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Abstract

This dissertation studies the logic underlying category theory. In particular we
present a formal calculus for reasoning about universal properties. The aim is to
systematise judgements about functoriality and naturality central to categorical
reasoning. The calculus is based on a language which extends the typed lambda
calculus with new binders to represent universal constructions. The types of the
languages are interpreted as locally small categories and the expressions represent
functors.

The logic supports a syntactic treatment of universality and duality. Contravari-
ance requires a definition of universality generous enough to deal with functors of
mixed variance. Ends generalise limits to cover these kinds of functors and moreover
provide the basis for a very convenient algebraic manipulation of expressions.

The equational theory of the lambda calculus is extended with new rules for
the definitions of universal properties. These judgements express the existence of
natural isomorphisms between functors. The isomorphisms allow us to formalise
in the calculus results like the Yoneda lemma and Fubini theorem for ends. The
definitions of limits and ends are given as representations for special Set-valued
functors where Set is the category of sets and functions. This establishes the basis
for a more calculational presentation of category theory rather than the traditional
diagrammatic one.

The presence of structural rules as primitive in the calculus together with the rule
for duality give rise to issues concerning the coherence of the system. As for every
well-typed expression-in-context there are several possible derivations it is sensible
to ask whether they result in the same interpretation. For the functoriality judge-
ments the system is coherent up to natural isomorphism. In the case of naturality
judgements a simple example shows its incoherence. However in many situations
to know there exists a natural isomorphism is enough. As one of the contributions
in this dissertation, the calculus provides a useful tool to verify that a functor is
continuous by just establishing the existence of a certain natural isomorphism.

Finally, we investigate how to generalise the calculus to enriched categories.
Here we lose the ability to manipulate contexts through weakening and contraction
and conical limits are not longer adequate.
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Chapter 1

Introduction

At a first glance, a formalisation of category theory might appear as a formidable
enterprise. Our goal here is less ambitious, we aim to model an expressive fragment:
representable functors and their basic properties. This serves two purposes: firstly
to develop a syntax where properties like functoriality are ensured by the form of
the expressions; and secondly to provide a logic where we can formalise proofs about
categorical statements. This logic is rich enough to capture the ingredients of the
categorical reasoning like universality, duality and contravariance.

1.1 Motivation

Universal properties occur in mathematics and computer science under different
forms: free constructions, join completions, least fixed points, most general unifiers,
inductive definitions and so on. The presentation of these notions in an abstract
setting is one of the main contributions of category theory. Much of the appealing
nature of the theory rests on the fact that the properties of mathematical structures
can be modelled in a unifying system whose language is based on diagrams of
arrows and objects. Diagrams avoid the ambiguities of language and facilitates the
communication and understanding of mathematical concepts.

Over the last three decades category theory has become a important tool in many
areas of computer science. The use of categories in computer science does not appear
as a mere organisational language, but as a suitable formal model to understand
complex notions of computation. In a more foundational aspect computer science
helped to bridge the gap between logic and categories resulting in a whole new are:
categorical logic. Here the focus was traditionally set on the characterisation of
logic constructors in terms of categorical ones. The best example is the categorical-
theoretic model for intuitionistic logic provided by cartesian closed categories via
the simply typed lambda-calculus [LS86,Jac99]. Other examples are the categorical
models for linear logic [Amb92, Bie95].

In a pioneer work Szabo [Sza78] studied the logics obtained by considering dif-
ferent instances of monoidal categories. In this dissertation we study the logic
underlying the manipulation of universal properties. As we talk about logic we
need to define a suitable syntax for the new notions and a proof method which
supports a sound manipulation of the language. This requires a more algebraic pre-
sentation of category theory rather than the usual one based on diagrams of objects
and arrows. The approach relies on the theory of representables, special kinds of
Set-valued functors, able to capture in a very compact way the notion of universal
property.

The advantages of a language in which to carry out definitions are well-known
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in domain theory and denotational semantics. There the functions arising in giving
semantics to programming languages need to be continuous, with a view to taking
least fix points, a fact which holds automatically once the functions are expressed
in the language. In the same spirit we aim to systematise judgements of the kind
“an expression is functorial in its free parameters” or “two functors are natural
isomorphic”.

1.2 Category Theory

In this section we revise the basic concepts in category theory and fix the notation
used in the next chapters. For more detailed introductions to category theory refer
to [Mac98, Bor94a, BW90].

1.2.1 Categories, Functors and Natural Transformations

As observed by FEilenberg and Mac Lane: “Category has been defined in order to
define functor, and functor has been defined in order to define natural transforma-
tion”.

A category C consists of a collection of objects and for every pair a, b of objects
there is a collection of arrows or morphisms, written as C(a, b), where a is the domain
and b the codomain. In a category the morphisms compose, the composition is
associative and has identities.

We use calligraphic capital letters A, B, C, ... to denote categories. Small letters
from the beginning and the end of the alphabet a,b, ..., z,y, z denote objects while
small letters from the middle of the alphabet f, g, h,... are reserved for morphisms.
We write ¢ € C to mean that ¢ is an object in the category C. To make domains
and codomains explicit a morphism f in the collection C(c, d) is written as f:c — d

or c—f>d.

A category C is locally small if for any pair ¢, d € C the collection C(c, d) is a set,
the so-called hom-set. In particular if the collection of objects is also a set we say
that the category is small. We use C, I, J, ... to denote small categories. Henceforth
we use the word category with the assumption that we are referring to a locally
small category the only exception being chapter 7 where the notion of V-category
is introduced.

There are many example of categories in mathematics and computer science.
In this dissertation the category Set of sets and functions plays an important role.
As an exception objects in Set will be denoted by capital letters A, B, ... as it is
customary with sets.

Functors are structure-preserving transformations between categories. A functor
F from C to D, written as F:C — D, is described by

e a mapping F' from objects in C into the objects in D, and
e for every pair ¢,d € C a function

Cle, d) 22D (F(c), F(d))

such that identities and compositions are preserved. We use capital letters from
the middle of the alphabet F,G, H, ... to denote functors. In particular when for
each ¢,d € C the mapping F, g4 is surjective we say that F' is full, and if F, 4 is
injective the functors is said to be faithful. As it is the usual practice we will omit
the subscripts in the mappings defined by a functor.
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As functors map categories into categories it is sensible to ask which kind of prop-
erties are transferred, or preserved, in that transformation. An direct consequence
from the definition of functors, for instance, is that functors preserve isomorphisms
or more general section-retraction pairs. In the opposite direction, one speaks of
the properties in the codomain of a functor that are reflected into the domain. In
the case of the isomorphisms we have that full and faithful functors reflect them.

Let F,G:C — D be functors. A natural transformation o from F to G, written
as a: F = @, is defined by a C-indexed family of arrows

(ac: F(c) = G(c))cec
such that for any arrow f:c — d in C we have that
ago F(f)=G(f) o ae.

This is graphically represented as the commutativity of the diagram

F(e) === G(c)

F (f)J/ lG(f)
F(d) —*> G(d),

the so-called naturality square.
Compatible natural transformation compose componentwise. For functors and

natural transformations
F

/T

C—¢=>1D
\J/
H

it is routine to verify that the family defined by the componentwise composition

(ﬁc © ac)ceC

is a natural transformation as well. This new family is written as # o a. This
composition is associative, and for a functor F' it has an identity defined by the
family <idF(c)>cEC-

Locally small categories and functors between them form the category CAT,
though a bigger one which is not locally small. Indeed because of the presence
of natural transformations, this category has extra structure and classifies as a 2-
category. In few words in a 2-category there are arrows between arrows satisfying
certain axioms (refer to [KS74] for an introduction of 2-category theory).

1.2.2 Constructions on Categories
Duality

A category C gives rise to another category by just reversing all the arrows. This
new category called the dual or opposite is denoted by C°?. The composition of the
arrows in C°P can be expressed in terms of the arrows in C by reading the composition
in the reverse order: g o f in C°P uniquely corresponds to f o g in C. In the same
spirit, a functor F' :C — D can be dualised to obtain a functor F°P:(C°P — D°P,
More generally a statement S involving a category C automatically gives a dual
statement S°P obtained by reversing all the arrows. This is known as the duality
principle.
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Product of Categories

Given categories C and D there is a product category C x D. The collection of
objects is given by the cartesian product of the collection of objects in C and D.
The set of arrows from (¢, d) to (¢/,d’) is defined to be

C x D((Ca d))a (C/a d/)) = C(Ca C/) X D(da d/)

Composition and identities are defined pairwise. By projecting on one object of a
pair we obtain the projections functors

m:CxD—C and my:CxD — D.

Functor Categories

For functors F,G : C — D the collection of the natural transformations from F'
to G is denoted by the expression Nat (F, G). The natural transformations in
Nat (F , G) compose, this composition is associative and has identities. Thus there is
a “category” where the functors from C to D are objects and natural transformations
are arrows: the so-called functor category written as [C, D).

For locally small categories C and D, the functor category [C, D] is not necessary
locally small and then may fall out of the universe considered here (see [Mac98,
Cro93] for examples). If the domain is small, say C, then the functor category [C, D]
is indeed locally small and we can write [C, D](F, G), its hom-set, for Nat (F, G).

Bifunctors

Products of categories allows us to define functors of multiple arguments. It follows
from the usual inductive argument and the associativity of products that it is enough
to consider functors with two arguments, the so-called bifunctors. In this section
we mention some basic yet important results related to bifunctors.

With the introduction of functor categories for many of the interesting cases
we could just work with one-argument functors. This has a precise categorical
meaning that we postpone until adjunctions. By now it is enough to observe that
for a bifunctor F': A x B — C and for each a € A there is a functor

F*:B—C

obtained by fixing a, what Kelly [Kel82] calls the partial functor. Some authors use
the notation F'(a,—) for F* which may create confusion with the bifunctor F. The
action of F'* is defined as

Fo(b) = F(a,b) and F"(g) = F(idas )
for g:b — b’ in B. Similarly for every b € B there is a partial functor
Fb A — C.

The collection of partial functors alone is not enough to characterise the bifunctor
F. There is an extra requirement, namely that for arrows f:a — a’ in A and
g:b—b inB

F(g) o Fy(f) = Fy (f) o F*(9).

This justifies the use of a more compact notation F'(a,g) and F(f,b) instead of
F(ida, g) and F(f,idy) respectively when referring to the bifunctor F.
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This basically says that bifunctoriality can not be checked at each component.
This contrasts with naturality, given a natural transformation a : F' = G where
F,.G:Ax B — C, by fixing an object a € A there is a partial natural transformation

O F*" =G

and similarly for an object b € B. The collection of all these partial natural trans-
formations uniquely determine . Then naturality as opposed to functoriality can
be checked at each component separately.

1.3 Functoriality and Naturality

The internal structure of CAT suggest a language where the expressions are given
by the constructors on categories above. Indeed most of these constructions give
functors, or in other words they are functorial in their variables. These functors
can be combined via composition to generate complex expressions still functorial in
their variables.

More formally, let z; € Cy,--- , 2, € C,, be objects and an expression
E(xla"' 71'71)

denoting an object in C. We say E is functorial in z1,--- , z, if it defines an action
consistent with the definition of functor when x1, o, . . ., x,, stand for arrows instead
of objects. Thus a functorial expression has two possible readings: as an object in
C when the free variables x1, o, ..., z, are interpreted as objects, and as an arrow
in C when they are interpreted as arrows.

Given two expressions E1(x1,- -+ ,x,) and FEx(z1,- - ,2,) functorial in the vari-
ables x1,- - , x, it is sensible to ask whether there is a natural family between them.

In general we shall be interested in natural isomorphisms, in this case one says that
there is an isomorphism

El(x17" : 7‘7"71) = EQ(J/'17" : 71‘71)

natural in x1,--- ,Tp.

It is a usual practice in category theory to use diverse place-holders like — and
= to indicate variables in a functorial expression. We use place-holders in the
introductory chapters but in the more complex examples where confusion can arise
we use lambda-notation to indicate parameters and their scope.

Hom-Functors

For a category C, the expression C(c,d) defines the hom-functor
C(=,—):C® x C — Set

where the action on arrows is

c d C(e,d)
f] gl lC(f,g)—QO—Of
d d C(d,d).

The same example serves to see that not all possible expressions give rise to a
functor. The expression C(c,c) for a nontrivial category C is non-functorial since
there is no action over arrows matching the action over objects.
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Constant Functors and Diagonals

For an object ¢ € C there is a constant functor Ac: A — C. This functor just maps
any object in the category A into ¢ and any arrow into the identity id..

For a small category I, the constant functors define the so-called “diagonal”
functor A— :C — [I,C]. This functor maps an object ¢ € C into the functor Ac.
Given an arrow f:c — ¢, the natural transformation Af is defined to be the arrow
f at each component.

Evaluation Functor

Given a functor F' :I — C and an object ¢ € I we can evaluate F' at ¢ to obtain
F(i) € C. This extends to a functor

eval:[I,C] x I — C,

the evaluation functor. The action of this functor on arrows is defined as

F i F(i)
al fl lG(f)Oai—ajOF(f)
G J G(3).

Functoriality as Naturality
A functor F':C — D defines for a pair ¢,d € C a map

Cle, d) —= D(F(c), F(d))

sending an arrow f:c — d into F(f): F(c) — F(d). This mapping is indeed natural
in ¢ and d, in the sense that the family (F. 4)c decorxc is a natural transformation
from C(=,—):C°% x C — Set to D(F (=), F(~)):C° x C — Set. As naturality can
be verified at each component: for an arrow h:d — d’ the diagram

Cle,d) —=“ D(F(c), F(d))

ho— l lF(h)o_
Fcydl

Cle,d") ——=C(F(c), F(d))

commutes since for f:c — d we have
F(h)o F(f) = F(ho f)

by functoriality of F'. Naturality in d follows by a similar argument. Thus functo-
riality is expressed here as a naturality condition.
Partial Functors

Let F: A x B — C be a bifunctor. For objects a,a’ € A there are partial functors
Fa F*:B — C. An arrow f:a — a’ gives rise to a family F/ = (F(f,b): F(a,b) —
F(a’,b))pep. Now, for an arrow g:b — b’ the square

Fre)
Fa(b) = Fla,b) —— P () = F(d!,b)
F”(g)l lF“l(g)
Fo(¥) = Fa,l) —— F* (i) = F(a, V)

FI®)
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commutes since F is a bifunctor. Thus the family F/ is a natural transformation
from F* to F*.
Curried Functors and the Yoneda Embedding

For a functor G: Ax 1 — C where I is a small category, the family of partial functors
defines a higher-order functor:

AG) = .G": A — [I,C]

the curried version of G.
In particular for a small category C, the hom-functor C(=,—):C° x C — Set
can be curried into a functor

A(C(=,-)):C® — [C, Set].

This is called the contravariant Yoneda functor and denoted by )°P. From the
composition of the hom-functor with the functor swapping arguments we obtain
the covariant Yoneda functor

Y:C — [C°P, Set].
This functor acts by mapping an object ¢ € C into C(—, ¢) and over arrows
c C(—,¢)
! I—>ly(f)=(f°—>cec
d C(—,d)

By definition ) is injective over objects. As a direct consequence of the Yoneda
lemma, this functor is full and faithful and then an embedding.

Duality Revisited

The operation taking a category C into C°P can be extended to an endofunctor over
CAT. Indeed —°P defines actions for objects, functors and natural transformations
given in reality a 2-functor. It acts over categories as follows:

C cop
& — B
Dep

where aP:G°P(c) — F°P(c) in D°P corresponds to the arrow a.: F(c) — G(c) in C.
Then this functor is contravariant with respect to natural transformations only.
By definition of opposite category for objects ¢,d € C there is an isomorphism

of sets
D(F(c),G(d)) = D*®(G*(d), F*(c)). (1.1)

These expressions are functorial in all variables and furthermore the isomorphism
is natural in those variables as well. For natural transformations a : H = F and
B : G = K and morphisms f:¢’ — c and g:d — d’ the diagram

IR

D(F(c),G(d)) D (G°P(d), F°P(c))
| |

K(g)oBao—oF (f)oo.s H(f)oao—oG®(g)oT,

IR

D(H(c),K(d')) DP(K°P(c'), HOP(d'))

comimutes.
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1.4 Universal Properties and Representables

Universal constructions appear in category theory under different flavours: limits,
adjoints, Kan extensions and so on. There are several ways in which we can ex-
pressed the properties defining these constructions. These definitions, however, are
special instances of the most abstract notion of universal arrow.

For a functor F':C — D and an object d € D, a universal arrow from d to F
consists of a pair (f,c) where f:d — F/(c) is an arrow in D such that for any other
arrow g:d — F(c') there exists a unique arrow g:c — ¢’ in C making the diagram

commute. In the setting of locally small categories the definition of universal arrow
is equivalent to universal element (see chapter 2).

A functor F : C°® — Set is said to be representable if it is isomorphic to a
hom-functor

0
Cle,e)=F
or in other words there is an isomorphism

O
C(z,c) = F(x)

natural in 2. The pair (¢, ) is called the representation for F'. A fundamental result
in category theory is that a universal construction determines and is determined by
a representation for a Set-valued functor.

Consider as an example the categorical definition of product. Given two objects
a,b in a category C, their product is defined to be an object a x b equipped with
morphisms 71 :a X b — a and w9 :a X b — b. The universal condition is that for any
other object ¢ € C with arrows f:c — a and g:c — b there exists a unique arrow
m:c — a x b such that the triangles in the diagram

commute. In other words for each ¢ € C there is an isomorphism
C(e,a x b) =C(c,a) x C(c,b).

