA*-term. Then, we show that all
additional axioms are sound, and invoke the previous proposition. 2

Note that associativity of sequential composition still follows from the other
axioms for all closed SPA*-terms.

Note that here we see an advantage of just having prefix iteration. If we
add iteration as a binary operator on SPA, where process x∗y can iterate the
behaviour of x until exiting by doing y, then a complete finite axiomatization
cannot be found. This was shown by Sewell [21]. On the other hand, there
are extensions of action prefix iteration that still have finite axiomatizations,
see e.g. [2,16].
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Looking at the timed extension, we consider the time iteration prefix σ∗.
The time iteration prefix will prefix the process that follows with an arbitrary
number of time steps. Given time iteration, axiomatization of untimed actions
and constants becomes possible without recursion, see Table 12. Besides the
other iteration prefix axioms as in Table 10, we have two additional axioms
when adding time iteration to MPAdrt or SPAdrt. The operational rules are
presented in Table 13.

ε = σ∗ε σ∗x+ σ∗y = σ∗(x+ y)

δ = σ∗δ σσ∗x = σ∗σx

ax = σ∗(ax)

Table 12
Axioms for time prefix iteration (a ∈ A).

x
a→ x′

σ∗x
a→ x′

x ↓
σ∗x ↓

x
1

67→
σ∗x

17→ σ∗x

x
17→ x′

σ∗x
17→ x′ + σ∗x

Table 13
Deduction rules for time prefix iteration (a ∈ A).

6 Silent Step

We consider the silent step τ . We choose to treat the silent step as an action, so
we take τ ∈ A. This means we have the action prefix τx as a particular prefix
operator. This emphasises the fact that τ is an action (whose execution cannot
be observed) and as such has nothing to do with (some form of) termination,
τ and ε can be clearly distinguished. The process τε will terminate without
executing a visible action, the process τδ can be called deadlock: without
executing a visible action, a state will be reached where the process is stuck.

As semantical treatment of the silent step we choose rooted branching
bisimulation (see [17]) rather than Milner’s original weak bisimulation (see e.g.
[19]), as the former is closer to an action interpretation, and all axioms of SPA
(also extended with parallel composition, with or without communication)
that hold for all actions also hold for τ .

In a setting with ε, there is only one extra axiom for τ , the branching
axiom B shown in Table 14. Taking y = x, we obtain aτx = ax, so every
τ -step that is not the first step and is not part of a sum can be removed.
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a(τ(x+ y) + x) = a(x+ y) B

Table 14
Axiom of silent step (a ∈ A).

The theories MPAτ and SPAτ are obtained from the theories MPA, SPA,
resp. by having a special element τ ∈ A and adding axiom B. We can obtain
an elimination theorem as before, all closed terms can be reduced to MPA-
terms. In the semantics, we cannot capture the special behaviour of the silent
step in terms of deduction rules. Rather, we have to divide out a different
equivalence relation on the transition systems generated by the rules we have
defined previously.

Definition 6.1 For closed terms s, t, we define s⇒ t if t can be reached from

s by doing a number of τ -steps (0 or more). Moreover, we put s
(a)→ t if either

a = τ and s = t or s
a→ t.

Then, let R be a binary symmetric relation on closed terms. We say R is
a branching bisimulation if the following holds:

• whenever R(x, y) and x
a→ x′ then there are terms y′′, y′ such that y ⇒

y′′
(a)→ y′ and R(x, y′′) and R(x′, y′)

• whenever R(x, y) and x ↓, then there is a term y′′ such that y ⇒ y′′ ↓ and
R(x, y′′)

If R is a branching bisimulation relating terms s, t then we say s, t satisfy
the root condition (for R) if the following holds:

• whenever s
a→ x then there is a term y such that t

a→ y and R(x, y)

• whenever t
a→ y then there is a term x such that s

a→ x and R(x, y)

• s ↓ iff t ↓
We say two closed terms t, s are rooted branching bisimulation equivalent or

rooted branching bimilar, notation t↔rbs if there is a branching bisimulation
R with R(s, t) with satisfies the root condition for s, t.

We can prove that rooted branching bisimulation equivalence is a congru-
ence relation on SPAτ -terms. We obtain models with complete axiomatiza-
tions.

Theorem 6.2 Let X be one of the theories MPAτ , SPAτ and let s, t be closed
X-terms.

Then X ` s = t ⇐⇒ s↔rbt.

Proof. Follow [17], see also [11]. 2
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Considering prefix iteration, we get the following. The τ prefix iteration
can be called the divergence prefix, and we can formulate the fair iteration
axiom FI. See Table 15.

ττ ∗x = τx FI

Table 15
Axiom for divergence (a ∈ A).

Note that the fair iteration axiom is equivalent to τ ∗x = τx+x. It is valid
on the model of transition systems modulo rooted branching bisimulation
equivalence. Note that this is a very compact form of the fairness principle,
as compared to a rule like KFAR in [11].

7 Conclusion

We have presented a redesign of ACP-style process algebra, where action exe-
cution and termination are separated. This allows for an improved embedding
of untimed into timed process algebra.

The separation of action execution and termination also entails better sepa-
ration of atomic actions as a parameter of the theory and as signature elements.
We can define a minimal process algebra without sequential composition, and
this eases formulation of concepts such as structural induction, linearity, elim-
ination and guardedness. The difference between the silent step τ and the
empty step ε becomes clearer, as τ becomes an action prefix operator and ε is
a termination constant.

In the operational semantics, we have no need for separate terminating
action executions. We have a natural restriction of iteration to action prefix
iteration, allowing complete axiomatizations in more cases. Moreover, we can
formulate time iteration as a form of prefix iteration, and we can formulate
divergent behaviour as a form of prefix iteration. With it, we get a concise
expression of fair iteration.
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Abstract

We show how the expressive power of a language for the description of timed pro-
cesses strongly affects the discriminating power of urgent and patient actions. In a
sense this paper studies the interplay between syntax and semantics of time-critical
systems.

Keywords:Time-Critical Systems, Performance Evaluation, Timed Process Alge-
bras, Expressiveness.

1 Introduction

In the last years several well-known formalisms, suitable for the specification
and verification of concurrent systems (logics, process algebras, Petri nets,
etc.), have been extended to cope with time-critical systems. The correctness
of time-critical systems not only depends on which actions these systems can
perform but also when such actions are performed. The problem is that they
may enter an incorrect state if a particular action is performed too early or
too late.

We present a study on the relationships between syntax and semantics of
time-critical systems. In more detail, we show how the expressive power of
the language for the description of time-critical systems strongly affects their
timing/performance aspects.

The (CCS-like) language we consider is quite expressive. It has durational
actions as in [1,8] and facilities for delaying processes as in [9,11,12] (still
considering timed CCS-like languages). Processes are compared according to

1 Research supported by CNR progetto ‘Saladin: Software Architectures and Languages to
Coordinate Distributed Mobile Components’.

This is a preliminary version. The final version can be accessed at
URL: http://www.elsevier.nl/locate/entcs/volume39.html
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performance congruence defined in [3]. Three kinds of basic actions naturally
reside within the above mentioned framework: eager actions (those which are
performed as soon as they can, also called urgent actions), lazy actions (those
which can be delayed before their execution) and busy-waiting actions (those
which denote synchronizations between two system components). These kinds
of actions emerge as classes of tests (experiments) to exercise our processes
in order to decide for their equivalence (performance/time-sensitive, in the
present setting).

We show how the discriminating power of urgent, lazy and busy-waiting
actions changes depending on the expressiveness of the language for the de-
scription of time-critical systems. This study is conducted by showing how
three bisimulation-based equivalences relate when the language changes ac-
cording to four significant features. The three equivalences are: 2

- performance congruence [3], obtained by carrying out eager, lazy and busy-
waiting tests,

- eager equivalence [8], obtained by carrying out eager and busy-waiting tests,
and

- lazy equivalence, obtained by carrying out lazy and busy-waiting tests.

The four language features have to do with the non deterministic composi-
tion, with the relabelling functions [10], with the number of actions a process
can perform at a given time and with the nature of actions (visible/invisible).
We show how the three equivalences relate when:

- The language allows choices at the same time or also at different times.
In other words, we are distinguishing between “timed alternative composi-
tions” and “alternative timed compositions”. In the former case the non de-
terministic composition only involves the functionality of the process while
in the latter one it involves both functionality and timing. E.g., I can
choose at time t between a snack and a full lunch ((snack + lunch)@t)
or I can choose between a snack at noon and a dinner eight hours after
((snack@t) + (dinner@t′), where t′ > t).

- The language allows relabelling functions which preserve the duration of
the actions (that is, they rename actions having the same duration) or also
rename actions with (possibly) different durations.

- The language allows the description of processes which can perform finitely
many actions (though of unbounded number) at a fixed time or also in-
finitely many. 3

- The language allows only visible actions or also internal ones (such as syn-
chronizations).

2 We do not consider equivalences without busy-waiting tests since they would lead to
unwanted identifications.
3 This permits the construction of processes which can do infinitely many actions in a finite
interval of time, also called Zeno-machines.

2
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Note that these different languages do not constitute a hierarchy but a clas-
sification of specific language features which are significant when comparing
the discriminating power of the urgent and patient actions.

It turns out that if the language allows (a) only visible actions, (b) only
processes which can perform finitely many actions at a fixed time, (c) only
choices at the same time and (d) only duration preserving relabelling functions,
then eager tests and lazy tests have the same discriminating power. In such
languages, performance congruence, eager equivalence and lazy equivalence
coincide.

If the language allows invisible actions and (b), (c), and (d) as above, then
lazy tests are more discriminating than the eager ones or, in other words, dis-
criminating enough to capture the same equalities of performance congruence.
As a consequence, in the definition of performance congruence, the lazy tests
are the significant ones while the eager tests are superfluous.

If the language allows the description of processes which can perform in-
finitely many actions at a fixed time, choices at different times or relabelling
functions which do not preserve the duration of the actions, then we only
have the obvious implications; namely, performance congruence implies the
two other equivalences.

It has to be noted that if eager equivalence and/or lazy equivalence do
not coincide with performance congruence (and the language permits process
synchronization), then eager equivalence and lazy equivalence are not even
congruences (they are not preserved by parallel composition with synchro-
nization) while performance congruence remains a congruence.

We now discuss our main motivations for this work.

- From a foundational point of view, it provides some insight in the relation-
ships between syntax and semantics in a time-critical setting by showing
how the discriminating power of timed actions may change depending on
the features of the base language. We explain, in a sense, how change the
semantics of time-critical systems when change their syntax. This should
help in the design of new languages for the description of time-critical sys-
tems. The present work says, indeed, which semantics should (should not)
be coupled with the language under design.

- It provides more confidence in the definition of a new performance-sensitive
equivalence, namely performance congruence. It permits the removal of re-
dundancy in its definition (by fixing the class of tests over processes strictly
needed to decide their equivalence). For instance, if lazy tests together
with eager tests are not more discriminating than just lazy tests, then we
could simply exercise our systems over the latter ones to conclude the same
equivalences.

- Besides, it studies the relationships among three important timed equiv-
alences. Recently, the equivalence that we have called eager equivalence
has been proved to be decidable in polynomial time [2] over a process alge-
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bra with only visible durational actions. Over the same process algebra we
prove that eager equivalence, lazy equivalence and performance equivalence
coincide. Hence, we have a polynomial time algorithm for deciding both
lazy equivalence and performance equivalence too.

2 A Theory of Processes with Durational Actions

We assume a set of actions A (ranged over by α, β, . . . ) from which we obtain
the set of co-actions Ā = {ᾱ | α ∈ A} . Act (ranged over by a, b, . . . ) stands
for A ∪ Ā and denotes the set of visible actions with the convention that
a ∈ Act implies ¯̄a = a. The invisible action is denoted by τ 6∈ Act. We use
Actτ (ranged over by µ, µ′, . . . ) as the set of all actions Act ∪ {τ}. N and
N

+ (ranged over by n, n′, . . . ) respectively denote the set of natural numbers
and the set of positive ones. Durational functions (ranged over by f, g, . . . )
associate to each action the time units needed for its execution. In the rest
of the paper a durational function f : Act → N

+ is chosen simply to fix this
parameter. We assume f(a) = f(ā), for each a ∈ Act . Relabelling functions
(ranged over by Φ, Φ′, . . . ) are used to rename actions in Actτ . We assume
a relabelling function Φ : Actτ → Actτ with the conventions that Φ(τ) = τ
and Φ(a) = Φ(ā), for each a ∈ Act . V ar denotes the set of process variables
(ranged over by x,y, . . . ) used for recursive definitions.