The commutativity of the diagram above implies that this isomorphism is natural
in ¢, i.e. that the product defines a representation for the functor

C(—,a) x C(—,b):C°® — Set.

The same result generalises for the case of limits. Among a collection of objects
satisfying certain property in a category a limit selects the universal one. A property
is described as a diagram in C, i.e. a functor with a small category as domain.
Formally an object satisfies the property defined by D:1 — C if it is the vertex of
cone for D. A limit for a diagram D:1 — C is a representation

C(—,lim D) = [I,C)(A—, D). (1.2)
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By duality we can define a couniversal arrow from a functor F:C — D to an
object d € D. In this case the couniversal arrow is given by a pair (f,c) where
f:F(c) — d in D such that for any other arrow g: F(¢) — d there exists a unique
arrow g:¢ — c for which the diagram

commutes.

Couniversal arrows from F' to d are in one-to-one correspondence with universal
arrows from d to F°P. This follows by applying the 2-functor (—)°P to the diagram
above.

Limits as such do not account for contravariance, not at least in the categorical
language present above. There are cases of functors, the typical example being the
evaluation functor [Pow95, Str02], which demand a unified treatment of multiple
variance. Ends are special kind of limits for functor of the form G:I°° x I — C, the
end of GG is written as fl G(z,x). Although ends and limits coincide, the former
supports a convenient algebraic manipulation of functors over which we based our
calculus for categories. In particular results like the Yoneda lemma can be expressed
by an end expression. The hom-sets of functor categories correspond to end formulae
as well. Let F,G:C — D be functors. Then there is an isomorphism

[C, D(F(x),G(x)) = [, D(F(x),G(x)).

Chapter 3 is devoted to the presentation of universal properties from the perspective
of ends and its dual form coends.

1.5 The Calculus

1.5.1 Syntax

The categorical constructions above induce the language of the calculus. It basically
extends the simply typed lambda calculus with expressions for hom-sets and new
binders for ends and its dual coends. The types of the language denote locally small
categories and a typing judgement of the form

I'HE:C

is read as the expression F being functorial in its free variables occurring in the
context I'. Of course not all well-formed sequents result in functorial expressions.
The typing rules of the calculus determine which are the legal expressions of the
language.

The rules for lambda abstraction and application are basically the ones inherited
from the lambda calculus with types, but already the rule for typing hom-sets poses
an interesting example:

F1I—E1:C FQ"EQIC

Fcl)p,rg [ C(El, EQ)SSGt

it defines a bifunctor which is contravariant in the first argument. The modality
' indicates that the types in T'; are replaced by its dual form. This rule captures
the usual practice in the manipulation of hom-expressions in category theory.
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One of the important results of representables functors is that they can carry
extra parameters in a functorial manner, the so-called parametrised representability.
One consequence is that the introduction of an end binder over some parameters
does not disturb the functoriality over the ones remaining free:

[,y:I°P, z:1F E(y,2):C

'k fa E(z,z):C.
One of the novelties is the presence of duality explicitly as a rule
'-E:D

TP b E*: D%

The operation on expressions (—)* turns limits and ends into their dual forms co-
limits and coends. The interaction of contravariant functors (as the hom-expression
above) and duality forces a non-standard notion of substitution. In chapter 5 we
show that despite these new ingredients the proof system is still closed under sub-
stitution.

The definition of limits and ends as representations supports an equational rea-
soning which extends the one provided by the lambda calculus. The syntactic
judgement

'k E1 = E2 :C
is read as “the expressions F; and Fs are naturally isomorphic in the free variables
in I'”. For instance the definition of limit would give the rule

Dz:1+ E(z):C

[, z:C%P k= C(z, lim E(z)) = [I,C](Az, E(x)):Set.

1.5.2 Semantics

Types in the language are interpreted as locally small categories, and expressions
correspond to functors. In this setting contexts are understood as the categorical
product of types occurring in them. This interpretation is consistent with the
structural rules for the manipulation of variables. The meaning of an expression in
the language is defined by a derivation. Thus a derivation

Do
I'HE:C
denotes a functor from the category denoted by I' into C.

The presence of structural rules and special rules for duality results in that the
same final sequent can be obtained through different derivations. This calls for a
coherence result, i.e. we need to verify that different derivations lead to the same
interpretation. In chapter 5 we show that the syntax is coherent with respect to
the semantics up to natural isomorphism.

A derivation of an isomorphism judgement is interpreted as a natural isomor-
phism between the functors determined by the expressions. In this case the interpre-
tation is not coherent with respect to the syntax. Thus an isomorphisms judgement
only expresses the existence of one or more natural isomorphisms.

The choice for structural rules and restrictions on their use play an important
role in the different aspects of the calculus. In the last chapter we study how
to extend the calculus from the locally small categories to an enriched setting.
Indeed, the 2-category obtained by putting together V-categories, V-functors and
V-natural isomorphisms gives rise to an interpretation of a substructural version of
the calculus.
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1.6 Related Work and Applications

In categorical logic we encounter the classical references to the work initiated by
Lambek about the relation between A-calculus and cartesian-closed categories [LS86].
Asperti and Longo [AL91] give a detailed introduction to categorical semantics, al-
though they prefer to elaborate on the sequent-based calculi instead of natural
deduction. Crole in the book Types for Categories [Cro93] and later Pitts [Pit00]
and Jacobs [Jac99] extended the work by Lambek and Scott to study the categorical
models behind higher-order logics.

The study of the logics behind categorical constructions is more recent. An ex-
ample is the work by Cockett and Seely [CS01] on a deductive system for categories
with finite products and coproducts. In a related work although from a more math-
ematical perspective Freyd [Fre02] presents a cartesian logic where the associated
language comes from the logic of unique existential assertions.

Rydeheard and Burstall [RB88] formalised various universal constructions in the
functional language ML. This inspired many of the later attempts to find a mechani-
sation of the categorical reasoning although the seem to follow a somewhat different
tack that the approach taken in this dissertation. In particular Takeyama [Tak95]
presents a computer checked language with the goal of supplying a categorical frame-
work for type theory. In a similar development Huet and Saibi [HS00] implement a
formalisation of category theory where the main ingredient is the representation of
hom-sets as setoids.

Category theory supplies an adequate abstract language for denotational se-
mantics within the scope of different paradigms in computer science. Domain the-
ory [AJ94, AC98]|, for example, has been traditionally studied under a categorical
perspective. Recently this approach has been extended to enriched categories of
domains, an example is the work by Fiore [Fio96]. One of our motivations is the
increasing use of category theory in denotational semantics, often as categories as
domains, where universal properties like limits and ends, and functors preserving
those properties have a useful consequence [Cat99]. This approach begun with
the work by Winskel and Nielsen [WN95] on the formalisation of operations over
seemingly different models for concurrency like transition systems, Petri nets and
event structures as instance of the same categorical constructions. These models
embody a categorical definition of bisimulation in terms of open maps. Joyal et
al. [JINW96] showed that spans of open maps in the category of transition sys-
tems corresponds to Milner-Park bisimulation. Cattani and Winskel [Cat99, CW]
extended this work by proposing a systematic treatment of bisimulation for con-
current process languages like higher-order CCS and w-calculus. In a related work
categories have been used to bridge the gap between the operational and deno-
tational world [Tur96, TP97, FPT99]. It is interesting that in these applications
presheaf categories play a central role in the theory. Under a different perspective
an algebraic approach to categories would help the task of mechanising the theory in
a theorem prover. The last decade has seen an impressive growth in this area where
several formal theories have been mechanised, regrettably there is no satisfactory
implementation of category theory yet.

1.7 Synopsis

Chapters 2 and 3 We present the basic categorical background from the view-
point of representables. In particular we study the implications of parametrised
representability in different scenarios like limits and adjoints. The goal of these two
chapters is not to rewrite what can be found in a good introductory book; rather
to present the theory by emphasising the results which are relevant to the calculus
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as well as giving examples of the kind of categorical reasoning supported.

Chapter 4 In this chapter we present a characterisation of continuous functors
which can be formalised in the calculus. This presentation gives a fresh approach
to the verification of continuity, and we consider is one of the original contributions
in this dissertation.

Chapter 5 This chapter and the following present the syntax, semantics and
equational theory of the calculus. Chapter 5 is devoted to functoriality. The main
results in this chapter are the admissibility of substitution and the “coherence” of
the interpretation for functorial judgements.

Chapter 6 This chapter focuses on the rules for natural isomorphisms and their
interpretations. We show how the definitions of colimits and coends can be derived
from their dual limits or ends plus a simple rule for opposite categories. At the end
of this chapter we propose a syntax for weighted limits.

Chapter 7 We study how to generalise the calculus to cover the 2-category of V-
enriched categories for a suitable locally small category V. The calculus is reduced
to a substructural version of the original one where the rules for weakening and
contraction of contexts are not longer present. This reflects the gap open in the
model between ends and weighed limits, where the latter gives a more general
definition.

Chapter 8 In the last chapter we give the conclusions and elaborate on possible
extensions of this work.



Chapter 2

Representability

We review the basic concepts of category theory such as limits and adjunctions from
the perspective of representable functors. In particular we study different instances
of parametrised representability which will be later used to justify the semantics of
the calculus. Despite the fact that most of the results in this chapter and the next
one are part of the folklore in category theory in some occasions we sketch their
proofs to show the kind of reasoning we aim to formalise in the calculus.

2.1 Universal Properties

The notion of universal arrows reduces to that of universal element when considering
locally small categories.

Definition 2.1.1 (Universal Element) Given a functor G:C — Set, a universal
element of G is a pair (¢,x) where ¢ € C and x € G(c), such that for any other pair
(', y) where y € G(c’) there exists a unique arrow f:c — ¢ in C with y = G(f)(z).

Given a functor F:C — D and d € D we can define a functor D(d, F(—)):C —
Set. The condition that h:d — F(c) is universal is equivalent to saying that (c, h)
is a universal element of D(d, F'(—)). Conversely, a universal element x € G(c) for
a functor G:C — Set can be regarded as an arrow z:1 — G(c). Thus the condition
that the element x is universal is equivalent to saying that x:1 — G(c) is universal.
A couniversal arrow corresponds to a universal element for a contravariant Set-
valued functor.

The notion of universal arrow can be defined as the initial object of the comma
category x | F. This expresses the general notion of universality in terms of a
particular one. Similarly, a universal element for G :C — Set may be defined as
the initial element of the categories of elements of G. Of course we replace initial
object by final object when talking about couniversality.

Definition 2.1.2 (Representable Functor) A functor F : C°® — Set is repre-
sentable if for some ¢ € C there exists a natural isomorphism

0
C(—,c) 2 F.

The pair (c, 8) is a representation for F and . = 6.(id.) € F(c) is called its counit.
The dual definition: a functor G:C — Set is representable if there exists an object
d € C and a natural isomorphism

=

C(d,—)

13
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In this case nq = B4(idq) is called the unit of the representation.

By abuse of the language we refer to a representation by mentioning only the
first component of the pair assuming the natural isomorphism is understood from
the context. In some occasions to simplify the notation we omit the subindices of
counits and units.

The Yoneda lemma provides a close connection between representable functors
and universal elements.

Theorem 2.1.3 (Yoneda Lemma) Given a functor F:C°? — Set the mapping
a— a.(ide)

defines an isomorphism

natural in ¢ and F.

The inverse of the mapping above sends an element x € F(c¢) for some ¢ € C to the
natural transformation z : C(—, ¢) = F whose component at d is

Za(f) = F(f)(@).

In particular if a functor F : C°? — Set has a representation (c,#) then the
counit €, € F(c) is a universal element of F' since £ is an isomorphism for each
c. Conversely, if a functor F':C°? — Set has a universal element (c,z) then F is
representable since Z is by definition a natural isomorphism. In this case for an
element y € F'(d) we say that the unique f such that

y = F(f)(x)

is the mediating arrow defined by .

Theorem 2.1.4 Let F:C°® — Set be a functor. F' is representable if and only if
it has a universal element.

Proof. Tt follows from the discussion above. The most relevant part of the proof for
the rest of this work is that the counit of a representation is a universal element. [J

We shall say that an object satisfies a universal property when it is a representa-
tion for a Set-valued functor. The Set-valued functor defines the kind of elements
the property describes.

An immediate corollary of the Yoneda lemma is that the Yoneda functor is full
and faithful, this gives the following fundamental result:

Proposition 2.1.5 Representations are unique up to isomorphism: if (a,«) and
(b, B8) are both representations for a functor F':C°P — Set then a 2 b in C.

Terminal objects give an example of universal construction. A terminal object
T in a category C is such that for any object a € C there is only one arrow from a
to T:
Cla, T) 1.

In other words, the constant contravariant functor A1:C°P — Set is representable.
Similarly as exemplified in the introduction the categorical product can be expressed
as a representation where the counit is the pair of projections (71, m2).

By considering Set-valued bifunctors we can generalise the notion of repre-
sentable functors to carry extra arguments.
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Theorem 2.1.6 (Parametrised Representability) Let F': .4 x B°? — Set be a
bifunctor such that for every a € A there exists a representation (Gla], %) for the
partial functor F'*:B°® — Set. Then there is a unique extension of the mapping
a — Gla] to a functor G: A — B such that

9

B(b,G(a) = F(a,b) (2.1)
is natural in @ € A and b € B°P.

Proof. In this proof as in other examples we omit the subindices to indicate the
components of the natural transformations to simplify the notation. Given an
arrow f:a — a’ there is a diagram

(G“I)’loFfOG“ Ff (22)

Since the Yoneda functor is full and faithful there must exist a unique arrow, say
G(f), such that

B(—,G(f)) = (0") " o F' 0 6"
It is now routine to verify that this definition gives a functor. |

A concrete definition of G(f) above can be obtain by chasing id¢, around the
commuting diagram (2.2):

G(f) = () 0 F(£,Gla]) 0 0°) (idgi) = ((0) " 0 F(£,Gla))) (eq1a)). (23)

We now review the notions of limits and adjoints at the light of this result.

2.2 Limits

A limit for a digram D:I — C is given by a universal cone. A cone from an object
¢ € C to a diagram D is a family of arrows (y;: ¢ — D(i));er such that for every
f:1 — j in I the corresponding triangle

c/
\)

T D@)

D(i)

D(f)

commutes. This is equivalent to saying that the family v is a natural transformation
from the constant functor Ac to D.

A cone ¢ : Al = D is universal or a limiting if given any other cone v : Ac = D
there exists a unique arrow m:c — [ such that the diagram of natural transforma-
tions

Ac—" Al

Wl l (2.4)

D £ D
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commutes, i.e. for every i € I the triangle

m
Cc— >
€

—=>]
RNyt
D(i)
commutes. We say that ¢ is a limit for D. This definition can be given as a
representation for a special Set-valued functor.

Definition 2.2.1 (Limit) A limit for a diagram D:I — C is a representation (I, 9)
for the functor [I,C](A—, D):C°? — Set. The counit of this representation

€= Ql(idl) S [H,C](AZ,D)
is a limiting cone.

From the discussion above, the elements of [I,C](Ac, D) are the cones from c
to D. From Theorem 2.1.4 the counit € of the representation (I,6) is a universal
element. Then for v € [I,C](Ac, D) there exists a unique arrow m:c — [ in C such
that

v = [LC](Am,D)(e) = o Am.

By abuse of the language we call limit the object part of the representation. For
a given diagram D there might be several representations for the functor above.
By Proposition 2.1.5 all those limits give representations where the objects are

isomorphic. This allows us to talk about “the limit” of D meaning a special choice
for a limiting cone whose vertex is written as @HD.

2.2.1 Completeness and Parameters

Terminal objects are limits for the empty diagram and products are limits for dia-
grams whose domain is a discrete two-object category. More complicated universal
constructions are equalisers and pullbacks. Not all categories have limits for ev-
ery diagram. Categories with all limits, called complete categories, are of special
interest.

The category Set is complete: given a diagram D :I — Set our canonical choice
for the limit of D shall be

lim D = {(zi)ie1 | @i € D(i) and for all f:i —j x; =D(f)a;},

where (x;)ier is a tuple indexed by the elements in I. The limiting cone is given by
the projections.

Proposition 2.2.2 (Limits with Parameters) Let G:B x I — C be a bifunctor
such that for each b € B the induced diagram G?:1 — C has a limit in C. Then the
mapping b — @HGI’ uniquely extends to a functor

)\x.liLnHG“’ :B—C.
Proof. For every b € B the limit of G* determines a representation
C(-,lim G°) L [I,C)(A-,G")
; m, =14 - .
The result follows by applying Theorem 2.1.6 to the bifunctor
Az, y.[L, C] (Ay7 G”) :B x C°? — Set.
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O

From (2.3) we have a concrete understanding of the action of Az lim G*: B—C
over arrows: given f:b— b in B

lim G/ = ((ob’)*l o[L,C] (A@HGb,Gf)) () = (0”)"1(G o¢)

where ¢ is the limiting cone (or counit) associated to @HGb- Thus @HGJC is the
unique arrow defined by the universal property of @HG}’/ with respect to the cone

Gl oe: AliLn GY = G"". In other words liLnHGf is the unique mediating arrow such
that the diagram of natural transformations

Alim af ,
Alim G ——' o Alim G®
—1I —1
]
G e
Gfl/
GY S GY

commutes where ¢’ : A@HG}’/ = G is limiting.

An important special case arises by taking B = [I,C] and G to be the evaluation
functor eval:[I,C] x I — C where C has all limits for I-indexed diagrams. For every
diagram D € [I,C] there is a representation

C(_ , lim, evalD) ~ [I,C] (A_, evalD).
By the result above and since eval” = D there is a functor
Azlim eval” =lim —:[[,C] — C,
«—I —I
the limit functor, such that
Cly,lim D) = [I,C|(Ay, D)

natural in y and D € [[,C]. Given a natural transformation o : D = D’ the
arrow @Ha is just the mediating arrow associated with the cone resulting from the
composition of the limiting cone ¢ : AliLn D = D with . Thus liLnHa is the unique
arrow making the diagram of natural transformations

Alim o
Alim D “—L Alim D’
—1I —I

] o

D e’
Dl’ £ D’

commute, where &’ : AliLnHD’ = D' is limiting.
As functors preserve isomorphisms a direct corollary of this result is that for
diagrams D, D":T — C
D= D' =lim D 2lim D'
—I —I
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Remark 2.2.3 The definition of the limit functor gives in reality a family of func-
tors. A specific limit functor depends on the choice for the limit of each D € [I,C].
The limit functors, however, are isomorphic and we can talk about “the limit func-
tor” with respect to some particular choice for the representations.

Sometimes it is of interest to consider only a subcategory K C [, C] of diagrams.
If all diagrams in K have limits in C, i.e. C is K-complete, we can define a limit
functor
lim —: K — C.
«—1I
In this case a limit for a diagram D € I is a representation for
K(A—-,D):C® — Set

and parametrised representability works as before. The full subcategory induced
by all the diagrams in [I,C] with limit in C is denoted by diag[l, C].

2.2.2 Colimits

A cone from a diagram D : I — C to an object ¢ € C, sometimes call cocone,
is a natural transformation from D to Ac. A colimit for D is a universal cone
1 : D = Ac in the sense that for any other cone v : D = Aa there exists a unique
mediating arrow m:c — a such that the diagram of natural transformations

D & D

| F oo

Ac——— Aa
Am

commutes. This condition can be expressed as a representation for a covariant
functor.

Definition 2.2.4 (Colimit) A colimit for a diagram D:I — C is a representation
(¢,0) for the functor [I, D](D,A—):D — Set. The counit of this representation

0.(id.) = n € [I,D](D, A)
is a colimiting cone.

By abuse of the language we call the object ¢ the colimit of D and write it as
H_r)nHD or colimyD.

By duality we can define initial objects, coproducts and more generally colimits
in a category C as simply being terminal objects, products and limits in C°P. In 2-
categorical terms the property illustrated by (2.6) can be translated to the universal
property of limits by applying the functor (—)°P:

Tn"" Tv“p

(Ac)P (<A—m)o,, (Aa)P

ol
[e]
kel
Ra
ol
[e]
kel

Remember that (—)°P reverses the direction of natural transformations only! This
makes 77°P a universal cone, i.e. a limit for D°P:[°P — C°P.

Categories with colimits for all diagrams are said to be cocomplete. The category
Set is cocomplete: given a diagram D:1 — Set our choice for the colimit of D is

colimpD = H—JD(Z)/ ~
i€l
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where ~ is the least equivalence relation on ¢, D(i) x l#,c; D(4) such that
(Gx)y~Gy) eI fii—-jinl (D(f))z=vy.

For (i,z) € #);c; D(i) we let [(i,2)]~ denote the equivalence class of ~ containing
(¢,2). The colimiting cone is given by the collection of injection functions

x|, x)]~

By the dual version of Theorem 2.1.6 for a K-cocomplete category C there is a
colimit functor
colimj— : K — C

for a subcategory K C [I,C].

2.2.3 Initial Functors

A functor H : B — C is called initial if for each ¢ € C the corresponding comma
category H | ¢ is non-empty and connected. In other words for each c¢ there exists
at least one object b € B and an arrow H(b) — ¢; and for any two such arrows
f:H(b) — ¢, g: H(b') — c there are arrows

b f1 €1 f2 eo f3 fn e Sfnt1 "

in B and arrows in C to form a commutative diagram

H(b')

Proposition 2.2.5 Let D:1 — J and F:J — C be diagrams. If D is initial then
we have

[I,C](Ac, F o D) 2 [J,C](Ac, F)

natural in c.

Proof. For every j € J pick one arrow h;:D(i) — j; this is possible by initiality of
D. For a cone o : Ac = F o D and for every j € J there is an arrow

F(hj)

c— > F(D(i))—=%F(j).

Now, for an arrow g:j — j’ by initiality of D there is a sequence of arrows in J
connecting hj : D(i") — j’ with g o h; such that they form a commutative diagram

D(f1) D(f2) D(fs) ~ D(fn) D(frn+1)

D(er) D(ez D(en) D(i')

By applying F' to this diagram and since « is a cone we have that the diagram

D(i)

F(D() 22 P ()
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commutes, and then the family & = (F(h;) o a;:c — F(j)) ey is a cone.
Conversely, for a cone 3 : Ac = F we just pre-compose with D to obtain a cone
8D : Ac = F o D. We now check this is an isomorphism of sets:

e For av: Ac = F o D we have
(aD)z = aD(i) = F(hD(i)) O Q.

Notice that 7" might be different to 7, and then F'(hp;) is not necessarily the
identity but by initiality of D and since « is a cone the diagram

oy F(D(Z/)) %i))
o F(D(i))

F(DG)

commutes, and then F'(hp(;)) o oy = a.
e For 5 : Ac = F we have

(@)j = F(hj) o Bp;) by definition of (Z),
= B, since [ is a cone.
Now we can conclude EB = 0.

Naturality in ¢ follows by simply verifying that for an arrow f:c — ¢’ we have that
(ozoAf)j =F(hj)oa;o f=(aoAf);
for any j € J. a

Thus we can conclude the important result of this section:

Proposition 2.2.6 Let D:I — J and F:J — C be diagrams. If D is initial and
the limit for F' o D exists then the limit of F' exists and there is an isomorphism

lim F = lim (F o D).
Proof. By the definition of limit and the proposition above
C(e,lim F o D) = [L,C)(Ac, F o D) 2 [1,C)(Ac, F)
natural in ¢. Then by uniqueness of universal properties
lim F = lim (F o D).
O

We shall use this result when showing the relation between the different flavours
of universality in the next chapter. There we see an example of initial functors
given by the forgetful functor defined by a special category of elements. In general
we say that a subcategory C of D is initial when the inclusion functor is initial. For
a simple non-initial category consider a discrete subcategory of a non-discrete cate-
gory, clearly in this case the inclusion functor is not initial since the corresponding
comma category is empty.
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2.2.4 Preservation of Limits

Informally, a functor F':C — D is said to preserve products if for ¢,d € C we have
that
F(exd) = F(c) x F(d).

Despite this isomorphism ensures the object F'(¢ x d) indeed gives rise to a product
it says nothing about the projections. If F' does not map the projections of ¢ x d
into the projections for F(c¢ x d) the isomorphism above would not be natural.
Preservation of product in the categorical sense requires that the projections are
preserved as well.

Definition 2.2.7 (Preservation of Limits) Let D : I — C be a diagram. A
functor G:C — D preserves a limiting cone € : Ac = D if the composition

Ge : AG(¢) = GoD
is a limiting cone.

A functor G:C — D preserves any cone in C but the definition above requires
more: limiting cones should be mapped into limiting cones. We say that a functor
is continuous when it preserves all limiting cones.

Proposition 2.2.8 For a category C the hom-functor C(a,—):C — Set is contin-
uous.

Proof. Let D:1 — C be a diagram and € : Ac = D a limiting cone. By applying
C(a,—) we obtain the cone

(e; 0~ )ier : AC(a,c) = C(a, D(-)).

It is routine to verify that since € is limiting and from our choice of limits in Set
this is indeed a limiting cone. O

This proposition allows us to express a limit in an arbitrary category C as a limit
in Set since for a diagram D:I — C we have

C(e, lim D) = lim C(e, D(~ ). (2.7)

A colimit in C, however, corresponds to a limit in Set:

C(colimyF, ¢) = C%(c, lim  F*°P) by duality,
=lim C°(c, F°P(-)) since hom-functors preserve limits,
«—1°p
=lim  C(F(-),c) by duality (1.1).

Proving preservation of limits by closely following the definition above requires
a concrete reasoning in terms of diagrams and limiting cones. This can be rather
tedious and involve a fair amount of bookkeeping, something that in category theory
is traditionally left implicit. In chapter 4 we study in which situations a more equa-
tional approach can be taken when checking whether a functor preserves universal
properties.

2.3 Adjunctions

The symmetry between universal and couniversal properties is captured by the
notion of adjunction.
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Definition 2.3.1 (Adjunction) Let

be functors. An adjunction in which F' is the left adjoint and G is the right adjoint
consists of an isomorphism

D(F(e),d) =" ¢(e, G(d)) (2.8)

natural in ¢,d. When such a natural isomorphism exists we write ¢ : F' 4 G.
The bijection of arrows defined by an adjunction is sometimes represented as

g

F(c)——=d c——=G(d)
———— and ———
—tca) F(c)——=d

and then ? = f and g = g. Notice that by naturality of the isomorphism (2.8) for
h:c’ —cin C and k:d — d’ in D we have the following identities

F(h) f k G(k)

F(c) d

d s e—2G(d)
and
G(d") F(d)

() G(d")

G(k) F(h) g k

F(c)

LI G(d) d'.

The isomorphism (2.8) admits two readings: as a covariant representation by
fixing ¢ € C°P or as a contravariant representation by fixing d € D.

From Theorem 2.1.6, to give a right adjoint to F':C — D is equivalent to giving
for each d € D a representation

d

C(_,Gd) = D(F(-),d). (2.9)

The mapping d — G[d] induces a unique (up to isomorphism) functor G: D — C
such that

C(c, G(d))

natural in c, d.

For every d € D the counit egq) for the representation (2.9) is an arrow from
F(G(d)) to d — as G is understood from the context we henceforth write 4 instead
of egg) when referring to the counit of an adjunction. From the definition of counit
we have

F(G(d))—2>d

idG(d)
e

G(d)—2L G (d).

By (2.3) from the proof of Theorem 2.1.6 we have that the action of the induced
right adjoint G on g:d — d’ is defined to be

Glg) = ((6") " o D(F(GLd]), 9))(ea) = (6") (g 0 2a)
that can be expressed as

G(9)
—_—

G(d) 2% G ()

F(G(d))—t>d—L=d'.
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By universality of €4 we have
goeyg = D(F(G(g))7 d') (ea) = ea o F(G(g)).

Then the diagram
F(G(d) —*—=4

F(G(g))l 9
F(G(d) ——— d

commutes. Therefore the family of counits (eq : F(G(d)) — d)qep is a natural
transformation from F' o G to the identity functor.

Counits are universal elements, but from the discussion at the beginning of
section 2.1 in this special case they can be regarded as universal arrows as well.
Thus G(g) is the unique arrow from G(d) to G(d’) which corresponds to

goeq:F(G(d)) — d

under the isomorphism defined by the adjunction.
Dually, to give a left adjoint to a functor G:D — C is equivalent to giving for
each ¢ € C a representation

DFId.—) & Cle.GL)).

In this case the unit ng; of the covariant representation is an arrow from c to
G(F(c)) — we drop F' and write 7. instead of np[. By definition of unit we have

c—L>G(F(c))

idp(c)
———

F(e) F(e)

and for an arrow f:c — ¢

F(f)
—

F(c) F(d)

et L G(F()).
The family (. : ¢ — G(F(c)))cec is a natural transformation from the identity
functor to G o F. By Proposition 2.1.5 we can conclude that left and right adjoints
are unique up to natural isomorphism.
Left and right adjoint can carry extra parameters. It follows below the result
for the left adjoint; there is of course a dual result for right adjoints.

Proposition 2.3.2 (Adjunction with Parameters) Let F':C x A — D be a
bifunctor such that for each a € A the induced partial functor F, :C — D has a
right adjoint G*:D — C via the isomorphism

D(Fu(e).d) = Cle, G(d))

natural in ¢ and d. Then there is a unique extension of the mapping (a, d) — G4 (d)
to a bifunctor G: A°® x D — C such that

D(F(c.a),d) = Cle, Glard)) (2.10)

natural in ¢,d and a.
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Proof. For fixed d € D and a € A there is a representation

C(—,G*(d)) = D(Fu(~),d).
Then from Theorem 2.1.6 applied to the Set-valued functor
)‘mayazD(Fx(Z);y) :-AOP x D x C°?° — Set

the mapping (a, d) — G*(d) uniquely extends to a bifunctor G: A°° x D — C where
Gla,y) = G*(y). O

The action of the functor G : A°® x D — C over arrows f:a’ — a in A and
g:d — d' in D is concretely given by

G(f,9) = (9" o D(F(G(a,d), f),9)) () = " (90§ 0 F(G(a, ), f))

where €% and €% are the counits defined by F, 4 G* and F, - G* respectively.
This can be expressed as

Gla,d) LG, @)

(2.11)
F(G(a,d), f) e g
—_—

F(G(a,d),a’) F(G(a,d),a)——=d——=d'.

2.3.1 Examples of Adjunctions

Quoting Mac Lane: “Adjunctions arise everywhere”. It is not our intention here
to enumerate examples of adjunctions. Instead we review some of the notions seen
already and introduce exponentials as special case of adjunctions.
Let C be a complete category. The limit functor 1121]1_ :[L,C] — C for a small
category I is such that
C(e,lim D) = [1,C)(Ac, D)

natural in ¢ and D € [[,C]. Then the limit functor is a right adjoint to the diagonal
functor where the counit is given by the collection of limiting cones and the unit
at component c¢ is the unique arrow from c to lin Ac. Similarly in a cocomplete
category a colimit functor is a left adjoint to the diagonal functor.

As a special case, a category A has all binary products if the diagonal functor
A— :2 — A has right adjoint (where 2 is the discrete category with two objects),
i.e.

A(a,lim D) = [2,C)(Aa, D)

natural in ¢ and D. The diagram D is a tuple selecting two objects in A. The
limit functor is in this case the product functor — x — : A x A — A. In a similar
way a terminal object can be given as a right adjoint of the diagonal constant in
1. A category with all finite products, i.e. binary products and terminal object,
is called a cartesian category. Some authors add to this definition the existence of
equalisers, i.e. all finite limits [FS90, Joh02].

Given a cartesian category C and an object b € C, we say b is exponentiable if
there is a right adjoint to the partial functor — x b:C — C, i.e. an isomorphism

Aa,
Claxb,e) = C(a,[b,d]) (2.12)
natural in a and ¢ where [b,—]:C — C is a functor. The object [b,c] is called the

exponential. The counit of this adjunction is the evaluation morphism

evall = e.:[b,c] x b — ¢
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and the unit is given by
Na:a — [b, (a X b)].

By Proposition 2.3.2, if for every b € C we have the adjunction above, then the
mapping b — [b, —] uniquely extends to a bifunctor

[=,—]:C®PxC—C.
The action of [, c] over g:b — b is defined as (see (2.11))

b, -2 1, o]

b (2.13)
b, c] x pe

b, ] x b 2

In this case the category C is said to be cartesian closed.

Notation 2.3.3 In the special case of Set we have
Set(X x Y, Z) = Set(X, Set(Y, 2))
natural in X, Y, Z. We henceforth write [Y, Z] for Set(Y, Z).

The category of locally small categories CAT is a cartesian category since prod-
ucts are defined for every pair of categories where the empty product (or terminal
object) is given by the singleton category. CAT is not cartesian closed, though,
as functor categories are not always defined for arbitrary locally small categories.
Exponentials exists, however, if the domain is a small category.

Let I, J be a small categories. A bifunctor F':Tx J — C can be “curried” into a
functor A(F):1 — [J,C]. This functor maps i € I into the partial functor F*:J — C,
and an arrow f:i — 4’ in [ into the family F(f,—) = F¥ which from the discussion
on partial functors in § 1.3 is a natural transformation.

This construction suggest an adjunction, one which falls outside the universe of
locally small categories. The evaluation functor eval:[[,C] x I — C is the counit of
the “adjunction”

CAT(I x J,C) £ CAT(L, [J, ). (2.14)

From the result on counits and adjunctions above we have, as expected, that for
F:IxJ—C
F = evalo (A(F) x I).

The exponentials which exists in CAT are important to our development. Ex-
ponentials in a cartesian category essentially correspond to the arrow type in the
lambda calculus [L.S86,Tay99,Joh02]. Although in this case as CAT is not cartesian
closed we shall need to restrict the introduction of the arrow type in the logic to
the cases where the domain is small.
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Chapter 3

Ends and Coends

As pointed by Street [Str02] category theory officially began with the definition of
naturality. There are situations, however, where a more general notion of “natu-
rality” is required as for example in the evaluation morphism for cartesian closed
categories. Kelly [Kel65] first identified the so-called extraordinary natural trans-
formations in the development of enriched category theory. This notion was later
generalised by Dubuc and Street [DS70] to define the dinatural transformations.
The notion of end arises as universal dinatural transformations of a special form.
In the setting of locally small categories ends and limits coincide. Ends, however,
support an algebraic manipulation of universal properties which lays the founda-
tions for a formal language and logic for categories. In the first part of this chapter
we introduce ends and its properties. In the second part we concentrate on presheaf
categories and weighted limits giving a different approach to universality where the
relevance of representable functors is made explicit through the notion of weight.

3.1 Dinatural Transformations

A family of evaluation morphisms in a cartesian closed category C
eval:[b,c] x b — ¢ (3.1)

is natural in ¢ since it is the counit of — x b 4 [b,—]. The expression [b,c] x b is
functorial in b as well. In fact we have a multivariance bifunctor:

[=,¢] x—:C® xC—C.