Let Q (ranged over by q, q′, . . . ) denote the set of terms generated by the
following grammar:

q ::= nil a.q (n)q
∑
i∈I

qi

∏
i∈I

qi q \B q[Φ] x rec x.q

where n ∈ N
+ , I ⊆ N, B ∪ {a} ⊆ Act , x ∈ V ar and Φ is a relabelling

function. We assume the usual notions of free variables and bound variables
in a term. Given q ∈ Q, F(q) denotes its set of free variables. The set of closed
Q terms, also called processes, is denoted by P . In the rest of the paper we
concentrate on P terms (ranged over by p, p′, . . . ) unless differently specified.

Process nil denotes a terminated process. By prefixing a process p with
an action a, we get a process a.p which perform an action a and then behaves
like p. (n)p denotes a process which delays the execution of p of n time units.∑

i∈I pi denotes the alternative composition of pi, namely term p1+. . .+pi+. . .
where i ∈ I.

∏
i∈I pi denotes the parallel composition of pi, namely term

p1| . . . |pi| . . . where i ∈ I. In both cases, we require |I| ≥ 2. p \B is a
process which behaves like p but neither actions in B, nor their complements,
are allowed. p[Φ] behaves like p but its actions are relabeled according to
relabelling function Φ. Finally, rec x.p is used for recursive definitions. For
the sake of simplicity, terminal nils can be omitted; e.g. a + b.c stands for
a.nil + b.c.nil.

4

66



Corradini, Di Cola

2.1 The Operational Semantics

P is equipped with an SOS semantics in terms of labeled transition systems.
The states of these systems are terms of a syntax extending that of processes
with a local clock prefixing operator (t ⇒ ) which records the evolution of the
various parts of a distributed state. More precisely, the set of states (denoted
by D and ranged over by d1, d2, . . . ) contains terms generated by the following
syntax:

d ::= t ⇒nil t ⇒ a.p t ⇒ (n)p t ⇒ rec x.p
∑
i∈I

di

∏
i∈I

di d \B d[Φ]

where (n)p, rec x.p ∈ P, t ∈ N and B ∪ {a} ⊆ Act .

In order to define a simple transition relation the shorthand expression
t ⇒ p is used to mean that t distributes over the operators, until the sequential
components. The equations in Table 1, called clock distribution equations,
show that a term t ⇒ p can be reduced to a canonical state, when interpreting
these equations as rewrite rules from left to right.

t + n ⇒ p = t ⇒ (n)p

t ⇒ (p1 | p2) = (t ⇒ p1) | (t ⇒ p2)

t ⇒ (p1+p2) = (t ⇒ p1)+(t ⇒ p2)

t ⇒ (p \B) = (t ⇒ p) \B
t ⇒ (p[Φ]) = (t ⇒ p)[Φ]

Table 1
Clock Distribution Equations.

The set of labels for the transition relation is Actτ ×N×N. Each transition

is of the form d
〈µ,t,r〉−−−→ d′ with the intuitive meaning that state d can become

state d′ by performing an action µ at completion time t. r is the execution
delay meaning that the execution of action µ is started r time units after the
last performed action by the sub-process responsible for the execution of µ.

The transition relation d
〈µ,t,r〉−−−→ d′ is defined by the axioms and inference rules

given in Table 2. It is worthwhile to observe that these rules are parameterized
on the chosen durational function f . Hence, we should write →f , but for the
sake of simplicity, the subscript will always be omitted whenever clear from
the context.

A few comments on the rules in Table 2 are now in order. The rule for
action prefixing Act states that process a.p with local clock t can complete
the execution of action a at any time t + f(a) + r, where r ≥ 0 is the de-
lay before the execution of action a is started. Note that it might happen
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Act
r ≥ 0

t ⇒ a.p
〈a,t+f(a)+r,r〉−−−−−−−−→ (t + f(a) + r) ⇒ p

Del
t + n ⇒ p

〈µ,t′,r〉−−−−→ d

t ⇒ (n)p
〈µ,t′,r〉−−−−→ d

Sum1

d1
〈µ,t,r〉−−−→ d′

1

d1+d2
〈µ,t,r〉−−−→ d′

1

Sum2

d2
〈µ,t,r〉−−−→ d′

2

d1+d2
〈µ,t,r〉−−−→ d′

2

Rec
t ⇒ p[rec x.p/x]

〈µ,t′,r〉−−−−→ d

t ⇒ rec x.p
〈µ,t′,r〉−−−−→ d

Par1

d1
〈µ,t,r〉−−−→ d′

1

d1 | d2
〈µ,t,r〉−−−→ d′

1 | d2

Par2

d2
〈µ,t,r〉−−−→ d′

2

d1 | d2
〈µ,t,r〉−−−→ d1 | d′

2

Synch
d1

〈a,t,r1〉−−−−→ d′
1, d2

〈ā,t,r2〉−−−−→ d′
2, (r1 = 0 or r2 = 0)

d1 | d2
〈τ,t,0〉−−−→ d′

1 | d′
2

Res
d

〈µ,t,r〉−−−→ d′

d \B 〈µ,t,r〉−−−→ d′ \B
µ, µ̄ 6∈ B Rel

d
〈µ,t,r〉−−−→ d′

d[Φ]
〈Φ(µ),t,r〉−−−−−→ d′[Φ]

Table 2
The Structural Rules for the Operational Semantics

that (t + f(a) + r) ⇒ p is not a state; in such a case, applications of the
clock distribution equations will eventually transform (t + f(a) + r) ⇒ p into
a state. Rule Del states that process (n)p with local clock t can complete
the execution of action µ at time t′ and delay r ≥ 0 if process p with local
clock t + n can do the same. In the premise of this rule, term n + t ⇒ p may
need applications of the clock distribution equations to become a state. Rules
Sum1, Sum2, Rec, Par1, Par2, Res and Rel for alternative composition,
recursion, asynchronous execution of a parallel composition, restriction and
relabelling are as usual. Only note that also in the premise of rule Rec, term
t ⇒ p[rec x. p/x] may need applications of the clock distribution equations to
become a state. Rule Synch instead needs more explanation. It implements
the so-called busy-waiting synchronization mechanism according to which two
parallel components can synchronize if they can perform communicating ac-
tions at the same time; if one of the two is able to execute such an action
before the other, then a form of busy-waiting is allowed. However, when both
partners are ready to synchronize, the handshaking immediately happens. In-
tuitively, this permits the modeling of the situation in which a faster process
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can wait for a slower partner. More formally, assume the left component d1

completes the execution of action a at time instant t and with execution delay
r1 and the right one, d2 completes action ā at time t and with execution delay
r2. Then, a synchronization step is possible if and only if (at least) one of
the two delays is 0, namely (at least) one of the two transitions is eager. The
resulting transition is an invisible one completing at time t and with execution
delay 0.

2.2 Performance Congruence

Performance congruence is a bisimulation-based equivalence relation defined

on top of the transition relation d
〈µ,t,r〉−−−→ d′. It is preserved by every operator

of the current language and has been proved to coincide with the largest
congruence within the performance equivalence by Gorrieri and his co-authors
[8]. In order to prove that two states d1 and d2 are performance congruent, it
is required that if d1 (and similarly for d2) performs an action µ at completion
time t and with execution delay r, then d2 can perform the same action at
the same completion time and with arbitrary execution delay r′; however, if
r = 0, meaning that d1 urgently to perform action µ, then also d2 is forced to
perform the same action in an eager way, i.e. r′ = 0.

Definition 2.1 (Performance Congruence)

(1) A binary relation < over D is a PC-bisimulation if and only if for each
(d1, d2) ∈ <:

(i) (Busy-Waiting)

d1
〈τ,t,0〉−−−→ d′

1 implies d2
〈τ,t,0〉−−−→ d′

2 for some d′
2 ∈ D such that (d′

1, d
′
2) ∈ <;

(ii) (Laziness)

d1
〈a,t,r〉−−−→ d′

1 implies d2
〈a,t,r′〉−−−→ d′

2 for some d′
2 ∈ D and r′ ≥ 0 such that

(d′
1, d

′
2) ∈ <;

(iii) (Eagerness)

d1
〈a,t,0〉−−−→ d′

1 implies d2
〈a,t,0〉−−−→ d′

2 for some d′
2 ∈ D such that (d′

1, d
′
2) ∈ <.

(2) We say that two states d1 and d2 are performance congruent, d1 ∼c d2, if
and only if there exists a PC-bisimulation < such that (d1, d2) ∈ <.

(3) We say that two processes p1 and p2 are performance congruent, p1 ∼c p2,
if and only if 0 ⇒ p1 ∼c 0 ⇒ p2.

To study the discriminating power of eager, lazy and busy-waiting actions
in our timed calculi we consider two others equivalence relations:

- eager equivalence [8], denoted by ∼e, obtained by removing item (ii) from
Definition 2.1, and

- lazy equivalence, denoted by ∼l, obtained by removing item (iii) from Defi-
nition 2.1.
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3 Discriminating Power of Eager, Lazy and Busy-Waiting
Actions

Consider the following restrictions over the base language:

- The language only contains processes where choices are made at the same
time

- The language only contains processes where relabelling functions are dura-
tion preserving

- The language only contains processes which can perform finitely many ac-
tions at a fixed time

- The language only contains processes which can perform visible actions

In the rest of this section we prove that the violation of one of these
restrictions makes eager, lazy and busy-waiting actions to be more or less dis-
criminating. This study is conducted by contrasting performance congruence,
eager equivalence and lazy equivalence over the four different languages.

A result is simple. Performance congruence is always finer than both eager
equivalence and lazy equivalence (see their definitions).

Proposition 3.1 Let p1, p2 ∈ P. Then p1 ∼c p2 implies p1 ∼l p2 and p1 ∼e p2.

In the following three sections we show that lazy equivalence and eager
equivalence are unrelated when the language takes into account choices at
different time or non-duration preserving relabelling functions or processes
which can perform infinitely many actions at the same time. In such cases
lazy equivalence and eager equivalence are strictly weaker than performance
congruence by Proposition 3.1. We will use L to denote the current language.

3.1 Choosing at the same time

We distinguish between languages which allow different alternatives to be
chosen at different times or only at the same time. More precisely, if p1 and
p2 are processes without delay operators at the top level, “alternative timed
compositions” are of the form

(t1)p1 + (t2)p2,

where t1 and t2 can be different. 4 “Timed alternative compositions” are, in-
stead, of the form

(t)(p1 + p2)

(possibly with applications, from right to left, of the rules in Table 3).

These two choice operators are conceptually different. They can be distin-
guished from a timing point of view. In (t)(p1 + p2) the choice only involves

4 This non deterministic choice operator behaves as the weak non deterministic choice ⊕
in TCCS [11].
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the functionality of the system (the choice between p1 and p2), whereas in
(t1)p1 + (t2)p2 the choice involves timed alternatives (timed functionalities)
of the system.

Let ∼= be the least congruence which holds the laws in Table 3 and S ⊆ P
(ranged over by r1, r2,...) be the set of closed terms generated by the following
grammar (terms without delays operators at the top level):

s ::= nil a.q
∑
i∈I

si

∏
i∈I

si s \B s[Φ] x rec x.s

(n + m)p = (n)(m)p

(n)(p1 | p2) = (n)p1 | (n)p2

(n)(p1+p2) = (n)p1+(n)p2

(n)(p \B) = (n)p \B
(n)(p[Φ]) = (n)p[Φ]

Table 3
Delay Distribution Equations.

Then, we say that a choice
∑

i∈I pi is at the same time when either∑
i∈I pi ∈ S or

∑
i∈I pi

∼= (n)
∑

i∈I ri for some n ∈ N
+ .

∑
i∈I pi is at dif-

ferent times, otherwise.

The next propositions show that lazy equivalence and eager equivalence
are unrelated when choices at different times are taken into account.

Proposition 3.2 Let p1, p2 ∈ L. Then, p1 ∼l p2 does not imply p1 ∼e p2.

Proof. Consider the following pair of processes

p1 = a+(k)a and p2 = a

where k ∈ N
+ . They are lazy equivalent since each transition out of the r.h.s.

addend of p1 can be matched by delayed transitions out of p2. They are not
eager equivalent since p1 can perform an eager transition at time k + f(a)
while p2 cannot. 2

Proposition 3.3 Let p1, p2 ∈ L. Then, p1 ∼e p2 does not imply p1 ∼l p2.

Proof. Consider the following pair of states

p1 = (a | (k)b)+a.b and p2 = a | (k)b

where k ∈ N
+ is such that k = f(a). They are eager equivalent since each

transition out of the l.h.s. addend of p1 can be matched by a corresponding

9
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transition out of p2. Moreover, they are not lazy equivalent. Choose r > 0.
Then, it is easy to convince one that lazy transition

(0 ⇒ p1)
〈a,f(a)+r,r〉−−−−−−→ (f(a) + r ⇒ b)

cannot be matched by p2. 2

3.2 Relabelling by preserving action duration

We distinguish between languages with relabelling functions which do not
preserve the duration of the actions (e.g., Φ(a) = b with f(a) 6= f(b) is
allowed), and languages with duration preserving relabelling functions (i.e.,
f(a) = f(Φ(a)) for every a ∈ Act ).

If non-duration preserving relabelling functions are taken into account,
lazy equivalence and eager equivalence are unrelated.

Proposition 3.4 Let p1, p2 ∈ L. Then, p1 ∼l p2 does not imply p1 ∼e p2.

Proof. Consider two actions a, b ∈ Act such that f(a) < f(b) and a rela-
belling function Φ (non-duration preserving such that Φ(a) = a, Φ(b) = a.
Moreover, let

p1 = (a+b)[Φ] and p2 = a.

Clearly, p1 ∼l p2. However, p1 6∼e p2 since p1 can perform an eager a-action at
time f(b) whereas p2 can only perform the same action at time f(a) < f(b).2

Proposition 3.5 Let p1, p2 ∈ L. Then, p1 ∼e p2 does not imply p1 ∼l p2.

Proof. Consider actions a, b, c ∈ Act such that f(c) = f(a) + f(b) and a
relabelling function Φ such that Φ(a) = a, Φ(b) = b, Φ(c) = b. Let p1 and p2

be the pair of processes defined by

p1 = (a.b+(a | c))[Φ] and p2 = (a | c)[Φ].

In order to prove p1 ∼e p2 the critical case is when the l.h.s. addend of (0 ⇒ p1)

performs an a-action. Transition (0 ⇒ p1)
〈a,f(a),0〉−−−−−→ (f(a) ⇒ b)[Φ] can be only

matched by (0 ⇒ p2) performing (0 ⇒ p2)
〈a,f(a),0〉−−−−−→ (f(a) ⇒nil | 0 ⇒ c)[Φ].

These two target states are clearly eager equivalent. If these two transitions
are delayed (r > 0),

(0 ⇒ p1)
〈a,f(a)+r,r〉−−−−−−→ (f(a) + r ⇒ b)[Φ]

and

(0 ⇒ p2)
〈a,f(a)+r,r〉−−−−−−→ (f(a) + r ⇒nil | 0 ⇒ c)[Φ]

we obtains two target states which are not lazy congruent. Indeed, the former
can perform a b-action at time f(a) + r + f(b), whereas the latter can only
perform the same action at time f(c) = f(a) + f(b). Hence, p1 6∼l p2. 2
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3.3 Performing finitely many actions at the same time

We distinguish between languages with processes which are able to perform
infinitely many visible actions at a fixed time and languages with processes
which are able to perform only finitely many visible actions at a fixed time (in
the rest of the paper we will always omit “visible”). As an example, consider
processes

p =
∏
i∈N

{pi = a} and q =
∑
i∈N

a| . . . |a︸ ︷︷ ︸
i times

and note that, when starting at time 0, process p can perform an infinite
sequence of a-actions at time f(a), whereas process q can only perform finite
sequences of a-actions (although of unbounded length) at the same time.

Processes with infinitely many actions at a given time can be defined in
two ways:

(a) Unguarded Recursion. That is, a variable x in a rec x.p term can ap-
pear outside the scope of an a.( ) prefix operator. For instance, process
rec x.(x|a.nil) uses unguarded recursion to generate infinite concurrent a-
actions at time f(a), by assuming that the execution starts at time 0.

(b) Infinite Parallel Composition. That is, processes of the form
∏

i∈I pi, where
I can be infinite.

We now prove that lazy equivalence and eager equivalence are unrelated
when unguarded recursion or infinite parallel composition are allowed.

Note that the proofs strongly rely on the fact that processes can perform
infinitely many actions at a given time, independent from the fact that they
are generated by unguarded recursion or infinite parallel composition. Thus,
we will use p∞ to denote a generic process which can generate infinitely many
actions labelled with a at time f(a), when starting at time 0. It can be either
process pr = rec x.(x | a.nil) (in case of unguarded recursion) or process ps =∏

i∈I{pi = a} with I infinite set (in the case of infinite parallel composition).

Proposition 3.6 Let p1, p2 ∈ L. Then, p1 ∼l p2 does not imply p1 ∼e p2.

Proof. Processes p1 and p2 defined as

p1 = b.a | p∞ and p2 = b | p∞
are lazy equivalent, but not eager equivalent. To prove p1 ∼l p2 the only critical
case is just when a b-action is performed. Suppose

(0 ⇒ p1)
〈b,f(b)+r,r〉−−−−−−→ d1 = (f(b) + r ⇒ a) | (0 ⇒ p∞).

This transition can be matched by performing

(0 ⇒ p2)
〈b,f(b)+r,r〉−−−−−−→ d2 = (f(b) + r ⇒nil) | (0 ⇒ p∞).
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States d1 and d2 are lazy equivalent. Again, the only critical case is when the
left most component of d1 performs the a-action. This move is easily matched
by a delayed transition out of d2. In particular, if the a-action performed by
d1 is eager, transition

d1
〈a,f(b)+r+f(a),0〉−−−−−−−−−−→ (f(b) + r + f(a) ⇒nil) | (0 ⇒ p∞)

cannot be matched by a corresponding eager transition out of d2. Hence,
p1 6∼e p2. 2

Proposition 3.7 Let p1, p2 ∈ L. Then, p1 ∼e p2 does not imply p1 ∼l p2.

Proof. Processes p1 and p2 defined as

p1 = (b+b.p∞) | b.p∞ and p2 = b | b.p∞
are eager equivalent but not lazy equivalent.

In order to prove that p1 ∼e p2 the only critical case is when the sub-
component b.p∞ of (b + b.p∞) in p1 performs the b-action; namely,

(0 ⇒ p1)
〈b,f(b),0〉−−−−−→ d1 = (f(b) ⇒ p∞) | (0 ⇒ b.p∞).

Then p2 matches this transition with the following move

(0 ⇒ p2)
〈b,f(b),0〉−−−−−→ d2 = (0 ⇒ b) | (f(b) ⇒ p∞).

It is easy to prove that d1 and d2 are eager equivalent. However, if p1 performs
the same action in a lazy way,

(0 ⇒ p1)
〈b,f(b)+r,r〉−−−−−−→ d′

1 = (f(b) + r ⇒ p∞) | (0 ⇒ b.p∞)

with r > 0, then the only reasonable transition p2 can perform is

(0 ⇒ p2)
〈b,f(b)+r,r〉−−−−−−→ d′

2 = (0 ⇒ b) | (f(b) + r ⇒ p∞).

States d′
1 and d′

2 cannot be lazy equivalent since after matching

d′
1

〈b,f(b),0〉−−−−−→ d′′
1 = (f(b) + r ⇒ p∞) | (f(b) ⇒ p∞)

with

d′
2

〈b,f(b),0〉−−−−−→ d′′
2 = (f(b) ⇒nil) | (f(b) + r ⇒ p∞),

target state d′′
1 can perform an eager a-action at time f(b) + f(a) while d′′

2

cannot. 2

If unguarded recursion and infinite parallel composition are forbidden, then
our processes can only perform finitely many actions at a fixed time. The rest
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of this section is devoted to prove that when the language allows only: finitely
many actions to be performed at a given time, choices at the same time, and
duration preserving relabelling functions, then lazy equivalence coincides with
performance congruence, 5 while eager equivalence still remains weaker than
performance congruence. Thus, over the actual language, the lazy experiments
have more discriminating power than the eager ones.

Theorem 3.8 Let p1, p2 ∈ L. Then p1 ∼l p2 if and only if p1 ∼c p2.

Proof. We just report a sketch of the proof here. The if implication simply
follows from Proposition 3.1. To prove the only if implication we show that
every ∼l -bisimulation is also a PC-bisimulation. The only critical case is
eagerness of transitions, item (iii), since the laziness one, item (ii), is a common
requirement of both ∼l -bisimulation and PC-bisimulation. Hence, we have to
prove that every transition with null execution delay out of a timed state has to
be matched by a transition with null execution delay out of the corresponding
∼l -bisimilar timed state. The proof relies on the following two steps:

(a) Define a new bisimulation equivalence, called (n, t)-performance congruence
and denoted by ∼n

t . This equivalence concentrates on visible actions with
duration n and equates processes if and only if they can perform the same
actions at time t. Its formal definition is similar to that of performance

congruence when transitions are of the form d
〈a,t,r〉−−−→ d′, where a is such

that f(a) = n. In the current language ∼n
t holds the following properties:

(1) (n, t)-performance congruence is a congruence;
(2) ∀n ∈ N

+ and ∀t ∈ N, d1 ∼l d2 implies d1 ∼n
t d2;

(3) d1
〈a,t,r〉−−−→ d2 and r > 0 imply d1 6∼n

t−r d2;

(4) d1
〈a,t,0〉−−−→ d2 implies d1 ∼n

t∗ d2, for every t∗ < t.

(b) Prove that if d1 ∼l d2 then d1
〈a,t,0〉−−−→ d′

1 implies d2
〈a,t,r〉−−−→ d′

2 (symmetrically

for d2), where r = 0 and d′
1 ∼l d

′
2. Since d1 ∼l d2 we certainly have d1

〈a,t,0〉−−−→ d′
1

implies d2
〈a,t,r〉−−−→ d′

2 and d′
1 ∼l d

′
2. By contradiction assume r > 0. Then,

item (2) implies d1 ∼n
t−r d2 and d′

1 ∼n
t−r d′

2 implies d1 ∼n
t−r d′

1 by item (4).
Item (1) (and, in particular, transitivity) implies d2 ∼n

t−r d′
2. This contra-

dicts item (3) which, instead, states d2 6∼n
t−r d′

2.

2

Proposition 3.9 Let p1, p2 ∈ L. Then p1 ∼e p2 does not imply p1 ∼c p2.

Proof. Consider the pair of processes p1 and p2 defined as

p1 = (c.a | ā | b.ā) \ {a} and p2 = (c.a | ā | b) \ {a} ,

where each action has the same duration, k to say. They are eager equivalent
but not performance congruent. The more involved case when proving p1 ∼e p2

5 This result was proven in [6] over a language without delay operators.
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is when p1 and p2 perform the b-action followed by the c-action or vice versa.
After these transitions the target states are d1 = (k ⇒ a | 0 ⇒ ā | k ⇒ ā)\{a}
and d2 = (k ⇒ a | 0 ⇒ ā | k ⇒nil)\{a}, respectively. Both d1 and d2 can only
perform a τ -move at time 2k. Hence, p1 and p2 are eager equivalent. One can
easily realize that p1 and p2 cannot be performance congruent by performing
the b-action with delay. 2

From the previous result and the coincidence between performance con-
gruence and lazy equivalence (Theorem 3.8) we have that eager equivalence
does not imply lazy equivalence.