Kelly [Kel65] identified the sense in which the family (3.1) can be considered natural
in b calling the new notion “extraordinary naturality”.

For a multivariance functor F': A" x A — C a family (a,: F(a,a) — ¢)qea for
some c € C is natural in this sense if for every arrow f:a — a’ the “wedge”

F(d',d)
)

F(d,a) c

F(a,a)

commutes. We can check <evalg>b63 satisfies this condition: for an arrow g:b — o/
inC
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W, ] x BT, o x b
¥, 2% b, ]

/ C eva. bl
W, ] x Ly o x e

where the first step follows from universality of evalﬁ and the second by definition
of [g,c|. Hence

eval’ o ([g, ] x b) = eval’ o ([, ] x g).

Dubuc and Street [DS70] generalised the extraordinary naturality to define a special
notion of transformation between functors with multivariance:

Definition 3.1.1 Let F,G:C°? x C — D be functors. A dinatural transformation
a: F5G consists of a family (a,: F(a,a) — G(a,a))qcc of arrows in D such that
for every arrow f:a — b in C the diagram

F(a,a) —=— G(a,q)
e e
F(b,a) G(a,b)
F(b,f) G(f.b)

commutes.

Every ordinary natural transformation gives rise to a dinatural transformation.
Given the natural transformation

then the family of arrows (8,4 : F(a,a) — G(a,a))qec is a dinatural transformation
since for an arrow f:a — b there is a diagram

F(a,a) Jae G(a,a)
e e T N
F(b,a) O G(b, a) ®) G(a, b)
2
N I Nt
F(b,b) — G(b,b)

where
(1) commutes since it is the naturality square associated with (f,idg),
(2) commutes since it is the naturality square associated with (idy, f), and

(3) commutes since G is a bifunctor,
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and then the outermost hexagon commutes as well.
As with natural transformations, dinaturality can be verified at each component
independently. Let H, K: A% x A x B°? x B — C be functors. A family

(agp:H(a,a,b,b) — K(a,a,b,b))acApeB
is dinatural if and only if the induced families
Qg = (g p)pep from H** to K** for each a € A, and
a_ p = (Qq,b)aca from Hyp to Ky, for each b € B

are dinatural. This follows by considering the diagram

H(a,a,b,b) —=" + K(a,a,b,b)

for arrows a——=a’ in A and b——">' in B. To simplify the diagram we just write
H®*%b,b) as H(a,a,b,b) and so on. The hexagon (1) commutes since (Qgp)q is a
dinatural family, similarly the hexagon (2) commutes since (o p)p is dinatural. The
rest of the internal diagrams commute since H, K are functors of multiple variables.

The most remarkable aspect of dinatural transformations is the failure of com-
position. In general the attempt of merging two hexagons componentwise is fruitless
(see § 3.1.3). Therefore, we cannot regard dinatural transformation as arrows in a
category. The situation, however, is not so negative since dinatural transformations
do compose with natural transformations. Given a: F/ = F and § : F>G (assume
functors of the right type), the outermost hexagon in

F'(a,a) ——=* F(a,a) b Gla,a)
FV 1 W/ wiﬁ
F'(b,a) —2 - F(b,a) 3) G(a,b)

commutes for f:a — b since
(1) and (2) commute from naturality of «, and
(3) commutes from dinaturality of 3.

Similarly we can compose a natural transformation on the right. This composition
gives rise to the bifunctor:

Dinat(=,—):[C%® x C, D] x [C*®® x C,D] — Set
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acting on functors and natural transformations as

F e Dinat(F,G)
77” H@ lDinat (n,go):tpofon
H K Dinat(H, K) .

3.1.1 Dinaturality generalises naturality

A functor F':C°° x C — D is dummy in its first argument if there exists a functor
Fy:C — D such that F is the composition

P xc—"sc- o p

where 75 :C°P x C — C is the projection to the second argument. Analogously, we
can define “dummy” in the second argument.

Let F,G:C° x C — D be functors dummy in their first argument and « : F>G
a dinatural transformation. Then for any f:a — b in C the diagram

ap

F(b,b) = Fo(b) ——=—= G(b,b) = Golidy
ywﬂ@y =)
\
F(b,a) = Fy(a) G(a,b) = Go(b)
o= &m—cﬁ
\

F(a,a) = Fo(ide) ——4— G(a,a) = Go(a)

commutes. Hence the diagram

commutes and « is a natural transformation from Fj to Gg.

3.1.2 Wedges

A special case of a dinatural transformation arises when one of the functors is
constant. For instance a dinatural transformation 6 : Ac->G is given by a family
(04:c — G(a,a))qeca such that given a morphism f:a — b the diagram

(a,a)
Gla.f)

G(b,f)

G

>

c G(a,b)
SN

G(b,b)

commutes. This corresponds to the definition of extraordinary naturality above.
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3.1.3 Examples
Identities

Cartesian close categories give another example of dinatural family. Let C be a
cartesian closed category. Take the constant functor AT where T is the terminal
object of C. The family (u.: T — [c,c]). where u, is defined under the adjunc-
tion (2.12) as

Ue

T—>[Ca C]

™2
T X c——c¢

is dinatural in ¢. For f:c — ¢ we need to verify the “wedge” condition, i.e. that

the diagram
¢, ]
T [e, ]
[, ]

commutes. This follows from

[e:f]

c

T—" e,

[¢,]

where first bar corresponds to (2.13) plus naturality, and
e (1) commutes since the product gives a bifunctor,
e (2) by definition of u., and universality of eval, and
e (3) by the universal property of the product.

The last bar follows from the definition of u. and naturality. Hence [f, /] o ue =
[¢, f] o ue. The arrow u,. is sometimes referred as “the name” of id., in the special
case of Set the arrow ux selects the identity from [X, X] = Set(X, X).
Dinaturals for Fixed-Point Operators [BFSS90, Mul90, Sim93]

Consider a cartesian closed category C where every set C(x,y) comes equipped with
a partial-order relation and for every c, d, e € C the composition

C(d,e) x C(c,d)—"C(c,e)

is monotonic. The elements C(T,¢) are called the “global elements” of ¢ and are
interpreted as being the element of a partially-ordered set. We also require the
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functor C(T,—) to be faithful. In this way the category C can be concretely regarded
as a full cartesian closed subcategory of the category Poset of partial-order sets
and monotone functions.

A fiz-dinatural in C is a family of arrows

Yyi:[d,d] —d

dinatural in d. The right-hand side functor is dummy on the contravariant argu-
ment. Thus for an arrow f:d — e the hexagon

dd—>d

X,
A

commutes. For a global element

=
=

T—25le,d

Txexe—>d
the commutativity of (3.2) can be rephrased by using a set-theoretic notation as
f(Ya(fog)) =Ye(gof)
By taking e = d and g = idg we have
F(Ya(f)) = Ya(f)
and thus Yy (f) (or more abstractly the global element Y o f) is a fixed point for f.

An Example of Non-composition of Dinaturals

Identities and fix-dinaturals give an example of dinatural transformations whose
composition does not result in a dinatural transformation. Indeed, if the family
(Yg 0o ug)q in a category C is dinatural then C is trivial in the sense the set C(c, ')
is a singleton for any ¢, ¢’ € C . To explain this consider the diagram defined by the
arrow f:d —ein C

=
&
=
=

\
e
le,f] [f.e€] /
€.

[e, €]

The commutativity of the outermost hexagon can be expressed as

[ (Ya(ida)) = Ye(ide).

If we take d = T we have that any f: T — e is equal to Y.(id.), hence there is
a unique global element for every e € C. In particular for any pair ¢, ¢’ there is a
unique global element for [c, ¢'] which in a cartesian closed category is equivalent to
having a unique mapping from c to c’.
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Some Applications

There are many examples in the literature where multivariant functorial expressions
give rise to dinatural families. One example of dinatural family is given by traced
monoidal categories introduced by Joyal, Street and Verity [JSV96]. In this setting
a trace is a family of functions

oy

natural in z,y and dinatural in u plus some axioms for a suitable tensor bifunctor
— ®=. From a computer science viewpoint the arrow 3 (f) should be thought
as a feedback along u giving a categorical interpretation to cyclic data structures.
Indeed, Hyland and Hasegawa [Has97, Has02] independently observed a bijective
correspondence between fixpoint operators and traces with finite products.

An interesting example of the application of dinatural transformations in com-
puter science is the work by Bainbridge et al. on models for parametric polymor-
phism [BFSS90]. The key observation is that naturality fails to capture polymor-
phisms in the presence of function spaces due to the occurrence of arguments in
contravariant position. Then, dinaturality comes to the rescue. Blute [Blu9l] in
his PhD dissertation refines this work establishing connections with linear logic and
deductive systems in general.

Mulry [Mul90] first showed that the least-fixed-point operator is a dinatural
transformation. Then Simpson [Sim93] established the necessary conditions on a
subcategory of CPO, complete partial orders and continuous functions, for which
the property of dinaturality completely characterises the least-fixed-point operator.
This is of interest since it equationally determines the fixed-point operator in a
purely categorical setting. For more examples of dinatural transformations arising
in computer science refer to [Sco00].

3.2 Ends

An end for a multivariant diagram F':1°°P x I — D is given by a universal wedge for
F', dinatural transformations allow us to present this notions as a representation.

Definition 3.2.1 (End) An end for F':1°° x I — D is a representation (e, ) for
the functor Dinat (A_,F ) : D — Set. The counit of this representation is a
universal wedge € : Ae=F.

More concretely for any wedge v : Ad-=F' there exists a unique morphism h :
d — e such that for f:a — b in I the triangles in

F(b,b)
> F(fb)
€b
A2 - " s F(a,b)
Ya \ A)
F(a,a)

commute. In other words, h is the unique arrow such that

v=¢coAh
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where the right-hand side refers to the composition of the natural transformation
Ah with the dinatural transformation . As usual by abuse of the language we
call the object e the “end of F” and is written as [ F(z,z). The reasons for
this notation are made explicit by exploring the properties of ends like point-wise
computation and Fubini theorem.

As limits or any other universal constructions there are special cases of the
parametricity results for ends. Thus given a category C with enough ends we can
define the “end functor” mapping a diagram F € [I°P x [, D] into an end object
fx F(z,z). For a natural transformation a : F' = G the expression fx 0 o denotes
the unique arrow defined by the wedge cvoe where € is the universal wedge associated
to fl F(x,z). By the definition of end as a representation Remark 2.2.3 applies to
end functors as well.

3.2.1 Limits are Ends

A diagram Dg:1 — C gives rise to a multivariant diagram D :1°° x [ — C where
the first argument is dummy. For ¢ € C a natural transformations from Az to Dy
uniquely corresponds to a dinatural transformation from Az to D and then

[I, D)(Ax, Dy) = Dinat (Ax, D).
Hence,

0
D(Aw,lim Do) = [I, D|(Az, Do) = Dinat(Az, D)

natural in z, i.e. (@HFO, 0) is a representation for Dinat (A_ , F) and consequently
lim Fy = [ F(x,2). This justifies writing [, Do(x) for lim Dy, the notation we shall
use later in the formal language.

3.2.2 Ends are Limits

Perhaps less intuitive at a first glance is that ends are limits. Let F:I°° x I — D
be a diagram whose end is given by the representation

D(—, [, F(z,z)) 2 Dinat(A—, F).
We construct a category I¥ and a functor d®:I8 — I° x I such that
[, Fla,) = lim  (F o d).
The category I¥ is built from I as follows:
e the objects of I¥ are the objects and arrows of I, and

e the arrows of I¥ are the identities and for every f:a — b in I the arrows

a

b.
INotice that this equation cannot be expressed as a commutative diagram of functors and
natural transformations as in 2.4 for limits.
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Observe that the only possible composition in I¥ is with identities. Now, we define
the functor d¥:18 — I°P x I acting on objects and arrows as

a (aa a)

db %

f T (a’7 b)

\
— (b,b) %7

The cones in [I¥, D](Az, F o d®) are exactly the wedges in Dinat(Az, F) and hence

b

_, [, F(r,x)) % Dinat(A—, F) = [, D|(A—, F o d) .

Therefore fx F(z,) is a limit for F o d®. As a consequence of these two results we
can deduce that if D has all limits then D has all ends and vice versa. We can also
write the equation (2.7) for ends as

D(d, fl F(x, 7)) = fx D(d, F(z,x)). (3.3)

3.2.3 Ends in Set

As Set is complete all multivariant Set-valued diagrams have ends. From the choice
for limits in Set and the result linking the two notions we can deduce our choice
for ends in Set.

For a multivariant functor F:I° x I — Set there is a functor F o d%:1% — Set.
The limit of F o d? is given by the set

lim (F o d®) = {(x4)gers | Ta € (Fod®)(a) and for all u:a — bin I¥ z, = (F o d®)(u)(xa)}
{(xi)ier | @ € F(i,4) and for all f:i — jin I F(i, f)(z;) = F(f,j)(z;)}

1

where the projections are the universal cone.

3.2.4 (Di)Naturality Formula

Let I be a small category and D a locally small category. For diagrams F,G:I — D
consider the family (p, :[I, D](F,G) — D(F(x),G(z)))zep where p, maps a natural
transformation « : F' = @ into the component oy : F(x) — G(z). For an arrow

f:x — y the diagram

[I, D)(F, G) G(y))

\ F(f),G(y))

D(F(y) )
commutes since for o : F = G

G(f) o ay = ayo F(f).
Thus the family (p,). defines a wedge for

D(F(=),G(-)):I®° x I — Set.
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Moreover from our choice of ends in Set this is an end for this functor(where every
natural transformations is interpreted as a tuple of components). Then there is an

isomorphism
L, D](F,G) = sz(F(x),G(:c)) (3.4)

Furthermore as a consequence of parametrised representability if D is complete
enough the expression above gives rise to a functor

[, D)(=,—):[L, D]°" x [I, D] — Set

and the isomorphism above is natural in F, G. Henceforth the isomorphism (3.4) is
referred as the “naturality formula™.

In a similar way dinaturalities can be regarded as ends. For multivariant functors
H,K:T1°° x I — D the set Dinat(H, K) is an end for

D(H(_,:),K(:,_)):H"P x I — Set

and thus
Dinat(H,K) = [ D(H(z,x), K (z, ) (3.5)

natural in H, K. This isomorphism is called the “dinaturality formula”.

3.2.5 Iterated Ends: Fubini

Dinaturality over functors with multiple variables can be verified componentwise.
This property allows us to deduce a general result for the manipulation of “integrals”
in expressions: the so-called Fubini theorem for ends.

Proposition 3.2.2 Let G:C°? x C x D°°? x D — B be a functor. If for every pair
di,ds € D the end fx G (dy,dp) (7, 2) exists in B, where G(q, 4,): C®P x C — B is
induced by G, then there is an isomorphism

f(z,y) G(:Ca z,Y, y) = fy fx G(y,y)(xa l‘)
Here we also mean that if one side of the isomorphism exists then so does the other.
Proof. Given a wedge a : Ab=>M\dy, dg.fx G (d,,dz)(x,x) we can define for a pair

¢,d € C x D an arrow . q as the composition

el
b—2> [, Gz, 2) ——= G(c,c,d, d)

where e is the universal wedge defined by [ G (4,4)(#,2). The family (Gc,a)c,q is a
wedge from Ab into G, this can be verified at each variable apart:
e By fixing d € D it is clear that the family
(e 0 aa)eec

is a wedge since €7 is itself a wedge and then for f:c — ¢’ the corresponding

diagram
G(c,c,d,d)
b—>f Ga,a)(x, x) G(c,c,d,d)
\ G(f,c ,d,d)
G(d,d,d,d)

commutes.



3.2. Ends 37

e By fixing ¢ € C and for g:d — d’ in D the outer hexagon

Ed

[, Gaa)(x, ) —— G(c,c,d, d)

b (1) f:c G(d dl)(ﬂ?,l‘) C:(C7 C, d, dl)
/
Qg f‘,, G(g,d’)(xvm) (‘3)

commutes since

(1) commutes because « is a wedge;

(2) commutes since by definition [ G(qq)(z,z) is the mediating arrow
defined by the wedge G, 40e¢ (consequence of parametrised representabil-
ity (2.3)); and

(3) commutes for the same reason as (2) but applied to the arrow [ G4 q)(z, ).

Conversely, given a wedge v : Ab->G the family (v.,q)c defines for a fixed d a
wedge from b to G4 4, which in turn by universality of ¢ gives an arrow 74 from
b to fl Ga,d(z,z). By using the universality property of the ends it is routine to
verify that the collection (y4)q forms a wedge from b to Ady,ds. [, Ga, 4, (2, ).

Thus the mapping a +— « is a bijection and then there is an isomorphism

Dinat (Ab, A1, da. [, G4, ) (%, 7)) = Dinat (Ab, G)
which is easily seen to be natural in b € B. Hence
B(b, fy fl Gy (z,2)) = Dinat (Ab, Ay, dg.fx G (ay,a0) (2, :L'))
2 Dinat (Ab, G)
= B(b, J,, ) G, 2,5, 1))
all natural in b. g

Analogously, if for every pair c1, co € C the end fy G(e1:e2) (y, y) is defined in B, then
there is a canonical isomorphism

f(;c,y) G(CB, J"? y? y) g f;c fy G(x,x)(y) y)

Corollary 3.2.3 (Fubini) Let G:C° x C x D°° x D — B be a functor such that
the ends [ G(a,,4,) (%, ) and fy G(eve2) (y y) exist for every pair di,ds € D and
c1, ¢ € C then there is a canonical isomorphism

Jo [, Gy, y) = [, [, Gy (@, @)

meaning that one side of the isomorphism exists if and only if so does the other.
By parametrised representability the isomorphism above is natural in G.