3.4 Performing visible actions

We distinguish between languages where process synchronization is allowed
and languages where process synchronization is forbidden.

The language presented in Section 2 allows process synchronization. To
avoid process synchronization we can either remove rule Synch or restrict
the set of basic actions Act to A (in this way prefixes of the form ā.( ) are
not allowed and rule Synch in Table 2 never applies when one derive the
transitional semantics of a process term). In both cases, the restrictions on
the syntax of states and the transitional semantics are as expected.

Since the proofs given in the previous sections do not depend on invisible
actions (apart from Proposition 3.9 for which we will get a surprising result
when invisible actions are forbidden), they can be exploited when the actual
language allows only visible actions. Thus, the main result of this section
states that when the language allows only

- visible actions,

- finitely many actions to be performed at a given time,

- choices at the same time, and

- duration preserving relabelling functions,

then performance congruence, eager equivalence and lazy equivalence coincide.
Hence, in this case, testing for both eagerness and laziness (as performance
congruence does) do not add any new insight than just testing for either
eagerness or laziness separately. Similarly, since eager equivalence and lazy
equivalence coincide, eager experiments and lazy ones have the same discrimi-
nating power. This latter result says, in other words, that when experimenting
over processes we have two “equivalent” ways to proceed: step-by-step (eager
experiments) or jumping through time (lazy experiments).

We state the coincidence between performance congruence and eager equiv-
alence (the coincidence between performance congruence and lazy equivalence
has been proved in Theorem 3.8).

Theorem 3.10 Let p1, p2 ∈ L. Then p1 ∼e p2 if and only if p1 ∼c p2.

Proof. We just report a sketch of the proof here. The if implication follows
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from Proposition 3.1. The only if implication follows from proving that a
suitable ∼e -bisimulation is also a PC-bisimulation. This means we have to
prove that every transition with execution delay greater than 0 out of a timed
state has to be matched by a transition with arbitrary execution delay out
of the corresponding ∼e -bisimilar timed state. This is the only critical case
since eagerness of transitions, item (iii), is a common requirement of both
∼e -bisimulation and PC-bisimulation. The proof relies on the main, more
involved, statements:

(a) If two D states, d′ and d′′, are eager equivalent, then there exists a pairwise
eager equivalent decomposition of their parallel components. Namely, let
≡ denote the congruence induced by commutative, associative properties,
existence of unit object of parallel composition and distribution of rela-
belling and restriction over parallel composition (remember that this lan-
guage does not allow synchronization), then we have d′ ≡ (Πi∈I (ti ⇒ pi)),
d′′ ≡ (Πi∈I (ti ⇒ qi)) and for each i ∈ I it is ti ⇒ pi ∼e ti ⇒ qi (where the
various pi and qi are in S). 6

(b) Let t ⇒ p∼e t ⇒ q for some t > 0. Then, for every t∗ > t, it is t∗ ⇒
p∼e t∗ ⇒ q.

(c) ∼e is preserved by every operator of the actual language.

The above statements are enough to prove that relation

< = {(d′, d′′) | d′ ≡ (Πi∈I (ti ⇒ pi)), d′′ ≡ (Πi∈I (ti ⇒ qi)), I = {1, . . . , n}
such that n ∈ N

+ and, for each i ∈ I, (ti ⇒ pi)∼e (ti ⇒ qi) ,

ti ∈ N, pi, qi ∈ L}

is a PC-bisimulation. 2

It is worth noting that eager equivalence is not preserved by parallel com-
position with synchronization when invisible actions are taken into account.

Remark 3.11 Consider the pair of processes

p1 = (c.wait 3.a.b | c.wait 3.a.b | ā)\{a} 7

and
p2 = (c.wait 3.a.b | c.(wait 3.a.b + a.wait 3.b) | ā)\{a}

and assume that the duration of a, b and c is 3 (as well as the duration
of co-actions ā and c̄). In [3] it has been proved that p1 ∼e p2 and that
p1 | c̄.c̄ 6∼e p2 | c̄.c̄.
6 A similar decomposition lemma has been fruitful in [2] to decide eager equivalence in
polynomial time.
7 wait t. p is an abbreviation for a process which evolves into p after performing an inter-
nal action taking t time units. It is possible to think of wait t. p as an abbreviation for
(a|ā.p)\{a} (where a is not free in p and f(a) = t).
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We conclude this section by showing that lazy equivalence is not preserved
by parallel composition with synchronization when the language respectively
allows only choices at different times (Remark 3.12), relabelling functions non-
duration preserving (Remark 3.13) and infinitely many actions at a fixed time
(Remark 3.14).

Remark 3.12 Consider the pair of processes p1 = a+(k)a and p2 = a given
in Proposition 3.2 (k ∈ N

+ ). It has been shown that p1 ∼l p2. Now, consider
a third process p3 = ā. Their parallel composition p1 | p3 and p2 | p3 are not
lazy equivalent since the former can perform a τ -action at time k +f(a) while
the latter can only do the same at time f(a).

Remark 3.13 Consider the pair of processes p1 = (a+b)[Φ] and p2 = a where
actions a, b ∈ Act are such that f(a) < f(b). Moreover assume that Φ(a) = a,
Φ(b) = a. In Proposition 3.4 we have shown that they are such that p1 ∼l p2.
However, p1 | p3 and p2 | p3, where p3 = ā are such that p1 | p3 6∼l p2 | p3, since
the former can perform a τ -action at time f(b) or at time f(a), while the
latter can only perform τ at time f(a) < f(b).

Remark 3.14 Consider the pair of processes p1 = b.a | p∞ and p2 = b | p∞
given in Proposition 3.6. They are such that p1 ∼l p2. Now, consider pro-
cess p3 = ā and their parallel composition, namely p1 | p3 and p2 | p3. We have
p1 | p3 6∼l p2 | p3. Indeed, consider the b-transitions

0 ⇒ (p1 | p3)
〈b,f(b),0〉−−−−−→ d1 = (f(b) ⇒ a) | (0 ⇒ p∞) | (0 ⇒ ā)

0 ⇒ (p2 | p3)
〈b,f(b),0〉−−−−−→ d2 = (f(b) ⇒nil) | (0 ⇒ p∞) | (0 ⇒ ā).

The target states d1 and d2 are such that d1 6∼l d2 since the former can perform
a τ -action at time f(a) + f(b) while the latter cannot.

4 Concluding Remarks and Related Work

This work aims at studying the discriminating power of timed actions in timed
computation. Such a power depends on the language for the description of
time-critical systems. We detected four significant language features which
give rise to different languages and make three performance-sensitive equiv-
alences, performance congruence, lazy equivalence and eager equivalence, to
behave differently over these languages. Table 4 summarizes our results.

We would like to note that if process synchronization is allowed and eager
equivalence and/or lazy equivalence do not coincide with performance con-
gruence, then they are not even compositional. In particular, besides being
unrelated equivalences, they are not even congruences for parallel composi-
tion with synchronization. Of course, congruence properties of process equiv-
alences are of great benefit during the verification phase of concurrent and
distributed systems. Thus, our work also shows how congruence properties of
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Relabelling Performing

Choosing by preserving finitely many Performing Results

at the same time action actions only visible actions

duration at the same time

∼c ( ∼l

No Yes/No Yes/No Yes/No ∼c ( ∼e

∼e 6= ∼l

∼c ( ∼l

Yes/No No Yes/No Yes/No ∼c ( ∼e

∼e 6= ∼l

∼c ( ∼l

Yes/No Yes/No No Yes/No ∼c ( ∼e

∼e 6= ∼l

∼c = ∼l

Yes Yes Yes No ∼c ( ∼e

∼l ( ∼e

Yes Yes Yes Yes ∼l = ∼c = ∼e

Table 4
Relationships among the three equivalences.

performance-sensitive equivalences may depend on the expressive power of the
language. As a general result, we have that the three items in the definition
of performance congruence are the needed ingredient to capture the coarsest
congruence within the performance equivalence in [8] (as proved in [3]).

The present work is related to [5] and [6]. The former develops a mathemat-
ical framework to describe and reason about semantic theories for processes
with durational actions. The comparison, however, only involves the semantic
theories in the sense that a common language is considered for all of them.
The latter mainly proves Theorem 3.8 which, in turn, solves a conjecture in
[3]. Here, we extend that work by adding eager equivalence to the compar-
ison between lazy equivalence and performance congruence and some more
significant language features.
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Abstract

We consider the Pure Ambient Calculus, which is Cardelli and Gordon's Ambient

Calculus (or more precisely its safe version by Levi and Sangiorgi) restricted to its
mobility primitives, and we focus on its expressive power. Since it has no form
of communication or substitution, we show how these notions can be simulated by
mobility and modi�cations in the hierarchical structure of ambients. As an example,
we give an encoding of the synchronous �-calculus into pure ambients and we state
an operational correspondence result. In order to simplify the proof and give an
intuitive understanding of the encoding, we design an intermediate language: the
�-Calculus with Explicit Substitutions and Channels, which is a syntactic extension
of the �-calculus with a speci�c operational semantics.

1 Introduction

The ambient calculus [3,4] was designed to model within a single framework
both mobile computing, that is to say computation in mobile devices like a
laptop, and mobile computation, that is to say mobile code moving between
di�erent devices, like applets or agents. It also shows how the notions of
administrative domains, �rewalls, authorizations... can be formalized in a cal-
culus (for more discussion about the problems raised by mobility and compu-
tation over wide-area networks, see [1,2]). Informally, an ambient is a bounded
place where computation happens. Ambients can be nested so as to form a
hierarchy. Each of them has a name (not necessarily distinct from other ambi-
ent names), which will be used to control access. An ambient can be moved as
a whole with all the computations and subambients it contains: it can enter
another ambient or exit it. It can also be opened so that its contents get visi-

1 Partially supported by the Ecole Normale Supérieure de Lyon, FRANCE

This is a preliminary version. The �nal version can be accessed at
URL: http://www.elsevier.nl/locate/entcs/volume39.html
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ble at the current level, and communication between two processes can occur
within an ambient (like in the �-calculus).

The purpose of this paper is to study the expressive power of the subcal-
culus obtained by removing all communication primitives, the pure ambient
calculus. This subcalculus has no abstraction at all: it has neither output
nor input pre�x, no variable binding, no communication rule, and it cannot
perform any substitution of variables globally in a process. Consequently, the
only �tools� allowed are the hierarchical structure of ambients, their move-
ments and openings. One can wonder what were the motivations for studying
pure ambients. We wanted to understand what made the ambient calculus so
expressive and which constructs were really important from a purely theoret-
ical point of view. A similar question arose in previous work in the setting
of the �-calculus [12]. After all, the pure ambient calculus is to the classical
ambient calculus what CCS is to the �-calculus: the former has no operator
of abstraction and no instantiation of variables, while the latter does.

As a �rst step in this direction, we managed to encode the �nite sum-free
synchronous �-calculus [11] in pure ambients. We give such an encoding at
the end of this paper. The main problem we had to face was the simulation of
substitution: the communication rule of the �-calculus binds a variable x to
an output value m and performs this substitution in the continuation process
in one single step. With pure ambients, we need to adopt another mechanism:
every future reference to x has to be replaced dynamically by a reference to m.
For this purpose, we create an ambient x acting as a �forwarder�. Furthermore,
we introduce explicit channels in the form of unique ambients for each channel
name, so that matching input and output primitives can meet somewhere.

Concerning expressivity, it has been shown in [4] that mobile ambients
without communication primitives were expressive enough to simulate Turing
machines. However, Turing machines are a good model for sequential pro-
gramming but are not well adapted in a concurrency framework. What we
want is a �reasonable� encoding having at least the property of composition-
ality (i.e. such that hhop(P1; : : : ; Pn)ii is a function of hhP1ii; : : : ; hhPnii for any
operator op), which would not be the case if we had used an encoding via Tur-
ing machines (CCS is also Turing-complete, yet the �-calculus is much more
powerful).

As a target calculus, we used safe ambients, which were �rst presented in
[8]. They di�er from the classical mobile ambients by the addition of coactions.
In the ambient calculus, a movement is initiated only by the moving ambient
and the target ambient has no control over it. On the contrary, in safe ambients
both participants must agree by using matching action and coaction. In our
attempts, it appeared that protocols were much simpler to implement in safe
ambients. For example, when designing a communication mechanism based
on requests answered by replicated servers (both being ambients), it is di�cult
to prevent a server from answering twice the same request. In safe ambients,
the uniqueness of the answer is easier to achieve if there is only one coaction
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in each request.

In order to show an operational correspondence between the �-calculus
and our encoding, we had to design an intermediate calculus to simplify the
proof, the �-Calculus with Explicit Substitutions and Channels (�esc-calculus
in short). It is an extension of the �-calculus, with new primitives for vari-
ables and explicit channels. This appeared to be an interesting side-e�ect and
not only a technical tool: it breaks up the communication and substitution
mechanisms of the �-calculus into simpler steps, a few equivalence properties
with the �-calculus can be proved, and it allows a better intuitive description
of the mechanism underlying the encoding in pure ambients.

Related Work

Some encodings of the �-calculus into ambients have already been pro-
posed in the literature [4,8], but all of them encoded the communications and
substitutions of the �-calculus into communications and substitutions of the
ambient calculus, whereas our encoding cannot use these mechanisms. More-
over, all of them encoded only the asynchronous �-calculus (�a) and could not
be easily extended so as to encode its synchronous version. Finally, except for
the encoding of Levi and Sangiorgi [8], no operational correspondence result
was ever completely proved for any of them.

For some restrictions of the �-calculus, substitution can be simulated in a
di�erent way. The local � (L�) [10] is an asynchronous �-calculus (without
matching) with an additional constraint on the input construct n(x):P : x may
not occur free in P in input position. In this calculus, the following is a correct
algebraic law:

Pfb=cg = (�c) (P j c� b)

where c may not be free in P in input position, b 6= c and c� b , !c(x):bhxi
is a link forwarding every message for c to b. Note that this law is false in the
full �a-calculus, hence also in the �-calculus.

In the same way, an equator was �rst de�ned in [7] by:

E(b; c) , b� c j c� b

and it was shown in [9] that

Pfb=cg �=�a (�c) (E(b; c) j P )

(�=�a being barbed congruence in the �a-calculus). However, this equality is
false in the full synchronous �-calculus because the use of forwarders breaks
the sequentiality imposed by output pre�xing. Moreover, even if those two
laws show a relationship between substitution and other operators of the �-
calculus, they are not encodings of substitutions.

Some variants of the �-calculus with explicit substitutions were also pro-
posed. In the ��-calculus [5], processes are pre�xed by a global environment
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� which contains the name associations carried on in past communications.
The main rule is:

P
!
�! P 0

� :: P
�(�;�0;!)
7�! �0 :: P 0

with �0 2 �(�; !)

where the functions � and � are de�ned according to the desired semantics
(late, early, open), such that the environment � is extended with the name
associations activated by the transition P

!
�! P 0. The main di�erence of

this approach with our �esc-calculus is that there is only one global environ-
ment outside the process, instead of multiple variables directly included in
the syntax and taking advantage of name restriction. Moreover, in the ��-
calculus, substitutions are performed outside the term (in �(�; �0; !)) and are
not included in the reductions.

Another variant is the calculus of explicit substitutions �� from [6], in
which a rewrite system is used to perform name substitutions inside terms.
Since processes are written in De Bruijn notation, this calculus looks very
di�erent from the �esc-calculus. Furthermore, it performs substitutions in the
whole output term (the rule is (ab)[s] ! a[s]b[s]), so that the transitive closure
of substitutions is automatically computed, whereas in the �esc-calculus, an
arbitrary long chain of variables can be created. Moreover, the operational
semantics of both �� and �� are de�ned via a labelled transition system,
whereas our calculus uses CHAM-style rules, and none of them introduces
explicit channels in its syntax.

A �nal remark is that all dialects and variants of the �-calculus which have
been studied so far have a construct for abstraction (usually embodied in the
input pre�x), hence computation involves some form of substitution. For us,
the challenge consisted precisely in the fact that we did not have any such
operator.

Outline

In Section 2, we give the necessary background on the �-calculus and safe
ambients. We also introduce a special kind of substitution. In Section 3,
we present extensively the �esc-calculus and some associated tools. Section 4
de�nes encodings between the �-calculus and the �esc-calculus, states the main
relations between them and gives an overview of the proofs. The second part of
the encoding, from the �esc-calculus into pure ambients, is given in Section 5,
together with an operational correspondence result. Finally, Section 6 gathers
the results into a main theorem and gives the �nal encoding for the �-calculus.
Proofs of the results stated in this paper should soon be available as a technical
report [13].
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2 Background

2.1 The �-Calculus

We start by reviewing the syntax of the monadic synchronous �-calculus we
will use throughout the paper.

We will need to distinguish between names of channels and names of vari-
ables. For this reason, let Name be a denumerably in�nite set of names of
channels (ranged over by n, m, p, . . . ), and V ar a denumerably in�nite set of
names of variables (ranged over by x, y, . . . ).

The syntax of the �-calculus is then de�ned as follows.

P ::= (�n) P restriction M ::= n 2 Name channel name

j 0 nil process j x 2 V ar variable name

j P j Q parallel composition

j !P replication

j MhM 0i:P output

j M(x):P input

In (�n) P (resp. M(x):P ), the name n (resp. x) is bound in P . We can
always change this name using �-conversion, and we will consider that the
resulting process is equal to the �rst one. If a name is not bound, it is called
free. The set of free channel names (resp. free variable names) of P is denoted
by fn(P ) (resp. fv(P )).

Below is the operational semantics of our �-calculus, given in the form of an
one-step reduction relation, written �! . The main rule is (� Red Comm) in
which an input pre�x and an output pre�x on a same channel n are consumed,
whereas the variable x is replaced by the value m (the construction Qfm=xg
is de�ned as the result of replacing each free occurrence of x in Q by m).

nhmi:P j n(x):Q �! P j Qfm=xg
(� Red Comm)

P �! P 0

(�n) P �! (�n) P 0
(� Red Res)

P �! P 0

P j Q �! P 0 j Q
(� Red Par)

P � P 0 P 0 �! Q0 Q0 � Q

P �! Q
(� Red Struct)

This one-step reduction makes use of a structural congruence rewriting
relation �. Its de�nition is standard, with rules to commute processes in
parallel, to change the scope of a restriction operator, unfold a replicated
process, . . . Its rules are given below.
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P � P (� Struct Re�)

P � Q ) Q � P (� Struct Symm)

P � Q � R ) P � R (� Struct Trans)

P � Q ) (�n) P � (�n) Q (� Struct Res)

P � Q ) P j R � Q j R (� Struct Par)

P � Q ) !P � !Q (� Struct Repl)

P � Q ) MhM 0i:P �MhM 0i:Q (� Struct Output)

P � Q ) M(x):P � M(x):Q (� Struct Input)

P j 0 � P (� Struct Par Zero)

P j Q � Q j P (� Struct Par Comm)

P j (Q j R) � (P j Q) j R (� Struct Par Assoc)

(�n) (P j Q) � P j (�n) Q if n =2 fn(P ) (� Struct Res Par)

(�n) (�m) P � (�m) (�n) P (� Struct Res Res)

!P � P j !P (� Struct Repl Par)

!0 � 0 (� Struct Repl Zero)

2.2 Pure Ambients

We present here the variant of the Safe Ambient Calculus we will use. It
corresponds to the original Safe Ambients from [8] with the communication
primitives removed. This restriction allows us to simplify the syntax (the orig-
inal one needed a type system to reject some ill-formed terms). The complete
syntax is de�ned as follows.

P ::= (�n) P restriction Cap ::= in n entering

j 0 nil process j in n co-entering

j P j Q parallel composition j out n exiting

j !P replication j out n co-exiting

j n[P ] ambient j open n opening

j Cap:P capability j open n co-opening

The basic constructs of concurrency calculi are present: restriction of
names, nil process, parallel composition and replication. They behave as in
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the �-calculus. An ambient is written n[P ] where n is the name of the ambient
and P is the process running inside it. Actions are called capabilities and are
written Cap:P . There are three possible capabilities: one to enter an ambient
(in n), one to exit an ambient (out n) and one to open an ambient (open n),
each of them having a corresponding cocapability (namely in n, out n and
open n). In order for a movement to take place, two corresponding capability
and cocapability (that is, with the same name) must be present at the right
place, as shown by the following reduction rules:

n[ in m : P j Q] j m[ in m :R j S] ,! m[n[P j Q] j R j S] (SA In)

m[n[ out m :P j Q] j out m :R j S] ,! n[P j Q] j m[R j S] (SA Out)

open n :P j n[ open n :Q j R] ,! P j Q j R (SA Open)

The operational semantics is completed by four other rules, so that re-
duction can occur under restriction, in parallel processes, inside ambients or
after a structural congruence rewriting (which is very similar to the structural
congruence for the �-calculus).

P ,! Q

(�n) P ,! (�n) Q
(SA Res)

P ,! Q

P j R ,! Q j R
(SA Par)

P ,! Q

n[P ] ,! n[Q]
(SA Amb)

P � P 0 P 0 ,! Q0 Q0 � Q

P ,! Q
(SA Struct)

The main di�erence with the classical ambient calculi is the lack of com-
munication primitives, namely the asynchronous output hMi and the input
binder (x):P . Furthermore, cocapabilities were not to be found in the original
presentation of ambients [4].

2.3 Substitutions

In this Section, we introduce a special kind of substitution, having a tree
structure. We will keep the same term, but every occurrence of �substitution�
in the rest of the paper refers to the following de�nition.

De�nition 2.1 A substitution is a partial application � : V ar ! V ar[Name
such that:

� 8x 2 dom(�); x� 2 Name [ dom(�) (i.e. im(�) � Name [ dom(�))

� 8x 2 dom(�), there is k 2 N
� such that x�k 2 Name (i.e. there are no

cycles)

Let us de�ne the graph of a substitution: its set of vertices is dom(�) [
Name and its edges are (x; x�) for x 2 dom(�). With the above de�nition,
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one can easily show that the graph of a substitution has a forest structure
(a set of trees), with roots in Name and all other nodes in dom(�) � V ar.
Consequently, we can de�ne �� : dom(�) ! Name the transitive closure of �,
associating to each variable the name at the root of the corresponding tree.

If x =2 dom(�) and M 2 Name [ dom(�), we de�ne an extension of �,
written �0 = fM=xg ] �, by x�0 = M and y�0 = y� for y 6= x. It is easy to
check that �0 is still a correct substitution.

The empty substitution is written ?, and we also de�ne fn(�) , im(�) \
Name. Moreover, we extend naturally the domain of substitutions so that we
can apply them to processes.

3 The Intermediate Calculus �esc

In this Section, we introduce our �-Calculus with Explicit Substitutions and
Channels.

3.1 Syntax

Syntactically, the �esc-calculus is an extension of the �-calculus, with sup-
plementary constructs to handle substitutions and channels. Its complete
de�nition follows:

P ::= (�n) P restriction M ::= n 2 Name channel name

j 0 nil process j x 2 V ar variable name

j P j Q parallel comp.

j !P replication S ::= " empty channel

j MhM 0i:P output j S j S 0 parallel comp.

j M(x):P input j hMi:P concretion

j [n : S] explicit channel j (x):P abstraction

j (�x : M) P explicit variable

with x 6= M

First, the construction (�x : M) P (with x 6= M) represents a new variable
x whose content is M . The name x is bound in P (as n is bound in (�n) P ).
Intuitively, every free occurrence of the name x in P refers to this variable
and can be replaced by M without changing the behaviour of the process P .