As limits are ends over functors with “dummy” extra arguments Fubini works
for limits as well. Thus, for a diagram D:1 x J — C we have

lim, (Ay.lim, Dy ) 2= lin, . D.
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3.2.6 Ends in Functor Categories

Ends in functor categories are computed pointwise. A functor F:1°° x I — [J,C]
corresponds under (2.14) to a functor

G=X1F):I®xIx]J—C.

For every j € J the functor G induces a partial functor G :I°? x I — C. In fact by
definition

Gj(il,ig) = F(217l2)(3)

Proposition 3.2.4 Let F:I°° x I — [J,C] be a functor and let G = A~}(F). If
for each j € J the end [ Gj(z, ) exists then the end [ F(x,z) exists in [J,C] and
there is an isomorphism

[, Flz,x)=Ny. [, Gy(z,x).

Proof.

[1,C1(H, \y. [, Gy(z,z)) = J,CH(y), [, Gy(z, 7)) by naturality formula,
= fy Dinat (AH (y), Gy) by definition of end,
= [, [.C(H(y),Gy(z,x)) by dinaturality formula,
= [, J,C(H(y),Gy(z,) by Fubini for ends,
= [1,Cl(H, \y.Gy(z,x)) by naturality formula,

=~ Dinat

=~ Dinat

AH,  x1,x2.My.Gy(x1, 1’2)) by dinaturality formula,
AH,F).

(
(
O

Again as limits are ends the same result is valid for limits. For a diagram
D:1 — [J,C] there is a canonical isomorphism

liLnHD = )\ac.liLnHKx

where K:I x J — C is the bifunctor defined by D under (2.14).

A consequence of pointwise computation of limits is that for a complete category
C the functor category [I,C] is complete as well. For instance, the category Set is
complete and so is a functor category [I, Set].

If C is not complete, then non-pointwise limits may exist. The following example
is extracted from [Kel82]. The category of arrows of C is the functor category
[{—1},C] where {—} represents the category with two objects and one non-identity
arrow. An object in this category is just an arrow in C, and a morphisms corresponds
to a commuting square in C. Now consider the category of arrows of the category
induced by the graph

where ho f = hog. The square
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is not a pullback since f # g. On the other hand in the category of arrows the
diagram
g
idl
)

is trivially a pullback since there is no other arrow but the identity with g as
codomain.

id
— g

l(ﬁh)
h

(f,h)

3.3 Coends

A coend for a diagram G:I°P xI — D is given by a universal wedge 1 : G=>Ac. This
condition can be expressed as a representation for a covariant Set-valued functor.

Definition 3.3.1 (Coend) A coend for a functor G:I°P xI — D is a representation
(¢, 0) for the functor Dinat(G, A_) :D — Set. The unit of this representation is a
universal wedge 1 : G=Ac.

As usual we call the object ¢ the “coend of G” and write it as fl G(z,z). By
duality we can translate the results for ends into the dual ones for coends. Thus
colimits are instances of coends and coends can be expressed as colimits.

This gives us a choice for coends in Set, for a functor G : I°P x I — Set the
coend [* G(z,z) is the set

colimys (G o d¥) = H‘J (God)(a)/ ~

aclt

where ~ is the least equivalence relation where
(a,z) ~ (b,y) < Fu:a — b in I¥ such that (G o d®)(u)(z) = y.
By definition of I¥ and d® this can be rewritten as

COHI’HH§ (G o d§) = L‘lj G(Za Z)/ <
i€l

where ~ is given as the least equivalence relation where
(i,2) ~ (i,y) & 3f:i — j in Tsuch that G(i, f)(x) = G(f,5)(y)-

As with colimits, coends in a category D are translated into ends in Set. Thus,
for a functor G:I°P x I — D we have an isomorphism

D([*G(x,2),d) = [ D(G(z,z),d). (3.6)

3.4 Powers and Copowers

When the factors of a product are all equal, say Il,cxb where b € C and X € Set
the product is called a power and is written [X,b]. So there is an isomorphism

Cla,[X. b)) =C(a, [] b) = ] Cla.b) = [X,C(a,b)]

reX rzeX
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natural in a@ € C. Thus a power [X,b] just gives a representation for the functor
[X,C(—,b)]:C°P — Set.
The counit of this representation is a function
e: X — C([X,b],b)
equivalent to a X-indexed family of projections. For an X-indexed family

(fora — blzex
there is a unique mediating morphism (f;), .y :a — [X, b] such that the triangle

a
fe l(mxex

commutes for each x € X.
Powers are fully alive in the case C = Set where

[[ B =Set(X,B) =X, B

and [X, B] is just the exponential justifying the notation.
If a category C has all powers the mapping X — [X, ] extends to a functor

[—,b]:Set® — C.

This follows by applying parametrised representability (Theorem 2.1.6) to the bi-
functor
[=,C(—,b)]:Set’® x C°® — Set.

Copowers give the dual notion. Given a category C, a set X and an object b € C
a coproduct ) b called a copower and is written X ®b. More formally a copower
is a representation for the functor

[X,C(b,—)]:C — Set.
The unit of this representation is a function
71:X = C(b, X ®V),
i.e. a X-indexed family of injections. In the special case of C = Set a copower is

just a cartesian product
> B=XxB.

zeX
If a category C has all copowers for every b € C then the mapping X — X ® b
uniquely extends to a functor

— ®b:Set — C.
This follows by applying the dual of Theorem 2.1.6 to the bifunctor
[=,C(b,—)]:Set’® x C — Set.

In general as powers and copowers are special kind of limits they are computed
pointwise in functor categories. Thus if D is a complete category and F':C — D is
a functor then

[A, F](x) & M\x.[A, F(z)).

The dual result holds for copowers.
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3.5 Presheaf Categories

For a small category C, the category [C°P, Set] is called the category of presheaves
over C. The dual construction [C,Set] is the category of covariant presheaves.
Representables are objects of presheaf categories, therefore the properties of those
categories are of the special interest. Presheaf categories are complete; this follows
from the fact that Set is complete and limits are computed pointwise.

In the case of presheaf categories the Yoneda lemma expresses as an end for a
Set-valued functor. For a presheaf F':C°P — Set we have

F(c) 2 [C°P, Set] (C(_ ,C), F) by the Yoneda lemma,
= fx [C(x,c), F(x)] by naturality formula.

Indeed the family
(Az.F(=)(x): F(c) = [C(¢, ), F(¢)])erec
defines a wedge from F'(c) to

[C(—,¢), F(=)]:C x C — Set.

3.5.1 Weighted Limits

From the theory of representables and presheaf categories arises another approach
to universality given by the notion of weighted limit. In the case of locally small
categories weighted limits are showed to coincide with ends (and then with lim-
its). Weighted limits, however, are particularly relevant to the manipulation of
presheaves.

Definition 3.5.1 (Weighted Limit) Given the diagrams

the limit of G weighted by F' is a representation for the functor
I, Set] (F, \z.D(—, G(x))) : D°® — Set,

i.e. an isomorphism

el

Y

D(y,d) = [I,Set](F, Az.D(y, G())) (3.7)
natural in y for some object d € D.

As usual by abuse of the language we called the object d the weighted limit
and write it as lim .G or {F, G}, in this dissertation we prefer the second. This
concept was first introduced by Borceux and Kelly [BK75] as a proposal for a
notion of “limit” in the most general setting of enriched categories. Then Kelly
in [Kel82] developed the theory in detail, we reproduce some of the results here.
There the concept is referred as indexed limits, with the time the term “weighted
limit” prevailed.

As for limits and ends there is a more concrete understanding of the notion of
weighted limits in terms of universal weighted cones. Given a natural transformation

a € [I, D)(F,D(y, G(-))),
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a component «; is a function mapping elements in F(i) to elements in D(y, G(7))

such that for an arrow f:7 — j in I the square
F(i) —D(y, G(i))

F(f)J/ lG(f)O

F(j) —>D(y,G(j))

commutes. Thus for every element = € F(i) the triangle
G (i)

y lcm (3.8)
o (PNGET™ G ()

Then we say that o is a cone from y to G weighted by F.

commutes.
terminology used by Kelly [Kel82] this is a (F, y)-cylinder over G.

The counit € of the representation (3.7) is a universal weighted cone in the sense
that for another cone 7 from b to G weighted by F' there is a unique mediating

arrow h:b — {F, G} such that for every i € I and = € F (i) the triangle

In the

commutes. In other words, h is the unique morphism making the diagram of natural

transformations
F id

:

D({FaG}vG(_)> (——oh)> D(b

commute.

“Conical” Limits and Weighted Limits
Let G:T — D be a functor and Al:T — Set be the constant functor over a singleton

set. There is a bijection
(3.9)

[I,D](Ay, G) = [I, Set] (A1, D(y, G(-)))

natural in y. Given a cone f € [I, D] (Ay, G) and a morphism f:¢ — j the diagram

e
Y lG(f)
T G(j)

commutes. Take the family (o;:1 — D(y,G(4))); defined by a;(x) = 3; where * is
the unique element in 1. Then from the triangle above we have that the diagram

D(y,G(i))

[e23
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commutes and then « is a weighted cone. Conversely given a weighted cone
v € [I, Set](Al, Az.D(y, G(x)))

the family (v;(x)); is a cone from y to G. This is clearly a bijection. As the
construction is preserved through pre-composition in the first argument it follows
the naturality in y.

Hence usual limits, called in this context conical limits, can be expressed as
weighted limits:

D(,lim G) = [I, DA, G) = [, D](AL, Aa.D(—, G(x)).
To show that weighted limits can be expressed as conical limits we need to define
the category of elements associated to a presheaf or weight F'.
Definition 3.5.2 Given a functor F': I — Set, the category of elements of F,
written as els(F'), has:
e the pairs (i,2) where x € F(i) as objects , and
o f:(i,x) — (j,y) for every f:i — j in I where y = F'(f)(x) as arrows.

It can be easily checked that this definition indeed gives a category where compo-
sition and identities are inherited from I. There is a forgetful functor Up:els(F') — I
projecting on the first component of an object and acting on arrows accordingly.

Given functors

there is a bijection
[I,Set](F, D(y,G(-))) = [els(F), D] (Ay, G o Up)

natural in y. For a weighted cone a € [I, Set] (F,D(y,G(_))) by definition of

the category els(F") the family (;(z))(i z)cels(r) 15 a cone from y to G o Up (see

the diagram (3.8)). For the inverse, given a cone 8 : Ay = G o Up the family

(Ar.B(; z))ie1 is a natural transformation from F' to D(y,G(—)). Again, as the

construction is preserved through pre-composition the isomorphism is natural in y.
Hence

D(y,{F,G}) = [L,Set)(F,D(y, G(-))) = [els(F), D](Ay, G o Up)

natural in y and {F, G} = @els(F)G o Up.

Ends and Weighted Limits
A special case of categories of elements arises by considering the hom-functor
I(=,-):I°°* x I — Set.

The objects of els(I(=,—)) can be regarded as just the arrows of I. An arrow from
fii— jtog:i — j is a pair of arrows (hy:4 — i,hy:j — j') in I such that the
diagram

i—]

|»

>
=
—
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commutes. Mac Lane [Mac98] calls els(I(=,—)) the twisted category of I. Given a
multivariant functor G :I°° x I — D the weighted limit {I(=, ), G} is given by a
representation

D(ya {H(:v—)vG}) = []Iop X Ha Set](ﬂ(:a—)ap(yaG(:a_)))

natural in y. A cone « from y to G weighted by I(=,—) is such that for the pair
(id;:4 — 4, f:i — j) the diagram

asi(idi) o Gi,7)

Yy lG(iaf)

s (i, j)
commutes, and for the pair (f:¢ — j,id;:j — j) the diagram
a“/(.dJ)7 G(j,7)

G(f.9)

ai,ji(f) G(i,j)

Y

commutes. Then by pasting these diagrams together we have that the outer diagram
in

G(i,1)
a;,i(id;) G(i,f)
vl -2 aig)
aj,;(id;) G(f.3)
G(4,7)

commutes for f:i — j and the family (o ;(id;):y — G(3,7)):e1 is a wedge.
Conversely, for a wedge (8 from y to G and for a morphism h:i — j we can
define the arrow

G(i,h) o B; = G(h, j) o B;.

For arrows f:i’ — ¢, g:j — j' and h:7 — 7 in I we have that

G(f,g) o G(i,h) o B; = G(f,5") o G(i,go h) o B;

=G(f.j")o G(g oh,j')o By [ isa wedge (applied to g o h),

= G(g oho fa ﬁ 4

=G(i',gohof ) Bir B is a wedge (applied to go ho f).
Then the diagram

G(i,h)oB;
Y G(f.9)
Gi' \gohof)ofy
e

commutes and the family

G(i,—)of;
-
G(—,5)00;

<H(17]) D(yaG(iaj))>i,j€]I°P><H
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is a cone from y to G weighted by I(=,—).
It is straightforward to check that these two mappings between weighted cones
and wedges give rise to a bijection of sets. Hence

[1°° x I, Set] (I(=, — ), D(y, G(=,~))) = Dinat(Ay, G)

natural in y and then
{H(:a—)v G} = fz G(’Jl,l‘)

Naturality in the parameter y follows by observing that these constructions are
preserved through pre-composition.

At this point one might wonder if the twisted category gives a different way
of linking the notions of limits and ends. The answer comes from expressing the
weighted limit {I(=,—), G} as a limit:

fz G(ma l‘) = {]I(:a—)a G} = liinds(ﬂ(:,_))G oU
where U :els(I(=,—)) — I°° x I is the corresponding forgetful functor.

The category I¥ (defined in § 3.2.2) can be seen as a subcategory of the twisted
category of I. Remember that objects in I¥ are the objects and arrows in I. The
“inclusion”

[ els(l(=, - ))

maps ¢ € I to the identity id; and an arrow to itself. The action of this inclusion
on the arrow ¢ — f (for f:i — j in I) results in the pair (id;, f), dually the arrow
j — f is sent to the pair (f,id;).

In fact 1% is an “initial subcategory” of els(I(=,—)) (see §2.2.3) since for each
arrow f:i — 7 in I (i.e. an object in the twisted category):

e there is at least the morphisms (f,id;) :id; — f and (id;, f) :id; — f in
els(I(=,—)), and

e for any pair of arrows h — f,h' — f in els(I(=,—)) there are arrows

a#b g a/Lbl
\> ><<>/
iy

in I where (1) and (2) commute by definition of els(I(=,—)); then there is a
connection

h b g2 J f i g3 a h'
in I¥ such that the diagrams

h idp 92 id;

(91,92) \

commute in els(I(=,—)).

id; g3 idg/ I

/ (93,94))

—_——
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The general situation is illustrated by the diagram

I 4d§> IoP x I _s . D
\ UT
eIs(]I(:,_))

where the triangle commutes. By putting all this information together it follows
that

)
[, G(z,2) = lim G od’ =lim ;GolU o = lim ,GoU={l(=,-),G}.

—els(I(=,—

where the isomorphism (1) is the one defined by Proposition 2.2.5.

Clearly as weighted limits are conical limits they are ends as well. If for all 7 € T
the power [F(i), G(7)] exists in D there is an alternative way of expressing weighted
limits as ends.

Proposition 3.5.3 Let G:1 — C be a diagram and F':1 — Set a weight such that
for each i € I the power [F(i), G(%)] exists. Then, there is an isomorphism

{F,.G} = [,[F(2),G(x)]

meaning that one side of the isomorphism exists if and only if so does the other.

Proof.

Cle, [,[F(x), G(x)])

IR

C(e,[F(x),G(x)])  since hom-functors preserve ends,
[F(z),C(c,G(z))] by definition of powers,
Set](F,C(c,G(-))) by naturality formula.

fJC
fJC

(L,

I

IR

Weighted Limits with Parameters

As with conical limits the expression {F,G} is functorial in G € [I, D] provided
that D has enough weighted limits. From parametrised representability {F, G} is
functorial in F' as well, in this case as a contravariant argument. This follows by
applying Theorem 2.1.6 to the functor

AF,y.[I, D](F,D(y,G(-))) : [I, Set]P x D — Set.

That is if for every F' € [I, Set]°? there is a representation

F

0
D(—,{F,G}) = [I, D](F,A\z.D(—,G(x))).
Then there is a unique extension of the mapping F' — {F, G} to a functor
{—,G}:[I,Set]® — D.

Concretely given a natural transformation o : F = H where F, H:1 — Set by
the proof of Theorem 2.1.6 we have

{a,G} = (67) " (youa)
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where 7 is the universal weighted cone defined by {H,G}. The composition
vyoa:F=DH{HG},G(-))
gives a cone from {H, G} to G weighted by F. Now by universality
{a,G}:{H,G} — {F,G}
is the unique morphism making the diagram

DF. G}, G(-)) =—= PUH,G}1.G(-)

commutes where
R = eF(id{ng})

is the universal weighted cone defined by {F,G}. Therefore, if D is a complete
category there is a bifunctor

\G, F.{F,G}:[I,D] x [I,Set]®® — D.

Iterated Weighted Limits

As expected weighted limits of diagrams over functor categories are computed point-
wise. Let H:I — [J,C] be a functor such that for a weight F':1 — Set and for every
j € J the limit {F, G;} exists where G,:I — C is the partial functor corresponding
to G = A1(H). Then there is an isomorphism

(F,H} = \e.{F,G,}.