The construction [n : S] represents an explicit channel of name n, whose
content is a set S of abstractions and concretions performed on that channel.
More precisely, S is not exactly a set but a parallel composition of abstractions
and concretions (we preferred this approach to keep a symmetry with parallel
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composition for processes). S can be either " (the empty channel), a paral-
lel composition S j S 0, a concretion hMi:P for an output or an abstraction
(x):P for an input (they correspond respectively to the processes nhMi:P and
n(x):P ). Intuitively, when a process performs an output or input on n, the
request is put inside the channel of that name (if there is one).

3.2 Reduction Rules

We give now an operational semantics for our calculus. Reduction rules are
of the form � : P 7�! P 0 for two processes P and P 0, and a substitution
�, which acts as an environment containing the values of free variables in
P . As a side condition, we restrict the rules' de�nitions to processes P and
substitutions � such that fv(P ) � dom(�) (so that we can �nd the value of
every free variable appearing in P ).

The �rst two rules allow us to replace an output or input pre�x on a
variable x by the same pre�x on the value M of x. If M is another variable,
we would just apply the same rule again (since in this case M 2 dom(�) by
de�nition of a substitution). We continue like this until M is a channel name.
Note also that we do not perform substitutions on M 0 in the rule (�esc Red
Subst Out).

x� = M

� : xhM 0i:P 7�! MhM 0i:P
(�esc Red Subst Out)

x� = M

� : x(y):P 7�! M(y):P
(�esc Red Subst In)

The next two rules were already outlined above: if a channel n and a
pre�xed process on n meet in a parallel composition, the request is put inside
the channel (we then omit the name n since all abstractions and concretions
in [n : S] must relate to n).

� : [n : S] j nhMi:P 7�! [n : S j hMi:P ]
(�esc Red Output)

� : [n : S] j n(x):P 7�! [n : S j (x):P ]
(�esc Red Input)

When a concretion hMi:P and an abstraction (x):Q are present in the
same channel, communication can e�ectively occur. The two continuations P
and Q are then placed outside the channel, except that a new variable x with
content M is created in front of Q. This is the purpose of the following rule,
which corresponds to (� Red Comm) (the side condition x 6= M can always
be satis�ed by �-conversion on x).

x 6= M

� : [n : S j hMi:P j (x):Q] 7�! [n : S] j P j (�x : M) Q
(�esc Red Comm)

9
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The next rule allows a reduction to occur under a variable restriction (�x :
M) . The only side-e�ect is that the binding fM=xg must be added to the
environment � (the side condition x =2 dom(�) can always be satis�ed by �-
conversion on x, and the condition M 2 Name [ dom(�) is automatically
satis�ed because fv((�x : M) P ) � dom(�)).

x =2 dom(�) fM=xg ] � : P 7�! P 0

� : (�x : M) P 7�! (�x : M) P 0
(�esc Red Var)

Finally, the last three rules complete the calculus: reduction can occur
under the scope restriction of a channel name, in a parallel composition or by
mean of a structural congruence rewriting.

� : P 7�! P 0

� : (�n) P 7�! (�n) P 0
(�esc Red Res)

� : P 7�! P 0

� : P j Q 7�! P 0 j Q
(�esc Red Par)

P � P 0 � : P 0 7�! Q0 Q0 � Q

� : P 7�! Q
(�esc Red Struct)

The congruence relation � is the same as in the �-calculus, with additional
rules for the new constructs and their interaction with the old ones (in partic-
ular the scope of (�x : M) can be stretched or commuted with (�n) provided
that there are no name captures). Here is the list of rules to be added to those
of the �-calculus:

S � S (�esc Struct Re�)

S � S 0 ) S 0 � S (�esc Struct Symm)

S � S 0 � S 00 ) S � S 00 (�esc Struct Trans)

S � S 0 ) [n : S] � [n : S 0] (�esc Struct Channel)

P � Q ) (�x : M) P � (�x : M) Q (�esc Struct Var)

S 0 � S 00 ) S j S 0 � S j S 00 (�esc Struct Abs)

P � Q ) hMi:P � hMi:Q (�esc Struct Out Abs)

P � Q ) (x):P � (x):Q (�esc Struct In Abs)

S j " � S (�esc Struct Abs Zero)

S j S 0 � S 0 j S (�esc Struct Abs Comm)

S j (S 0 j S 00) � (S j S 0) j S 00 (�esc Struct Abs Assoc)

(�x : M) (P j Q) � P j (�x : M) Q if x =2 fv(P ) (�esc Struct Var Par)
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(�n) (�x : M) P � (�x : M) (�n) P if n 6= M (�esc Struct Res Var)

(�x : M) (�y : M 0) P � (�y : M 0) (�x : M) P

if x 6= y, x 6= M 0 and y 6= M (�esc Struct Var Var)

3.3 Channel Presentation and Valid Processes

To follow our intuition, we will need to cut down the set of allowed processes in
the �esc-calculus. Indeed, we need to ensure that the channels are well placed
and unique. Consider for instance the process nhmi:[p : S]. The channel
p would be unreachable, and thus useless, until the output on n has been
performed. Consider also the following process:

[n : S] j [n : S 0] j nhmi:P j n(x):Q

Since there are two channels, the two pre�xed processes could go into di�erent
ones, leading to

[n : S j hmi:P ] j [n : S 0 j (x):Q]

and communication would never occur between P and Q !

For this reason, we �rst need to be able to detect a channel. For this
purpose, we de�ne a presentation predicate P +1 n, which means intuitively
that a channel [n : S] is present in P and not hidden by scope restriction.
The formal de�nition of this predicate is very easy to write: the only axiom
is [n : S] +1 n and all other rules perform only inductive calls (except for
(�m) P +1 n which checks m 6= n). Moreover, we will write pr(P ) , fn 2
Name=P +1 ng the set of channels presented by P .

In the same way, we can easily de�ne another predicate P +2 n, meaning
that there are two di�erent channels of name n in P . For instance, we would
derive P j Q +2 n if both P +1 n and Q +1 n hold at the same time.

The exact rules are (for i = 1; 2):

P +i n m 6= n

(�m) P +i n
(�esc Pres Res)

P +i n

P j Q +i n
(�esc Pres ParL)

Q +i n

P j Q +i n
(�esc Pres ParR)

P +1 n Q +1 n

P j Q +2 n
(�esc Pres Par2)

P +i n

!P +i n
(�esc Pres Repl)

P +1 n

!P +2 n
(�esc Pres Repl2)

P +i n

MhM 0i:P +i n
(�esc Pres Output)

P +i n

M(x):P +i n
(�esc Pres Input)

[n : S] +1 n
(�esc Pres Channel1)

S +1 n

[n : S] +2 n
(�esc Pres Channel2)
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S +i m

[n : S] +i m
(�esc Pres Channel)

P +i n

(�x : M) P +i n
(�esc Pres Var)

S +1 n

S j S 0 +1 n
(�esc Pres AbsL)

S 0 +1 n

S j S 0 +1 n
(�esc Pres AbsR)

S +1 n S 0 +1 n

S j S 0 +2 n
(�esc Pres Abs2)

P +i n

hMi:P +i n
(�esc Pres Out Abs)

P +i n

(x):P +i n
(�esc Pres In Abs)

The following Lemma will be helpful in the next Section.

Lemma 3.1 pr(P ) � fn(P )

Now is the time to de�ne a small type system on processes. We de�ne
the predicate ` P : OK inductively on P , by checking that channels do not
appear after pre�xes or replications, and that there is at most one channel
after a name restriction.

` P : OK P 6+2 n

` (�n) P : OK
(�esc OK Res)

` 0 : OK
(�esc OK Zero)

` P : OK ` Q : OK

` P j Q : OK
(�esc OK Par)

` P : OK 8n 2 Name P 6+1 n

`!P : OK
(�esc OK Repl)

` P : OK 8n 2 Name P 6+1 n

`MhM 0i:P : OK
(�esc OK Output)

` P : OK 8n 2 Name P 6+1 n

`M(x):P : OK
(�esc OK Input)

` S : OK

` [n : S] : OK
(�esc OK Channel)

` P : OK

` (�x : M) P : OK
(�esc OK Var)

` " : OK
(�esc OK Eps)

` S : OK ` S 0 : OK

` S j S 0 : OK
(�esc OK Abs)

` P : OK 8n 2 Name P 6+1 n

` hMi:P : OK
(�esc OK Out Abs)

` P : OK 8n 2 Name P 6+1 n

` (x):P : OK
(�esc OK In Abs)

The following Lemma details the syntactic structure of a process presenting
a channel n (after type-checking). This corresponds to the desired intuition:
if P +1 n, a channel [n : S] is present at the highest level, i.e. only under some
restrictions.

Lemma 3.2 If P +1 n and ` P : OK, then P � (�n1) : : : (�nk) (�x1 :
M1) : : : (�xk0 : Mk0) ([n : S] j P 0) with n 6= ni.
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Finally, we will say that a process P is valid and write ` P : V alid if
` P : OK and P 6+2 n for all name n 2 Name.

` P : OK 8n 2 Name P 6+2 n

` P : V alid
(�esc Valid)

From now on, we will focus mainly on valid processes only. The following
lemma shows that this property is preserved by reduction.

Lemma 3.3 (Subject Reduction) If � : P 7�! Q and ` P : V alid, then
` Q : V alid.

3.4 Channel Closure

Now that we eliminated the excessive channels, we will have to add a few !
Consider the process nhmi:P j n(x):Q. It cannot reduce because no explicit
channel is present for n. If we put an empty channel [n : "] in parallel, commu-
nication will take place. For this reason, we will de�ne the channel closure of a
process by adding explicit empty channels when needed. Since the same prob-
lem can appear under a scope restriction (for instance, (�n) (nhmi:P j n(x):Q)
cannot reduce), we will need to take care of this case too.

De�nition 3.4 We �rst take scope restrictions into account. cl(P ) is a ho-
momorphism for all constructs, except for:

cl((�n) P ) ,

8<
:

(�n) ([n : "] j cl(P )) if P 6+1 n

(�n) cl(P ) if P +1 n

Then, the channel closure of a process w.r.t. a substitution � consists in
adding an empty channel for each free name in P or � for which P does not
present a channel. Formally,

cl�(P ) , [n1 : "] j : : : j [nk : "] j cl(P )

where fn1; : : : ; nkg = (fn(P ) [ fn(�)) n pr(P ) (cf. Lemma 3.1).

Note 1 This is not completely well-de�ned, since if we take two di�erent
enumerations for (fn(P )[ fn(�)) n pr(P ), the resulting processes will only be
structurally congruent. This is why all our results involving cl�(P ) will be up
to �.

We will say that P is channel-closed w.r.t. � if cl�(P ) � P (that is if P
has all channels to guarantee communication). It is pure routine to check that
this property is preserved by reduction in the �esc-calculus.

13

93



Zimmer

4 Relations between the � and �esc-Calculi

4.1 Back to the �-Calculus

In this Section, we prove a few equivalence properties between the �-calculus
and the �esc-calculus. The proofs rely mainly on our ability to translate a �esc-
process back into a �-process. This translation is written [[P ]] (parameterized
by a name n for the content of a channel) and is de�ned inductively by the
following rules:

[[(�n) P ]] , (�n) [[P ]] [[[n : S]]] , [[S]]n

[[0]] , 0 [[(�x : M) P ]] , [[P ]]fM=xg

[[P j Q]] , [[P ]] j [[Q]] [["]]n , 0

[[!P ]] , ![[P ]] [[S j S 0]]n , [[S]]n j [[S
0]]n

[[MhM 0i:P ]] ,MhM 0i:[[P ]] [[hMi:P ]]n , nhMi:[[P ]]

[[M(x):P ]] ,M(x):[[P ]] [[(x):P ]]n , n(x):[[P ]]

In fact, [[P ]] is a homomorphism for all constructs, except for channels and
variable restrictions. In the former case, we just have to add the name of the
channel back in front of abstractions and concretions. The latter case is more
interesting: we perform the substitution required by the variable restriction,
that is [[(�x : M) P ]] is [[P ]] in which we replace every free occurrence of x by
M .