This follows since for K:J — C

[J,CUK, Ao {F,G,}) = [ C(K(x),{F,G.}) by naturality formula,
=~ [ L Set J(F,C(K(x),Gy(=))) by definition of weighted limits,
= [I,Set|(F, [ C(K(x),G(—))) since hom-functors preserve ends,

~ I, Set]( F,[J,CY(K,H(-))) by naturality formula.

As ends and limits, weighted limits can be iterated. First we need to state
what an iterated weighted limit would mean. Let H :I — [J,C] be a functor and
Fy:1— Set and F5:J — Set be weights. We define a combined weight

F1®F22]IXJ—> Set
to be the functor which maps (¢,7) € I x J into the copower Fy(i) ® F5(j), which
in this case is jut the product of sets Fy(i) x Fy(j). If the limit {Fy, H} exists

pointwise in [J,C] then there is a canonical isomorphism

{F3,{F,H}} 2 {F ® F»,G}
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where G = A~ (H). This follows since for ¢ € C
Ce{F, {F1, H}})

=~ [J, Set] (F»,C(c, {Fi,H}(-))) by definition of weighted limit,
[FQ x),C(c, {F1, H}(:c))} by naturality formula,
) C(c, {F1, Gx})] by pointwise computation,
), [L, Set](F1,C(c,Gx(—)))] by definition of weighted limit,
=] fx [Fg (), f [F1(y),C(c, G (y ))H by naturality formula,
= [, [, [Fo(2), [Fi(y),Clc, G(z,y))]
= [ fy[Fl(y) ® Fy(x),C(c,G(z,y))
= [ [Fily) @ Fa(a),C(c, Glay))] by Fubin,
[ x J,Set](Fy ® F,C(c,G(=,-)

I

e

o
8

] since hom-functors preserve ends,

by definition of tensor and symmetry,

IR

)) by naturality formula.

3.5.2 Weighted Colimits

As covariant presheaves are weights for limits, contravariant presheaves are weights
for colimits. A weighted colimit for a diagram D:I — D is nothing but a weighted
limit for D°P:I°P — D°P,

Definition 3.5.4 Let D:1 — D and F':I°°® — Set be diagrams. The colimit of D
weighted by F' is a representation for the functor
[I°°, Set] (F, Az.D(D(z),-)) : D — Set,

i.e. an isomorphism

Dlc.y) 2 (1%, Set] (F. D(D(-). ) (3.10)
natural in y.

We call the object ¢ the the weighted colimit and it is written as ColimgD or
F % D; in this dissertation we use the second. The unit 7 of the representation (3.10)
is a universal weighted cone in the sense that for another weighted cone 7 from D
to b weighted by F' there is a unique mediating arrow h: F'x D — b such that for
every ¢ € [ and « € F(i) the triangle

DG L gy p

|
I'h

b

commutes. That is, h is the unique morphism making the diagram of natural
transformations

g |-
D(D(-), F » D) —= D(D(-),b)

(ho—)

commute. By means of the natural isomorphism (1.1) we obtain the diagram

F 2 F

DP((F x D), D®(=)) —= D (b, D°(-))
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which shows the expression (F x D)°P as a weighted limit of D°P in D°P.

By duality the properties of weighted limits are exported to the case of weighted
colimits. Thus weighted colimits correspond to “conical” colimits and coends. For
a functor G:1 — D and a weight F':I°P — Set we have

F % G = colimeg(pyG o Ur (3.11)

where els(F) is the category of elements for the presheaf F' and Up is the corre-
sponding forgetful functor. For a contravariant presheaf F' the definition of els(F)
needs a slight modification: the objects are pairs (i,2) where x € F(i) as before,
but an arrow f:(i,2) — (j,y) in els(F") corresponds to an arrow f:i — j in I where
2= F(f)(y).

For a functor G:1°° x I — D, the coend of G can be expressed as a weighted
colimit:

fo(IC,IL') %H(:,_)*G,

Now, the “inclusion” functor ¢ : I8 — els(I(=,—)) is final instead. Finality here
means that for every arrow f in I the comma category f | ¢ is connected. Thus,
from (3.11) and the dual form of Proposition 2.2.5 we have:

¥ G(x, ) = colimys G o d® = colimy G o U o1 = colimgig(p=,_ )G oU =1(=,-) *G.

Let G: T — C be a diagram and F : I — Set a weight. From the dual of
Proposition 3.5.3 we have that if the copower F'(i) ® G(i) exists for each ¢ € I then
there is an isomorphism

FxG= ["F(z) ® G(z).

It is interesting to verify how the parametrised representability works for weighted

colimits. Given a cocomplete category D there is a bifunctor

AG, F.F x G:[I, D] x [I°°, Set] — D

where differently to the weighted-limit case the expression is covariant in the pa-
rameter for the weights.
The following result relates contravariant with covariant presheaves.

Proposition 3.5.5 Given the functors F:C°° — Set and G:C — Set there is an
isomorphism
FxG=G+F

Proof. For a set Z we have

[FFxG,Z] = [C®, Set](F,[G(-),Z]) by definition of weighted colimit,

= fz [F(x),[G(x), Z]] by naturality formula,

= fx [F(z) ® G(x), Z] by definition of copower,
= [[G(z) ® F(x), Z] by symmetry,

= [[G(2), [F(z), Z]] by definition of copower,,
= [C, Set] (G, [F(-), Z]) by naturality formula.

Thus by definition of weighted colimit we have FFx G = G % F. O

Corollary 3.5.6 For a diagram D:C — [D, Set] and a weight F': C — Set there
is an isomorphism
FxD=X.(Gqg*F)

where G4:ID — Set is the functor induced by the bifunctor G = A~1(D).
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Proof.

FxD = )M.(Fx~G;) pointwise computation,
>~ \d.(Gq* F) by the Proposition above.

3.5.3 Density

A subcategory C——D is said to be a dense generator if each object in D can be
expressed as a colimit of objects in C. More generally a functor K :C — D is dense
if for each d € D there is a canonical isomorphism

d = colim(K | d—~C—25D)

where P is the projection functor associated to the comma category K | d. Here
we show that for a category C the Yoneda embedding J:C — [C°P, Set] is a dense
functor.

Proposition 3.5.7 For a presheaf F':C°® — Set we have
FxY=F
Proof.

[C°P, Set](F x Y, H)
=~ [C°P, Set] (F, Az.[C, Set](Y(x), H)) by definition of weighted colimit,
=~ [C°P, Set] (F, A\z. [ [C(c, z), H(c)]) by naturality formula,
>~ [CP, Set](F, H) by the Yoneda lemma.

O

This result is an important property which says that a presheaf F': C°? — Set
can always be expressed as a colimit of solely representables:

FEFxY= colime|s(F))) oUp.
From the Yoneda lemma we have that the the diagram of categories and functors
els(F) =~ Y|F
Upl lp
C L C

commutes and then the Yoneda embedding is dense.
By Corollary 3.5.6 there is another way of expressing a presheaf F': C°? — Set
as a weighted colimit (or “conical” colimit or coend)

F2FxY > (C(c,—)x F).
Since [C°P, Set] is cocomplete and then has all copowers we have

F2FxY=["F(z)® \y.C(y,z) by dual of Proposition 3.5.3,
= )\y.fac F(z) ® C(y,x) pointwise computation.
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This gives a third way of expressing a presheaf as a coend:
F2)\y.["F(z) ®C(y,z) (3.12)

the so called density formula.
For functors

\P\ (3.13)

a left Kan extension of F along K is given by a “universal arrow”
(G:A—B,e: F=GoK)

from F to — o K :[A,B] — [C,B]. In other words, for a pair (H: A — B,8: F =
H o K) there is a unique natural transformation 7 : G = H such that

B=Kroe.

The following diagram illustrates the situation

C———

F%G:EH

B.

Usually G is written as Lang F. By definition the mapping sending ( into 7 estab-
lishes an isomorphism

Nat(F,H o K) >~ Nat(LanKF, H)

“natural” in H. Kan extensions, however, cannot be expressed as a representa-
tion for a Set-valued functor simply because the category of functors [A, B] is not
necessarily locally small and we shall not develop their theory here.

The most relevant fact to our work is that left Kan extensions can be computed
pointwise as coend formulee. If the copower A(K (y),z) ® F'(y') exists in B for every
z,y,y then

Lang F = \y. [* A(K(2),y) ® F(z) 2 \y. A(K(-),y) x F. (3.14)

For instance by the Yoneda lemma the density formula (3.12) corresponds to the
left Kan extension of F' composed with the Yoneda embedding.

There is of course a dual notion: for functors like in (3.13) the right Kan exten-
sion of F' along K, sometimes written Rang F', is given by an isomorphism

Nat(Ho K, F) = Nat(H,RanKF)
“natural” in H. If the power [A(z, K(y)), F(y')] exists in B for every z,y,y’ then
Rang F' = \y. [, [Aly, K(2)), F(z)] = Ay {AK(-),y), F'}.

For a proof of these facts refer to [Kel82, Mac98].
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3.5.4 Exponentials

The last property of presheaves we study here is their cartesian closed structure. As
the category [C°P, Set] is complete we have all products, in fact they are computed
pointwise

(F x G)(c) = F(c) x G(c).

The exponential [F, G| should satisfy

[F,G](c) = [C°P,Set](Y(c),[F,G]) by the Yoneda lemma,
= [C°P, Set](YV(c) x F,G) by the required adjunction,
= [ [C(x,c) x F(z),G(x)] by naturality formula and pointwise computation.

Let us verify that

[C°P, Set](H, [F,G]) = fy [H(y), [F, G)(y)] by naturality formula,
= [,[H(y), [,[C(z,y) x F(z),G(x)]] by definition,
= fy JH(y),[C(x,y) x F(z),G(x)]] since hom-functors preserve ends,
= [, J,[H(y),[C(z,y) x F(z),G(z)]] by Fubini result,
= [, J,IH(y),[C(z,y),[F(z),G(x)]]  since Set is closed,
= [, J,IH(y) x Ca,y), [F(x),G(2)] since Set is closed,

J" H(y) x C(z,y), [F (), G(x)] by (3.6),
x), [F(x),G(z)]] by density formula,

= [LIH(

= [ [H(z) x F(z),G(x)] since Set is closed,

= fm[(H x F) (30)7 G(a:)] by pointwise computation,
= [CP,Set](H x F,G) by naturality formula.

This gives another example of the power of the algebraic manipulation of ends and
coends we exploit in this dissertation.



Chapter 4

Preservation of Limits

Functors preserving limits and/or colimits play an important role in the applica-
tions of category theory. A central result in [CW], for instance, is that cocontinuous
functors between presheaf categories preserve open-map bisimulation. Another ex-
ample arises in categorical logic [Jac99, Pit00] where a model for a simple type
theory is defined to be a product-preserving functor with domain the corresponding
classifying category. In general verifying that a functor preserves limits by following
the definition can be tedious and rather involved. It seems to require a concrete
reasoning in terms of cones. In this chapter we study how naturality may help to
prove preservation of universal properties in a more “equational” manner. The main
result of the chapter is that functors which preserve terminal objects and distribute
over the limit functor up to natural isomorphism preserve limits. The presentation
of this result constitutes one of the contributions of this dissertation and it is inti-
mately related to the choice of rules for the calculus for categories presented in the
subsequent chapters.

4.1 Limiting Cones

A cone from ¢ € C to a diagram D:1 — C is a natural transformation from Ac to
D. A limit for D is just a universal cone, i.e. a cone € : Ac = D such that for any
other cone €’ : Ac’ = D there exists a unique mediating morphism m: ¢ — ¢ for
which the diagram

Ac _am, Ac
4
D £ D

commutes. Alternatively a limit for D is a representation for the set-valued functor
[I,C](A—,D):C°® — Set

where the counit is the limiting cone (see 2.2).
A pair of arrows s:¢ — d, r:d — ¢ form a section-retraction pair (or s is a split
monic) if the composition r o s yields the identity id. and it is denoted by

Proposition 4.1.1 Let D, D’:T — C be small diagrams such that there are cones
€:Ac= D and € : A¢ = D’ together with section-retraction pairs (s1,71) and

93
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(s2,72) such that the squares in the following diagram of natural transformations

As
, 1
Ac _ < Ac

-
A’l“l
e €
s2
o

commute, i.e.
coAsy =s90e and & oAr; =ryoe. (4.1)

If € is a limiting cone then also &’ is a limiting cone.

Proof. We want to show ¢’ is universal, i.e. that for any cone x : Az = D’ there
exists a unique factorisation of x through &’.

e Existence: The composition ss o k is a cone from x to D. Let m:x — ¢ be
the unique mediating arrow such that

€oAm = sy 0k. (4.2)
Hence,

g oArpoAm=ry0eo0Am by (4.1),
=ryosy0k by (4.2),

=K (s2,72) is a section-retraction pair.

e Uniqueness: Let h:x — ¢’ be an arrow such that
¢’ o Ah = k.
Hence,

eoAs; 0o Ah=sy0e 0o Ah by (4.1),
=S890k by definition of Ah.

By uniqueness of m
m = s1 0 h,

and since (s1,71) is a section-retraction pair

riom = h.

|

Corollary 4.1.2 Let D:1 — C be a diagram. Given a limiting cone ¢ : Ac = D

f
and an isomorphism ¢’ = ¢ then e 0o Af : A¢’ = D is a limiting cone.

Proof. By direct application of the proposition above to

Ad Y Ac
eoAf le
D & D.
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4.2 Preservation of Limiting Cones

Let G:C — D be a functor. Given a cone v : Aa = D for a diagram D:1 — C
the natural transformation Gy : AG(a) = G o D is a cone as well. Thus, given a
limiting cone € : Ad = G o D there is a unique mediating morphism m:G(a) — d
such that the diagram

AG(a) —2> Ad

Gwl ls
GoD & GoD

commutes.

The functor G preserves a limiting cone  : Ac = D if the cone Gk : AG(c) =
Go D is limiting (see Definition 2.2.7). This is equivalent to requiring the mediating
arrow defined by Gk to be an isomorphism. In fact many authors use this as the
definition of preservation of limits (see [MM92]).

Proposition 4.2.1 Let D, D’:T — C be small diagrams such that there are cones
€:Ac= D and ¢/ : Ac = D’ together with section-retraction pairs (s1,71) and
(s2,7r2) making the squares in the diagram of natural transformations

Asl
—_—
Ac _< Ac
A’!‘l
e €
S2
_—
D_< D
T2
commute. If ¢ is a limiting cone and G:C — D preservers it then G preserves the

limiting cone €’

Proof. 1t follows by applying G to the diagram above and by Proposition 4.1.1. As
Ge is limiting then Ge’ is limiting and the corresponding mediating arrow must be
an isomorphism. Notice that the mediating arrow is not necessary AG(s1). O

As an immediate corollary we have that if a functor G:C — D preserves one
limiting cone for a diagram D:1 — C then it preserves any other limiting cone for D.
We shall henceforth consider a chosen limiting cone when checking for preservation.

Proposition 4.2.2 Let F,G :C — D be functors such that ' = G. For every
limiting cone k : Ac = D for some diagram D:1 — C

F preserves k if and only if G preserves k.

Proof. Assume F preserves k, then F'x is a limiting cone and from the commuta-
tivity of the diagram
AG(c) = AF(c)

G,{l lF

GoD = FoD

we conclude by Proposition 4.1.1 that Gk is a limiting cone as well. ]

R

An immediate corollary from this and Proposition 2.2.8 is that representable
functors are continuous.

In some cases we are interested in a subcategory of diagrams K C [I,C]. Then we
talk about a functor preserving K-limits or being K-continuous. Typically we take
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subcategories of diagrams /C for which all limits exists in C, i.e. C is K-complete, in
such a way that we can talk about a functor lim_ :KC — C as defined in § 2.2.1.

In order to prove that a functor G : C — D preserves the limit of a diagram
D:T — C is not enough to exhibit an isomorphism

G(lim D) = lim G o D.

Indeed, the action of G over arrows may result in a family that is not universal. As
an example consider the category Count of countably infinite sets and functions.
Clearly the objects of Count are all isomorphic. There is a functor — +1:Count —
Count that acts over sets by adding a new element: given X € Count then
X +1=XU{X} and given a function f:X — Y, the function f + 1 sends a € X
to f(a) and {X} to {Y'}. There is an isomorphism

(XxY)+12 (X +1)x (Y +1),

but this functor does not preserve products; the arrow 7x +1: (X xY)+1 — X +1
is not a projection.

If the categories C and D have enough limits the expressions
G(lim D) and lim (Go D)

are both functorial in D. For every D there is a mediating arrow mp defined by Ge
where ¢ is the universal cone associated to lim D. The family (mp)p is natural,
this follows directly from the universality of the mediating arrows. Thus if G is
K-continuous there is a canonical isomorphism

G(lim, D) = lim (G o D)

natural in D € K.

This isomorphism is not always unique. Consider, for instance, the category
1 with one object, say x, and the identity arrow. The functor category [1,1] has
only one object: the “constant” functor Ax. The limit for this functor is the object
* itself where the limiting cone is the identity. We can extend 1 with an extra

morphism
id C * (G id C * Q f

where f is also an isomorphism, i.e. f o f = id. The inclusion functor ¢ clearly
preserves the limit of the diagram Ax. The mediating arrow is given by the identity
on * which is an isomorphism and trivially natural. The arrow f, however, gives
another isomorphism

t(lim Ax) = lim .o (Ax),
naturality here is trivial as well.
Often checking the isomorphism between the limiting objects follows from a
more-or-less direct calculation. To prove that a functor preserves a limiting cone

by closely following the definition can be rather tedious and involve a fair amount
of bookkeeping. In this chapter we study under which conditions an isomorphism

G(}iLnHD) =lim GoD

is enough to ensure that G preserves the limit of D.
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4.3 Connected Diagrams

A category & is connected if for any pair of objects a, b € £ there is a chain of arrows
a— €]+ ey —...— e, —b.

A small category I can be decomposed into its connected components. We write
I= ZkeK I, for this decomposition where I;’s are the connected components of 1.
The decomposition can be described abstractly as the left adjoint of the discrete-
category functor Dis:Set — Cat. This functor takes a set X into the discrete small
category with objects the elements of X and it has left and right adjoints:

Con - Dis 4 Obj.

The functor Con: Cat — Set takes a category I into the set of connected components
of I and the functor Obj: Cat — Set acts by mapping a small category into its set
of objects. The indexing category K in ), i I is defined to be Dis(Con(I)), i.e.
the discrete category whose objects are identified with the connected components
of I [Par73,Par90].

A connected component I of I is a full subcategory and there is an inclusion
functor ¢ : I, — I. This functor defines by pre-composition the “restriction” functor

— 0 LkS[H,C] - []Ikac]

A diagram whose index category is given by a unique connected component is called
a connected diagram.
We can characterise the set of natural transformations from Ac to Ad as

[L,C](Ac, Ad) = [Con(I),C(c, d)].

From the definition of the diagonal functor in §1.3 an arrow f:c — d in C defines
a natural transformation Af : Ac = Ad. Observe that the diagonal functor is
faithful but not necessary full. If the category I is connected then we have

[1,C)(Ac, Ad) = C(c, d)

since C(c,d) = [1,C(c,d)] and then the diagonal functor is full and faithful.
By the definition of power

C(e, [Con(T), d]) = [Con(I), C(c, )] = [L,C](Ac, Ad)
natural in ¢ which exhibits [Con(I), d] as the limit of Ad:
lim Ad = [Con(T), d]. (4.3)
The counit of this representation
Con(I) ——=C([Con(I), d],d)

is the limiting cone.
Then by definition of limit if I is connected the counit above is an isomorphism
and any cone v : Ax = Ad is limiting if and only if 7 is an isomorphism. Moreover,

f
as A_ is full and faithful there exists a unique isomorphism x = d such that v = Af.
Another observation here is that if I is connected then C has limits for all I-indexed
constant diagrams.

Lemma 4.3.1 Let J be a connected small category and D:J — C a diagram. For
every limiting cone 7 : Ac = D the arrow lilnj'y is an isomorphism.



58 Chapter 4. Preservation of Limits

Proof. By definition liinjfy is the unique arrow making the diagram

Alim ¥
A@JAC . AliLnJD

S ¢

Ac D

5
commute, where 3 and k are the chosen limiting cones associated to @JAC and

f
lim D respectively. As J is connected there is an isomorphism lim Ac = ¢ such that
prmny | —J

08 =Af. As v and & are limiting cones by Corollary 4.1.2 there is an isomorphism
g:c= @JD such that v = x o Ag. Hence,

noAgoAf:’yoAf:/ioAliLnJ’y.
Since k is limiting and A— full and faithful
lim vy =go f.

Thus as f and g are isomorphisms it follows that lilnjfy is an isomorphism as well.
|

The following theorem establishes that a natural isomorphism is enough to en-
sure preservation of limits of connected diagrams.

Theorem 4.3.2 Let J be a small category and C,D categories with all J-limits. If
the functor G:C — D preserves J-limits then

G(lim D) = lim (G o D)
natural in D € [J,C]. Moreover, for J connected the converse also holds.
Proof. If G preserves limits then by definition the mediating arrow
G(lim D) — lim (G o D)

for each D € [J,C] is an isomorphism and the family is a natural transformation.
Let J be a connected small category and assume there is an isomorphism

: fp .
@J(GOD) = Golim D

natural in D. Given a diagram D:J — C and a limiting cone v : Ac = D there is
a unique morphism m:G(c) — @JG o D such that the diagram

AG(c) 20 Alim (G o D)
G'y‘/ ls
GoD £ GoD

commutes, where € is the chosen limiting cone for G o D. We verify that m is an
isomorphism as required.
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The limiting cone v : Ac = D induces the naturality square
G(@JAC) — lim (AG(c))

G@anl llinﬁw

G(lim D) —=7_ lim (G o D).

Since J is connected by Lemma 4.3.1 the arrow }LHJV is an isomorphism and
then G (lilnjfy) is an isomorphism as well. From the naturality square above we can
conclude @JGW is an isomorphism.

By definition @JGV is the unique mediating arrow making the diagram

: alimGy
Alim (AG(c)) ——~ Alim (G o D)

Ml l

AG(e) & GoD

commute where Ah is the chosen limiting cone associated to @J (G o Ac). Since J

is connected h is an isomorphism. Hence,
Gy = e o Alim Gyo (AR)™!
and by uniqueness of the mediating arrow
_ -1
m = mJGV oh
and m is an isomorphism. Thus G preserves the limiting cone ~. g

This proof rests on the key fact that @1 7 is an isomorphism, or equivalently
that the diagonal functor A— is full and faithful. It is important to stress here
that the Theorem above refers to any natural isomorphism and not necessarily to
the canonical natural transformation defined by the limit. The theorem establishes
that if there exists such a natural isomorphism then the canonical family is indeed
a natural isomorphism as well. For some authors the isomorphism above implicitly
refers to the canonical one stating a less general and straightforward result (for
instance [Joh83,MM92]).

We can relax the conditions of this theorem to consider the case where not all
J-limits exist. Take instead a full subcategory K C [J,C] of diagrams whose limits
exist in C and such that K includes all constant diagrams.

Corollary 4.3.3 Let J be a connected small category and K be a full subcategory
of [J,C] including all constant diagrams and such that C is K-complete. Then G is
K-continuous if and only if

1. for every D € K, G o D has a limit in D; and
2. there exists an isomorphism lim (G o D) = G(lim D) natural in D € K.
—J —J

Proof. We use the proof of Theorem 4.3.2 within the subcategory K. Notice that
the expression lim D is functorial in D but the domain is K instead of [J,C]. As

the indexing category J is connected the limits for constants diagrams exist in C. [J
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Connectivity represents a significant constraint on diagrams. There are, how-
ever, many applications where connected limits (and colimits) are central and then
the result above (and its dual) can be useful [Par90, Cat99, CW].

In general Theorem 4.3.2 does not hold when the indexing category is not con-
nected. For an example consider the functor category [2, 1] were 2 is the two-objects
discrete category. This functor category has a unique object: the constant diagram
Ax. Now consider the functor G:1 — Set selecting a countable infinite set, say
the natural numbers N. As x X * = % in 1, where the projections are given by the
identity, we have

G(x x x) = G(x) x G(¥)

natural in * since N 2 N x N. The pair (idy,idNn), however, is not a product!

4.4 Products

Theorem 4.3.2 can not be applied to products since the index category in this case
is discrete, an extreme example of lack of connectivity. Given a discrete category
K a diagram D:K — C can be regarded as a tuple of objects (x)rek in C where
a2, = D(k). A cone for this functor is any family of arrows (fi:z — xj)rex for some
object . Notice that as the index category is discrete there is no commutativity
to check and naturality comes for free. We say that a family (fx:x — xp)rex is
a product when it is a limiting cone. In this section we study the conditions for
a functor to preserve products. In the next section we see how these conditions
are enough to ensure preservation of limits in the general case. In a category with
terminal object T we use !:¢c — T to denote the unique arrow from ¢ to T.

Remark 4.4.1 In a category C with a terminal object T the pair
(idiz — z,lix — T)

defines a unique mediating arrow m:x — x X T such that the diagrams
x

idl

x

commute where (7;, 77) is the chosen product. It immediately follows that m is an
isomorphism since

m m
—axT —xT

X x
lﬁ'w 'l 7?T
x T

— q —>d T
! i

f,om=id
by the left diagram, and then
Ty OMO Ty = Ty
which by uniqueness of the identity as mediating arrow implies
m o, = id.
Thus by Corollary 4.1.2 and the squares above the pair
(idiz — z,lix — T)

is a product.
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Proposition 4.4.2 Let C, D be categories with finite products. The functor G :
C — D preserves binary products if

1. G preserves terminal objects and
2. there is a section-retraction pair

Gz x y) 3~ G(z) x G(y)

Te,y
natural in z,y € C (here we mean both s and r are natural).

Proof. There is a morphism id;x!:2 x y — & x T in C. This morphism defines the
commuting squares in the diagram

Sa,y

Gz xy) _ <~ G(z) xG(y)

\l, Sz, T ‘l’

—_—
The left triangle commutes since it is obtained by applying G to the commuting
triangle
T Xy

Al

T<——x X T.

Ty
By Remark 4.4.1 the morphism 7, is an isomorphism and then G(7,) is an iso-
morphism as well. The right triangle commutes by similar reasons. By assumption
G(T) is a terminal object and from Remark 4.4.1 the arrow 7 () is an isomorphism.
Thus the compositions

s = G(2) © Sz, T © G(7y)™' and 7' =G(Fz)oryTo 7"1‘5(11,)
give a section-retraction pair such that the squares in

Sa,y

Glzxy) _<_ G(z) x G(y)

T,y

G(ww)l lﬂc(z)
’
S

G(x) G(x)

-~
/
T

commute. We can follow the same argument with y instead of x. Then by Propo-
sition 4.1.1 the pair
(G(72), G(my))

is a product. Notice that the mediating arrow defined by (G(rm;),G(my)) is an
isomorphism and does not necessarily coincide with s, ,,. O

An instance of this proposition is obtained by replacing the section-retraction
pair by a natural isomorphism in z,y. In the example of the category Count of
countable infinite sets there is no terminal object, moreover any choice for isomor-
phisms would not give a natural family and then the result above cannot be applied.
We generalise the last proposition to K-products where the naturality of the retract
is required within a subcategory K C [K,C] of tuples.



62 Chapter 4. Preservation of Limits

Theorem 4.4.3 Let K be a discrete category and C, D be categories with terminal
object. Let K C [K,C] be a full subcategory of K-tuples such that for every tuple
x = (zr)kex € K we have that all the K-tuples obtained by fixing one component
of x, say x;, and replacing the rest by T are in K. For example, for a K-tuple
(xp)r € K then (21, T,...,T) € K, (T,22,...,T) € K and so on. The functor
G :C — D preserves K-products of tuples in I if

1. whenever [ ], .x 2 exists in C where (z)r € K then [], .y G(21) exists in D,
2. G preserves terminal objects and
3. there is a section-retraction pair

g

G(ITrex =x) - [Trex G(k)
LECTIN

natural in (xg); € K.

Proof. This just generalises the proof of the proposition above to K-products of
tuples within K. It follows by fixing one component at a time and mapping all
other components to the terminal object T. (]

Observe that this result can be applied for the subcategory diag[K,C] C [K,C] of
tuples for which the product exists in C. This follows from the fact that products for
tuples of the form (T,..., T,a;, T,..., T) exist in C and then they are in diag[K, C]
as required. In the next section we use this result in the special case where the
section-retraction pairs are natural isomorphisms.

4.5 General Limits

A limit can be expressed in terms of conceptually simpler ones as for instance a
product of equalisers. Another way is based on the connected components of the
index category.

Proposition 4.5.1 Let T = }, Iz be a small category with Iy, k € K, its
connected components. There is an isomorphism

[L,C](H, F) = [ [0, C](H o g, F o )
keK

natural in H, F € [[,C] where ¢ :I;; — I is the inclusion functor.

Proof. The isomorphism takes a natural transformation o : H = F and splits it
in the natural transformations a vy : H o 1 = F o ;. Conversely a collection of
natural transformations (8 : H ot = F o 1x)rek gives a natural transformation
(8 : H = F. This construction is clearly a bijection and it is preserved through pre-
and post-composition and thus is natural in both variables. O

Proposition 4.5.2 Let I = 7, ¢ I be a small category with I, k£ € K, its
connected components. Let D:1 — C be a small diagram. There is an isomorphism

. f .
lim, D) = H llnﬂk(DOLk)
keK
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such that the diagram

lim D L [liex lim, (Do)
|

& lim, (Do)
lvf

D(i) & D(i)

commutes for every i € [, where € is the limiting cone associated to liLnHD, 7 s
the limit cone associated to mﬂk (D o) and 7y is the projection associated to the
product.

Proof. From Proposition 4.5.1 there is an isomorphism

ILC](Ac, D) = [ ][Ik, C)(Ac, D o w)

kekK

natural in c. Hence,

[I,C](Ac, D) = [ [ [k, Cl(Ac, D o 1)

kekK
= [ ¢(elim; (Dow)) by definition of limit,
keK

~C (c, H lim_ (Do Lk)) since hom-functor preserves limits,
k
keK

and thus [, i lim (D o) is a limit for D. The commutativity of the diagram
k
follows by the definition of the counit of this representation:

id —— (k) ke ——= (Y¥ o Amp)y
O

The task now is to combine the results on products (Theorem 4.4.3) and on
connected diagrams (Theorem 4.3.2) to treat preservation of more general limits.
In order to do so we need two embeddings of functor categories which preserve
naturality. Assuming C has terminal object T, the first embedding is the right
adjoint of — o 1y

1.0) == [L.C] . (4.4)

+

Given H:I;, — C, the functor H*:I — C is such that acts as H over the component
I, and as the constant functor AT otherwise. The unit of the adjunction above is
defined for D € [I,(] as

( ) . idD(i) ifi €I
)= 1 otherwise (the unique arrow from D(i) to T)

which is clearly universal.

Proposition 4.5.3 Let [ be a connected component of I. Given categories C and
D with terminal objects and a functor G:C — D that preserves terminal objects.
For every connected component I of I:
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1. there is an isomorphism lim H+ = lim_ H, and
—I —1Ig

2. there is an isomorphism lim Go HT =2 1lim G o H.
—1I —Ig

In both cases we mean that if one side of the isomorphism exists then so does the
other. The isomorphisms are natural in H € K for a subcategory K C [I,C] such
that C is K-complete.

Proof. For 1 consider the chain of isomorphisms

Clc,lim H') = [I,C] (Ac, H+) by definition of limit,
«—1
= [I,C]((Ac) o uy, H) by the adjunction (4.4),
- [Hkac] (AC, H)7

all natural in ¢ and H € K. Then by definition liLnHHJF is a limit for H and then
there is an isomorphism
lim H" = lim H
—1 —1
that from parametrised representability (Theorem 2.1.6) is natural in H € K.
For 2 observe that since GG preserves the terminal objects it is possible to define

an adjunction as (4.4) with D as codomain where G o H* 2 (G o H)". Thus we
have

D(d, lim, GoHT) =

2

I, D (Ad Go H*) by definition of limit,

~ [LD)(Ad, (G o 1))

=~ [I, D) ((Ad) oy, GoH) by the adjunction (4.4),
= [Iy, D](Ad,G o H).

1%

Then @HG o H* is a limit for G o H and then there is an isomorphism
lim GoH' =2 lim Go H
—1I —1
natural in H as well. |
There is a less obvious embedding A : [K,C] — [I,C] where K is the discrete
category whose objects are identified with the connected components of I. Given

a tuple (zy)kek, the functor A{zy)kek : I — C acts as the constant Az over the
objects and arrows in I.

Proposition 4.5.4 Let G : C — D be a functor and I = }_, g Iz be a small
category with Iy, k € K, its connected components:

. . . . -~
1. there is an isomorphism @HA@Q%K 2 [ ek 2k, and

2. there is an isomorphism lim G o A(zk) ek = [[1ex G(zk).

In both cases we mean that if one side of the isomorphism exists then so does the
other. The isomorphisms are natural in (zy); € K for a subcategory of K-tuples
K C [K,C] such that C is K-complete.

Proof. For 1
Cle, lim Afzk)rex) = [L,C] (Ac, Alzy)kex) by definition of limit,
= H [Ig, C] (Ac 0 L, ATk ) keK © Lk) by Proposition 4.5.1,
keK
= H [Ix,C] (Ac, A]Ikxk) by definition of A,
kekK

= [K, (] (Acv <93k>keu<).
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Then &nﬂA(axk.)keK is isomorpl.ﬂ'c to HkEK. T = @K<xk>k§K and I}aturz.ility follows
from parametrised representability. In a similar way by using the identity

G o Az = AG(x)

we can prove 2. O

Theorem 4.5.5 Let C, D be complete categories. A functor G:C — D is continu-
ous if and only if for any small category I there is an isomorphism

G(lim D) = lim (G o D) (4.5)
natural in D € [I,C].

Proof. The “only-if” follows as usual. Now for the “f” part first observe that
G trivially preserves terminal objects: take I to be the empty category. Let
[ =3 .cx Ik be a non-empty small category with Iy, k& € K, its connected com-
ponents. Given a diagram D :1 — C and a limiting cone ¢ : AanHD = D from
Proposition 4.5.2 there is an isomorphism

lim, DD . H lim, (D o )
keK

such that for every i € I

gi=Fompof
where +* is the limiting cone associated to lir_n]lk (D o). In order to prove that Ge
is limiting by Corollary 4.1.2 is enough to verify that the cone defined at component
i € I by the arrow

G(vf) o G(mk)
is limiting. This is equivalent to requiring that (G(m))kek is a product and that
for every I, the natural transformation Gv* is a limiting cone.