4.2 Results

When should we say that a �-process and a �esc-process are �equivalent� ?
Following our intuition, a �esc-process P evolving in an environment � should
be translated into the �-process [[P ]]��. Here we need to take the bindings of
� into account, because the free variables of P coming from previous commu-
nications should be replaced by their value. We apply the transitive closure
�� in one step so that all free variables are converted into names of channels
(in fact, it can be shown that [[P ]]�� is equal to [[(�x1 : M1) : : : (�xk : Mk) P ]]
if � = fMk=xkg ] : : : ] fM1=x1g).

The following technical lemma can be proved quite easily. It shows that
every reduction step in the �esc-calculus corresponds to zero or one step in the
�-calculus.

Lemma 4.1 If � : P 7�! Q, then [[P ]]�� R [[Q]]�� where R is either � or
�!.

The converse lemma is more complex. Additional hypotheses restrict the
result to valid processes and appropriate environments only. It states that
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every reduction step in the �-calculus can be simulated by one or more re-
duction steps in the �esc-calculus. Moreover, this simulation is not de�ned
directly on P , but on its channel closure cl�(P ) (for instance, the �-processes
in Section 3.4 reduce in the �-calculus, but only their channel closures reduce
in the �esc-calculus).

Lemma 4.2 If [[P ]]�� �! Q, ` P : V alid and fv(P ) � dom(�), then there
is a process P 0 such that � : cl�(P ) 7�!+ P 0 and [[P 0]]�� � Q.

This lemma is much more di�cult to prove. We try to explain why and
give a few hints.

� Channel closure does not mix well with an inductive proof. This comes
from the fact that channel closure is not de�ned inductively on terms. Con-
sequently, for almost every construct, we need a preliminary lemma that
analyses this special case and relates the channel closure of the process with
the channel closures of its sub-components. Sometimes, there is more than
a single answer, depending on the context.

� Empty channels do not mix well with structural congruence rewriting. For
instance, if the �rst step of reduction is

[[[n : "] j P ]]�� = 0 j [[P ]]�� � [[P ]]�� �! Q

we cannot proceed directly by induction since the resulting process P does
not present channel n anymore (structural congruence has �erased� it), hence
the channel closures of [n : "] j P and P are di�erent. This example is
simple, but in the general case, empty channel erasing can occur anywhere
in a term. So we need a result to relate the channel closure of P with P 0

when [[P ]]�� � P 0 is the �rst step of reduction.

� Channels do not mix well with parallel composition. This is the problem
which needs the longest technical development. Suppose that

[[P j P 0]]�� �! Q j [[P 0]]��

was derived from [[P ]]�� �! Q by (� Red Par). Suppose also that this
reduction involves a communication on channel n, and that P 6+1 n and
P 0 +1 n (that is, the explicit channel n is in the P 0 part). Therefore, by
induction, we will get a simulation on cl�(P ) = [n : "] j P1 since P 6+1 n.
But now the corresponding reductions of cl�(P j P 0) involving channel n
should use the explicit channel in P 0 and not the empty channel [n : "] we
added in the channel closure! In the general case, we need a result show-
ing that reductions involving empty channels from closure can be replaced
by reductions where communications are reported on (possibly non-empty)
channels from a process in parallel.

These are technical lemmas, but in practice and in the rest of this paper,
we will restrict ourselves to valid processes, without free variables and channel-
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closed w.r.t. ?. In this case, the operational correspondence is much simpler:

Corollary 4.3

� If ? : P 7�! Q, then [[P ]] R [[Q]].

� If [[P ]] �! Q, P is channel-closed w.r.t. ?, ` P : V alid and fv(P ) = ;,
then there is a process P 0 such that ? : P 7�!+ P 0 and [[P 0]] � Q.

4.3 Observational Equivalence

To complete our results, we managed to prove an observational equivalence
property. The observability predicate P # M is de�ned on �-processes in
the usual way (for example, n(x):P # n), and can be easily extended to �esc-
processes (for variables, substitution must be performed, i.e. (�x : M) P #M
when P # x).

For the �-calculus:

P #M n 6= M

(�n) P #M
(Obs Res)

P #M

P j Q #M
(Obs ParL)

Q #M

P j Q #M
(Obs ParR)

P #M

!P #M
(Obs Repl)

MhM 0i:P #M
(Obs Output)

M(x):P #M
(Obs Input)

For the �esc-calculus, we must add:

S 6� "

[n : S] # n
(Obs Channel)

P #M x 6= M

(�x : M 0) P #M
(Obs Var1)

P # x

(�x : M) P #M
(Obs Var2)

Then one can show the following relation:

Proposition 4.4 For every process P in the �esc-calculus, P #M , [[P ]] #
M .

4.4 From the �-Calculus to the �esc-Calculus

There is a simple way to transform a �-process into a �correct� �esc-process:
replace every construct (�n) P with (�n) ([n : "] j P ) and add an empty
channel for every free name of P . In fact, this is exactly the de�nition of
the channel-closure cl?(P ) (if we view the �-process P as a �esc-process). It
has the following interesting properties: cl?(P ) is valid, channel-closed w.r.t.
? and has no free variables if P has none (these properties allow us to use
Corollary 4.3).
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4.5 On the Choice of the �esc-Calculus

Explicit channels and variables are similar in their structure, but we used
di�erent syntaxes: two constructs (�n) and [n : S] for channels, and the
single construct (�x : M) for variables. One may ask why we retained this
combination. Now is the time to answer this question.

We could have chosen to separate variables into a restriction (�x) and
an explicit variable [x : M ], with rule (�esc Red Subst Out) being � : [x :
M ] j xhM 0i:P 7�! [x : M ] j MhM 0i:P (and similarly for (�esc Red Subst
In)). But in order to evaluate [[(�x) P ]], we would have needed a way to reach
the object [x : M ] in P and get the value M . This would have led to a very
long technical development.

On the other hand, we could have chosen to include the content of a channel
in the restriction operator with (�n : S) . In this case, we get a restriction
interference. For instance, the process (�n : ") (�x : n) nhxi:P should reduce
by putting the concretion hxi:P into n, but neither (�n : hxi:P ) (�x : n) 0 nor
(�x : n) (�n : hxi:P ) 0 would be correct: in each case, a bound name becomes
free . . .

5 Encoding the �esc-Calculus in Pure Ambients

5.1 The Encoding

The main mechanism underlying the encoding is a kind of communication
based on the request/server model. In pure ambients, a request willing to com-
municate with n will be an ambient named rw with the process request rw n
inside it (in our encoding, rw will be only read or write). Its �rst movement
is to enter into n. Symmetrically, a server is a replicated ambient enter inside
the destination n which tries to enter the request and take its control. This
mechanism is similar to the encoding of objective moves of [4]. Let us �rst
de�ne some useful abbreviations:

server n :P , ! enter[ in n : open enter :P ]

request rw n , in n : in rw : open enter

request rw x , in x : in rw : open enter : out x

fwd M , server write : request write M

j server read : request read M

n be m :P , m[ out n : in m :( open n j P )] j out n : in m : open n

allowIO n , ! in n j ! out n

For example, here is the general reduction of a request and an ambient n
containing a server:
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n[ server rw :P j allowIO n ] j rw[ request rw n j Q]

,!+ n[ server rw :P j allowIO n j rw[P j Q]]

A variable x whose value is M will simply be an ambient named x with
two servers inside it that replace every request with a similar request on M .
Thus, a variable is simply a forwarder.

x[ fwd M j allowIO x ] j rw[ request rw x j P ]

,!+ x[ fwd M j allowIO x ] j rw[ request rw M j P ]

for rw = read or write.

A channel n is simulated by an ambient named n with a special server for
read requests (there is no server for write requests). When n contains a read
request, it tries to �nd and take control of a write request (with always the
same request/server mechanism). When it is done, the read request is replaced
by an ambient x whose content is the forwarder of the write request. Then,
the two continuations are activated. Some intermediate ambient renamings
are necessary to avoid interferences.

We will not detail the encoding further as it is not very instructive. Its
full de�nition is presented below.

ff(�n) Pgg , (�n) ffPgg

ff0gg , 0

ffP j Qgg , ffPgg j ffQgg

ff!Pgg , !ffPgg

ffMhM 0i:Pgg , (�p) ( write [ request write M

j fwd M 0

j p[ out read : open p :ffPgg]]

j open p )

ffM(x):Pgg , (�p) ( read [ request read M

j open write : out read : (�x) read be x :

( out x : allowIO x

j p[ out x : open p :ffPgg])]

j open p )
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ff[n : S]gg , (�p1) : : : (�pk) (where pi are the fresh names of S)

( n [ allowIO n

j server read : (�p)

( out read : read be p : in p : out n : p be read

j enter[ out read : in write : open enter : in p : open write ])

jffSggn]

j open p1 j : : : j open pk )

ff(�x : M) Pgg , (�x) ( x[ fwd M j allowIO x ]

j ffPgg)

ff"ggn , 0

ffS j S 0ggn , ffSggn j ffS 0ggn

ffhMi:Pggn , write [ in write : open enter

j fwd M

j p[ out read : open p :ffPgg]] (where p is fresh)

ff(x):Pggn , (�q) ( q [ in q : out n : q be read

j open write : out read : (�x) read be x :

( out x : allowIO x

j p[ out x : open p :ffPgg])] (where p is fresh)

j enter[ in write : open enter : in q : open write ])

To manage substitutions, we add the following de�nition:

fffM1=x1g ] : : : ] fMk=xkg; Pgg , x1[ fwd M1 j allowIO x1 ]

j : : :

j xk[ fwd Mk j allowIO xk ]

j ffPgg

5.2 Results

Before we state some properties, we need to distinguish two kinds of reductions

in safe ambients. Principal reductions, written
pr
,! , correspond intuitively

to the �rst reductions of the encodings into pure ambients of the axiomatic
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reduction rules from the �esc-calculus. More precisely, we can pinpoint them
by �marking� some speci�c capabilities in the encoding. These are the in n
and in x capabilities in request rw n and request rw x, and the in write
capability in the ambient enter in ff[n : S]gg. Every reduction involving one
of these marked capabilities will be principal. All the others are auxiliary and

are written
aux
,! .

Then, we can show that every reduction in the �esc-calculus corresponds
to one principal and many auxiliary reductions after encoding.

Proposition 5.1 If � : P 7�! Q, then ff�; Pgg
pr
,!

aux
,!

�

ff�;Qgg.

In the other direction, we can prove that if an encoding has a principal
reduction, one can extend it with auxiliary reductions so that it corresponds
to one single �esc-reduction. Moreover, this single reduction is unique in some
sense, up to structural congruence.

Proposition 5.2 If ff�; Pgg
pr
,! Q, then there is a process P 0 such that

� : P 7�! P 0 and Q
aux
,!

�

ff�; P 0gg. Moreover, if � : P 7�! P 00 and

Q
aux
,!

�

ff�; P 00gg, then P 0 � P 00.

We need to explain why we had to distinguish between principal and aux-
iliary reductions. A counter-example, written in CCS style, is

P , ! a j ! a j b:C j b:D

We have P �! P and P �! P 0 = ! a j ! a j C j D. Considering the
�rst reduction, the last theorem would give ffPgg ,! Q, with P �! P and
Q ,!� ffPgg. But we also have P �! P 0 and Q ,!� ffP 0gg, with P 6� P 0.
Thus the second assertion would be false. This would be impossible with two
kinds of reductions: there must be a principal reduction between Q and ffP 0gg.

However, Proposition 5.2 is not as strong as we would hope: we always
need to reach the next encoding with auxiliary reductions before the next
principal reduction. In fact, auxiliary reductions do not really matter: our
encoding was designed so that a new e�ective step in the computation (i.e.
a principal reduction) can take place as soon as possible (sometimes a few
auxiliary reductions are needed before to unblock the situation). This is why
we believe the following conjecture to be true. Proving it is not di�cult
in theory, but we face a very huge number of cases to examine, leading to
a combinatorial explosion that only an automatic demonstration tool could
maybe handle.

Conjecture 5.3
aux
,! is con�uent with

aux
,! and

pr
,! (i.e. if P

aux
,! P1 and

P
�
,! P2, then there is a process P 0 such that P1

�
,! P 0 and P2

aux
,! P 0 for

� = pr or aux).
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6 The Final Encoding

It remains to compose the results of the two previous Sections. The encoding
of a �-process P into pure ambients is simply de�ned by:

hhP ii , ff?; cl?(P )gg

Using the de�nitions in Section 5, we can give the �nal encoding directly,
and not via the �esc-calculus (those de�nitions apply to processes without free
names; otherwise we need to add an empty channel for each free name):

hh0ii , 0

hhP j Qii , hhP ii j hhQii

hh!P ii , !hhP ii

hh(�n) P ii , (�n)

( n [ allowIO n

j server read : (�p)

( out read : read be p : in p : out n : p be read

j enter[ out read : in write : open enter : in p : open write ])]

jhhP ii)

hhMhM 0i:P ii , (�p) ( write [ request write M

j fwd M 0

j p[ out read : open p :hhP ii]]

j open p )

hhM(x):P ii , (�p) ( read [ request read M

j open write : out read : (�x) read be x :

( out x : allowIO x

j p[ out x : open p :hhP ii])]

j open p )

It remains to state some operational correspondence properties. We will
�rst de�ne an equivalence relation � between the �-calculus and pure ambi-
ents.

De�nition 6.1 Let P be a �-process with no free variables and R a pure
ambient process. We will say that P and R are equivalent (written P � R)
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if there is a �esc-process Q such that Q is valid, channel-closed w.r.t. ?, with
no free variables, P � [[Q]] and ff?; Qgg � R.

It is routine to check that P � hhP ii for every �-process P with no free
variables.

With this de�nition, we can state the �nal operational correspondence the-
orem, which validates our encoding. It is obtained by composing Corollary 4.3
and Propositions 5.1 and 5.2.

Theorem 6.2 Suppose P � R.

� If P �! P 0, then there is a process R0 such that R ,!+ R0 and P 0 � R0.

� If R
pr
,! R0, then there is a process R00 such that R0

aux
,!

�

R00 and either
P � R00, or P �! P 0 � R00.

7 Conclusion and Future Work

We gave an encoding of the synchronous �-calculus into the ambient calculus
with neither communication primitives nor substitutions. We also proved an
operational correspondence for our encoding. To do this, we designed the
�esc-calculus in order to facilitate the proof. However, this calculus seems
interesting in itself, due to the equivalence results with the �-calculus.

The �rst future work should be to use an automatic demonstration tool
to prove Conjecture 5.3. If it succeeds, we could state a much stronger �nal
theorem for our operational correspondence (namely that only principal re-
ductions do really matter). Moreover, our encoding was also designed to avoid
all interferences with other processes (if we restrict internal names for the re-
quest/server mechanism). Thus, we would like to show that no attack against
the protocol is possible by proving that P and (�read) (�write) (�enter) hhP ii
are equivalent in every context.

We could also extend our encoding so that it applies to the polyadic �-
calculus (i.e. in which communicable values can be tuples of arbitrary length).
It does not seem di�cult to us to switch from the monadic calculus to its
polyadic version: we just have to create many ambients-variables after a com-
munication (one for each variable-value in the tuple). The only di�culty
would be to check that the number of values in the tuple and the number
of variables are the same (this can be veri�ed statically by a type system in
�-calculus [11]). The protocol in ambients would be more complicate, but
should not raise major theoretical problems. Indeed, in some speci�c cases, a
few encodings of the polyadic �-calculus into its monadic version have already
been proposed.

Furthermore, a few theoretical questions arise from our work. Is it pos-
sible to encode the �-calculus with classical mobile ambients instead of safe
ambients (we already explained in the introduction why it seems di�cult)?
And more important to us: is it possible to encode the full ambient calculus
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(safe or not) with its communication primitives into the same calculus with-
out communication primitives (in fact, this is the question which led us to do
this work)? The main di�erence with the encoding of the �-calculus is that
variables should now be present at every level in the hierarchy of ambients
and not only at the global level. Thus, they should replicate themselves and
scatter dynamically, even in newly created ambients!
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£gËo¿�»�À�Ë|»�ÛwÃÚÀ�¿�Ù�»oÏ�ÄÅ¿�Â�ÕCÆ�Î À Ó�¿�ÀzÒaÍgÏÅÑ`ÇëÛ ~ �U� ~ Ö

} çU© �>� Æ�Òa¿�ÀÈ�Á¿�Ì�Àg»oÏBÛ��`Æ`½�Ë�Ç�¿Ô¾ èL½iÏÅÏÅÆ�ß£Û ½�À�ÓÆ¬Ú½BÙX¿ÔÓ º¨½�Ì�à�»oÏ�Öã� Ëo½�ÌÔËoÍ�Ì�Í�Ä�Æ�Î:¾-Æ�Ò^¿�Ì�»
ÐaÏÅÆXË|»�Ä�ÄÃ»�ÄoÛgÐa½iÏÅÂÅÄq×�½�ÀaÓ]×Å×6Ö�{6nBr|pih�k'f�jlw}pinPfin^�Gt	pikue^vgj�f�jlw}pin�Û ~L�U� æ ~ ê^� ~^� �U�zÛ ~ �U��çXÖ

} ç ¯F� ��ÖXèL½iÏÅÏ�ÆBß ½�À�Óä�ÚÖ��Ú¿�Ë|ÂÃÆ�ÏBÖI­qÇg»ÚÎxÍ�Ä�¿�Æ`ÀNËo½�ÌÔËoÍ�Ì�Í�ÄL� À ¼�Ð�ÏÅ»�ÄÅÄ�¿�Ù�»�Àg»�ÄÅÄ�½�À�ÓCÄÃÕ�¾'¾-»oÂÃÏÅÕm¿ÔÀ
¾'Æ�Òa¿�Ì�»�Ð�ÏÅÆ�Ë|»�ÄÅÄÃ»�Ä�Ö	×°À?ã7hspB¤6c�c��iwxnzyi«-psru��{itU¢®Ü �UÍ�Û ~ �U�U¢XÖ

} ç ·t� �
½�¾-»�Ä � ¿�»�Ì�Õ ½�À�Ó �Á½iÂÃÂÅÇg»oß ²î»�À�À�»�ÄÅÄÃÕ�Ö ¬�¿�ÄÃÂÃÏ�¿�Ò^ÍgÂÃ»�Ó Ð�ÏÅÆ�Ë|»�ÄÅÄÃ»�Ä
½�ÀaÓFÌ�Æ�Ëo½iÂÅ¿�Æ`À Îx½�¿ÔÌ�ÍgÏÅ»�ÄoÖ ×sÀFè�¿�»oÏ�Ða½iÆ`Ì�ÆÝ¬Ú»oÑ`½�ÀgÆgÛ � Æ�ÒÊ»oÏ�Â±½ÚÆ�ÏÅÏ�¿�»oÏ6¿}Û@½�À�Óå�ÚÌ�Ò¥»oÏÅÂÃÆ
�Á½iÏ�Ë6Çg»oÂÃÂÅ¿ É4£XÐa½�ËoËo½�¾'»�Ì�½�ÛL»�Ó�¿�ÂÃÆ�Ï�ÄoÛ³�Úvgj�pik'f�j�f��î��finXy�v�f�yzc|«]finÊ�3ã�hÃpÅy�hÃfikdkdw�nzy��Aæ�ç�jxå
{6n^j�c|h�n^f�jlw}pin^fi~Lt	pi~�~�p-×�vXwxv�kØ�xÛiÙ�Æ`Ì�Í�¾'» ~ ç · ��Æ�Î�~ n^¤o«6ÛiÐa½iÑ�»�Ä ¯ � ~^�¤¯ ¢ ~ ÖN£XÐ�Ï�¿�À�Ñ�»oÏg�	»oÏ�Ì�½iÑgÛ
�.»oÏ�ÌÔ¿�ÀëÛ ~ �U�Z�zÖ
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} çU� � ¬ØÖC£g½�ÀgÑ`¿�Æ�ÏÅÑ`¿}Ö���è�e^hÅc�«6«6wxnzy'§¨p¤«ow�~ wljl©mwxn:ã7hsp�¤�c�«6«6�Ú~�yzc�«ohsfi«|��à�w�h6«�jré���hÃ�
c|hdfin^�Ôê@w�yiågc|h
��hÃ�
cohÚãqfihÃf`�iw�y�kØ«�Ö.è�Çw¬KÂÅÇg»�ÄÅ¿�ÄoÛwÃÚÀ�¿�Ù�»oÏ6ÄÅ¿�Â�ÕNÆ�Î À Ó�¿�ÀzÒaÍgÏ�Ñ`ÇëÛ ~ �U��çXÖ

} çZ� � ¦�ÏÅ»�Óë�uÖ�£�Ë6Ç�Àg»�¿�Óg»oÏBÖ ¦�½�¿�Ì É�ÄÅÂÃÆ�Ð ÐaÏÅÆXË|»�Ä�ÄÃÆ�Ï�ÄL�ì�uÀ ½iÐ�Ð�ÏÅÆ`½�Ë6Ç ÂÃÆ Ó�»�ÄÅ¿�Ñ`À�¿�À�Ñ Îx½�ÍaÌ�ÂsÉ
ÂÃÆ`Ì�»oÏ�½�À
Â'Ë|Æ`¾'ÐaÍgÂÅ¿�ÀgÑGÄÃÕ�ÄÃÂÃ»�¾'ÄoÖ!�-t�§ á�hsfin�«|f`¤Bjlwlpin�«?pin+ã7hspÅy`hsf�kØkdwxnzy¨��f�nzy�v�f�yXc�«
f�n^�m¢a©�«�j�c|kØ«�Û ~ æ<©`ê^� ç�ç�ç � çU©U¢XÛ ~ �U¢U©XÖ

} çU¢ � ¬�½�Ì�»Å£Xà�»o»�À�Öí¨uÆ`À�É�ÒaÌ�Æ�ËÅà�¿�ÀgÑÜË|Æ`¾'¾'¿�ÂGÐ�Ï�Æ�ÂÃÆXË|Æ`Ì�Ä�Ö;×°ÀFã7hsp�¤�c�c��iw�nXyi«Þpsr+jxå�c��-t�§
¢g{Kî�§¾��b {6naj�coh6n^f`jlwlpinÊfi~Øt	pinBrocohÃcon^¤6cGpin jxå�c]§ fin^f�yXc|kmc|najdpsrNbØf�j�fiÛ�Ða½iÑ�»�Ä ~ ©U© �
~�¯ çXÛ ~ �U¢ ~ Ö

} çU� � è�Ö�£XÐa¿�ÏÅÆgÛI� Ö®�`Æ`ÄÅÇ�¿}Û�½�À�ÓÅ­@Ö � »�ÀgÑ`½iÏ�½tÓÅ½�ÀëÖÕ¬Ú»�ÄÅ¿�Ñ`Àa¿�ÀgÑ¨½�À Æ�Ð�ÂÅ¿�¾'¿��o»�ÓÝÂÃÏ�½�À�ÄÅ½�Ë|ÂÅ¿�Æ`À
Ë|Æ`¾m¾'¿�Â7Ð�ÏÅÆ�ÂÃÆ�Ë|Æ`Ì}Ö.b9w�y�wlj�fi~�áÊcÅ¤|åzn�wl¤6fi~g�gpiv�h�n^fi~ ÛC©gæ ~ ê6Û ~ �U� ~ Ö

} © �K� �í½�Ä�Ë|Æq�í½�ÄÅË|Æ`ÀaË|»�Ì�Æ`ÄoÖP­�ÕXÐ¥»�Ó¨Ë|Æ`À�ËoÍgÏ�ÏÅ»�À
Â9Æ�Ò�Ós»�Ë|ÂÅÄ�ÖC×sÀPã7hsp�¤�c�c��iw�nXyi«]pÃrØ�£t�����ã�Ü �Lç�Û
Ð^½iÑ�»�Ä ~L�U�t�>~U~ �zÖg£XÐ�Ï�¿ÔÀgÑ�»oÏ��	»oÏ�Ì�½iÑgÛ ~ �U� ¯ Ö
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