Given a family of arrows (ax : zx — =} )rex (i.e. a natural transformation

a: (zp)r = (x))r in [K,C]) there is a diagram

G(ITpex or) ~—— Glim A(zy)x) — lim (G o Alwg)r) —> [[1ex Glx)

G((eu)r) 1 Gim Aa) 2 lim(@G@aw) @ (G(ar))
v

G([Tper 1) = GUim Al})r) — 1im (G 0 A(aj)r) — [pex G}

where (1) and (3) commute by Proposition 4.5.4 and (2) is a naturality square
defined by (4.5). Thus by pasting the squares we have that there is an isomorphism

G(H ) = H G(zk)

kekK kekK

natural in (zj)r. Then by Theorem 4.4.3 G preserves K-products and (G(7x))kek
above is a product.

Given a natural transformation 8 : H = K for functors H, K :I, — C there is a
diagram

G(lim; H) <= G(lim H*) —=lim (G o H*) == lim (G o H)
|

ol | o elimpn @ lm©s @ i,

G(lim; K) <= G(lim K*) —=>lim (Go K*) —lim (G oK)
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where (1) and (3) commute by Proposition 4.5.3 and (2) is a naturality square
defined by (4.5). Thus by pasting the squares we have that there is an isomorphism

lim, (G o H) 2 G(lim, H)

natural in H € [I;,C]. Thus by Theorem 4.3.2 G preserves [;-limits and G(7*)
above is a is a limit for G(D o v). O

Consider the full subcategory of diagrams diag[l,C] C [I,C] for which all limits
exist in C. For every connected component Iy, of I define Ky, C [Ij,C] to be the full
subcategory induced by the diagrams of the form D o ¢ for some D € diag[L, K].
Given a diagram D € diag[l,C] by Proposition 4.5.2 there is a isomorphism

lim, D) = H lilnﬂk(DOLk)
keK

and thus D o ¢y has limit in C and then is an object of diag[ly,C]. Given a diagram
H € diag[ly,C] by Proposition 4.5.3 we have that H* € diag[l,C] and moreover
H* oy, = H. This correspondence is one-to-one and then there is an isomorphism
of categories

K &2 dz'ag[]lk,C].

Notice that probably not all K-products exist in C, but by Proposition 4.5.2
we can ensure that at least the subcategory diag[K,C] of K-tuples whose product
exist in C includes the tuples needed to reconstruct the limits for the diagrams in
diag[l, D]. Then we can relax the completeness condition in Theorem 4.5.5:

Theorem 4.5.6 Let I =}, . I} be a small category with I, k € K, its connected
components. A functor G:C — D preserves the limits of the diagrams in diagl[L, C]
if

1. Go D has a limit in D for every D € diag[l,C],
2. G preserves terminal objects, and
3. lim (G o D) = G(lim D) natural in D € diag[L C].

Proof. The proof follows as in the Theorem 4.5.5 but within the categories diag[ly, C]
for each k € K and diag[K, C]. Given that G preserves terminal objects we can apply
Propositions 4.5.3 and 4.5.4. O

4.6 Some Examples

4.6.1 Adjunctions and limits

The relation between limits and adjunctions is determined by the preservation prop-
erties of left and right adjoints.

Proposition 4.6.1 Given an adjunction and diagram H as in

—>F H
C_L_D=~—T1L
G

If H has a limit in D then the functor G o H:I — C has a limit in C.
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Proof. The limit for G o H is just given by G(@HH):

C(c, G(@HH)) > D(F(c), @HH) by the adjunction,
= @HD(F(C), H(_)) by Propositions 2.2.8 and pointwise computation,
=lim C (¢,(GoH)(~)) by the adjunction,
= C(c lim (G o H)(
~[L,C (Ac Go H) by definition of limits,

_)) by Propositions 2.2.8 and pointwise computation,

all natural in c. O

Theorem 4.6.2 Right adjoints are continuous functors.

Proof. A direct consequence of the proof of the proposition above. The counit of
the representation is given by

idi el ~; 0 €l (G(vi))i

where ¢ is the counit of the adjunction and + is the universal cone associated to
@HH . Observe that if C has terminal object by Theorem 4.5.5 the proposition
above is enough to prove the theorem since the chain of isomorphism is natural in
H € diag[l,C] as well. O

By duality the discussion on preservation of limits in this chapter exports to
colimits. Of course the condition on preservation of terminal objects is substituted
by the preservation of initial objects. The dual of Theorem 4.6.2 says that left
adjoints preserve colimits.

The Fubini theorem gives a sense for which the formation of limits preserve
universal properties. In a category with enough limits there is limit functor, and
the Fubini result establishes that this functor preserve limits. This is consistent
with the definition of limits as a representation where for a complete category the
isomorphism

C(e,lim D) = [L,C)(Ac, D)

is natural in ¢ and D defining an adjunction A— F lim —. As a right adjoint the
functor liLnH_ preserves limits. By a dual argument the functor colimj— preserves
colimits.

4.6.2 Profunctors

For a functor F':C — D where D is cocomplete there is a functor
Fy:[C°P,Set] — D

where F) is the left Kan extension of F' along the Yoneda embedding, i.e.

F = \G.["[CoP Set]((C( ,2),G)® F(z) by (3.14),
=\G.[" LIC G(y)] ® F(x) by naturality formula,
=)\G.["G(x (a:) by the Yoneda lemma.

The functor F preserves colimits: for a diagram D :1 — Set for convenience we
write colimyD as [Y D(y) where the contravariant argument is dummy. The result
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follows from

E([YD(y) = [*(JY D(y))(x) ® F(z) by definition of A,

(
+(y) ® F(x) by Fubini for coends,
) by definition of F,

In fact the functor Fj is a left adjoint where the right adjoint is given by

F' = My x.D(F(z),y).

In the special case where D is a presheaf the functor F' has a right adjoint itself
given by the right Kan extension of F'. This is an example of geometric morphism
between topoi [MM92, Joh02].

By the density formula there is an isomorphism

F=)z.[YF(y) ®Cly,x) 2 F o).

In fact F} is unique with this property exhibiting the category of presheaves [C°P, Set]
as a concrete colimit completion of C. More formally, for any functor F:C — D
where D is a category with all colimits Fy is the unique up to isomorphism colimit-
preserving functor such that the diagram

c 2> [C°P, Set]
|
| By
A
D

F

commutes. It remains to check uniqueness. Suppose that H : [C°P, Set] — D is a
colimit-preserving functor such that H o) = F. Then for G:C° — Set

Ay. f G(z) ® C(y,x)) by density formula,

H (
H(J"

x)) by componentwise computation,
= f G(z )® H(y( ) since H preserves colimits,
~ [*G(z) ® F(x) since HoY = F
>~ R (G) by definition of Fj,

then H = F.

Presheaf categories can be organised themselves in a 2-category. The objects
of this category are presheaves and since they are free cocompletions the obvious
choices for the arrows are the cocontinuous functors and the two-cells are the cor-
responding natural transformations. This category is referred in the literature as
Cocont [Cat99, CW]. As presheaves are colimit completions, a functor

[CoP, Set]——=[D°P, Set]

corresponds to a functor
C——[D°P, Set)]

and then to a functor
C x D°P——=Set

+(y) ® F(x) by pointwise computation where G = A~ (D),
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a so-called profunctor (distributor [Bor94a,Bén00], bimodule [Wag96]) from C to
D. Profunctors are morphism of the bicategory category Prof where objects are
small categories. The composition of profunctors is defined by the coend formula

GoF =Xc,i.[" F(c,x) ® G(x,1).

Since universal properties are unique up to isomorphism from this definition the
composition is not strictly associative. A categorical structure of this form is called
a bicategory [Bén78, Lei].

If presheaves are often regarded as sets with extra structure, then profunctors
correspond to relations [Law73,Bor94al. In computer science there is another anal-
ogy of Prof as a category of non-deterministic domains [Cat99, CW] which comes
equipped with a built-in notion of bisimulation given by open maps [JNW96]. In
this approach constructions on presheaves correspond to power domain construc-
tions. A central result in this theory of domains for concurrency is that connected
colimit-preserving functors between presheaves preserve open-map bisimulation.
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Chapter 5

A Term Calculus for Functors

In this chapter we present a typed language for categories based on the functorial
expressions used along the previous chapters. The syntax for functors extends
the simply typed lambda calculus with new binders for ends and coends and term
constructors for hom-functors, powers and copowers. The types of the language
correspond to locally small categories and a derivation for a well-typed expression
is interpreted as a functor in CAT. The calculus supports a syntactic treatment
of duality which allows us to derive a functor F' from its dual version F°P. This
formalisation of duality results in a non-standard notion of substitution for terms.
The proof system includes explicit structural rules to manipulate contexts. As a
consequence well-typed expressions can be proved in the theory through different
derivations. We show the syntax is coherent with respect to the interpretation up
to natural isomorphism.

5.1 The Language

5.1.1 Basic Types

Types in the language denote locally small categories. We consider a basic set of
type constructors necessary to present the core syntax for terms. In the presentation
of the language we deliberately confuse “types” with “categories”. There is a type
Set to denote the category of sets and functions. Given the categories C and D

e the opposite category C°P is the category whose objects are the objects of C
and whose arrows are the arrows in C reversed, i.e. C°?(a,b) =C(b,a) for any
pair of objects a, b; and

e the functor category [C, D] is the category of functors from C to D and the
natural transformation between them where C must be small.

The syntax for types C, D, ... as locally small categories is
C,D,...:=8Set |C?"|[C,D].

In order to properly introduce functor categories we must be able to decide
whether a category is small. Similarly the rules for limits and ends shall require to
decide if a category is complete. We assume that when talking about types there
are judgements of form

C small and D complete.

71
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5.1.2 Syntax and Type Theory

The language for expressions extends the simply typed A-calculus a la Church [Bar92)
with new constructions and binders. The treatment of contravariance and duality
determines a non-standard definition of substitution. The system is shown to be
closed under substitution. Finally we define a normal form for derivations where
the use of duality is permitted only in the essential cases.

The raw expressions F1, Fs, - -+ of the language for functors are defined by

E:=z|1| M E|E\Ey |C(Ey, Er) | [Fr, B | By ® Es |
xC°P7yC
fzcop7ch | f E

where C, D are types, and x is drawn from a countably infinite set of variables.
The constant 1 stands for the singleton set. The “integral” binders denote ends
and coends as expected. There are also special syntactic constructors for hom-
expressions, powers and copowers.

Not all possible expressions in the language give rise to functors. Furthermore
the formation of functor categories and the computation of ends are restricted to
small categories. These constraints impose a discipline to determine the well-typed
expressions, i.e. expressions which are functorial in their free variables.

The syntactic judgement or sequent

x1:C1, - ,x,:Cp F E:C

says that the expression F of type C is functorial in the free variables occurring in the
context z1:Cy, -+ , 2y :Cy. In informal mathematical usage one says E(x1, - ,2,)
is functorial in 1, - - - , . Thus an expression-in-context has two possible readings:
as an object when the free variables are interpreted as objects, and as an arrow when
the free variables are interpreted as arrows. Of course this is consistent with the
definition of functor.

A context is a finite sequence of variable declarations. The typing rules are given
in a context-independent presentation [TS00, Remark 3.1.5], which simplifies the
form for the rules which involve contravariance. As usual we assume that different
contexts have a disjoint set of variables, and the notation I', z:C assumes that the
variable z is not in T.

Basic Axioms

singleton

F1:Set
identity

z:CFx:C
Structural Rules

weakening
x1:C1, - ,xn:Ch F E:C

1’13C1,"' ,Inicn,l'nJrlSCnJrl HE:C
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exchange
T :Cl, s ,xi:Ci,xiH ICi_;,_l, s ,.Z'nicn FE:C

$1lcl,"' ,xi+1:Ci+1,xi:Ci,--- ,.Z'nicn FE:C

contraction
I'z:C,y:CHE:D

I'z:Ck Elz/x,z/y]: D

The structural rules play an important role in the proof of coherence and later in
the enriched setting. The expression E|[z/z,z/y] in the rule contraction denotes
the expression E where all occurrences of  and y are replaced by z with the usual
treatment of bound variables. A special notion for substitution of terms for variables
is later required for the most general case. The structural rules can be absorbed if
the axioms above are replaced by

z:CeTl
— and ———
I'kx:C I'F 1:Set,

(refer to [Gir87,TS00,RS92,Bar92]). In the case of exchange is enough to consider
the contexts to be multisets of variables declarations instead of sequences.

Hom-sets and Powers

The type Set has a special role as the base type for hom-expressions:
hom
F1I—E1:C Fg"EQIC
Fip, FQ [ C(El, Eg) :Set.
In general I'°P denotes the context obtained from I' where each occurrence of a type
C is replaced by C°P. We insist, also in the syntax, that (C°P)°? = C. For instance,
given the context

I'=uxz:C,y:D®

we have
P = x:C®,y:D.

This rule captures the usual practice in category theory where the contravariance in
the first argument of C(F1, E2) is reflected in the free variables rather than dualising
the expression FEj.
If C is complete then it has all powers:
power
' F Ey:Set T'sF Ey:C C complete
F(ip, Fg H [El, EQ] :C.

This rule asserts that the power is functorial in all free variables. In the special case
of the type Set we have both

Fl FE1:Set FQFEQ:Set

F?p, Fg F Set(El, EQ) :Set
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and

I''+ Ey:Set TI's - E;:Set  Set complete

F?p, FQ H [El, EQ] :Set
to keep with practice we identify these two expressions in the syntax

Set(El, EQ) = [El, EQ]

Functor Categories

The rule for lambda abstraction introduces functor categories:

lambda
I'z:CHE:D C small

'+ MC.E:[C,D].
The side condition “C small” ensures the new type stays in the realm of locally small
categories. Sometimes in order to simplify the notation we write C to mean the
category is proved to be small. In general the type [C, D] implicitly assumes that
C small.
There is a symmetric rule for eliminating functor categories:
application

F1FE1 [C D] FQFEQIC
Fl,rg l_ElEQ:D.

Ends

The “integral” binder captures two variables at once in the expression under its
scope. In the terminology of binder signatures [P1o90, FPT99] the integral is an
operation of arity (2) (whereas lambda abstraction has arity (1)).

end
Iz:C°P,y:CF E:D C small D complete

'+ f:CCOP,yC E:D.

The order of the variables in the binder is immaterial, thus there is no difference
between f cor ¢ B and f C oo E. This notation for ends, a bit more formal that
the notation used in the prev1ous chapters, allows us to keep track of variance and
the type of the bound variables. The rule end says that the process of taking ends
(or limits) does not disturb functoriality on the variables which remain free. The
completeness requirement over D ensures that for all instances of the free parameters
the end exists. The integral notation is also used for denoting limits by omitting
the dummy argument, we use for instance fyc E. We could here introduce the rule
for coends, instead we show how the rules above together with a simple rule for
duality is enough to derive the formation for coends and copowers.

From the point of view of the logic the rule end can be regarded as a structural
rule since at the level of types it only involves the manipulation of the assumptions.
On the other hand it introduces a new element in the syntax. A similarly situation
is found in some linear calculus where the structural rules are represented explicitly
in the syntax [BBAPH93, Bie95].

Duality

Like reflection in a mirror, dualising affects our view of things and the way we
describe them. Informally a judgement I' = E: D denotes a functor whose dual is
described by a dual form of judgement:
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dual
I'-E:D

TP | E*: D%

where E* is obtained by turning ends into coends and coends into ends in E, and
similarly for prowers and copowers.

*

Definition 5.1.1 The meta-operation (—)* on raw expressions is defined induc-

tively as follows:

¥ =z (z is a variable) 1" =1
(A€ By = X" E* (E\Ey)* = EfE}
(Eh 2)* (E;E;)
[Ey, Bo]” = By © Ey (B ® Ep)* = [En, E3)
cop cop
(fg;cop’yc E)* _ fy 73« E* (j‘zc 7y E f cop xc

For example, taking the judgement
2 AR f con CE D

the application of the rule dual yields
CP .C
Z2i AP [V T priDoP

where E is an expression with free variables amongst ,y, z. For another example
consider the judgement
2:CP y:CFC(x,y):Set

by applying the rule dual we obtain
x:C,y:C°® F C(x,y):Set®

where the covariance of x and contravariance of y reflect the change of orientation
of the morphisms in Set°P.

Proposition 5.1.2 Given a raw expression E we have
(E*)" =E.

Proof. By induction on the structure of E. The two base cases, x and 1, are
straightforward. The same goes for application and hom-expressions where the
inductive hypothesis is applied directly. For lambda abstraction we need to adjust
the type of the bound variable by using (C°?)°? = C. For ends it follows that

* Cop,zc £\ % S\ %
((fpeor e BY) = (7 77 E7)* = [reom o (EF)".
By inductive hypothesis (E*)* = E and

((fx@n,yc E)*)* = Jgeor yC L.

In a similar way the proposition is proved for coends, powers and copowers. O

A simpler aspect of duality involves assertions on types. As there is a judgement
for “completeness”, by duality there is a judgement for “cocompleteness” and the

rules:
D complete D cocomplete

D°P cocomplete D°P complete.
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Coends and Copowers
We can now derive the rule end* for typing coend expressions:

I'z:C°?,y:CHE:D D cocomplete
dual + exchange

TP 4:CP x:C+ E*:D°P C small D°P complete

end

T b [ con e E*: D

dual
;CCOP yC
re " " E:D.
Observe that in the last application of dual we use the identities
C

(Fop)op =T (Dop)op =D (fyC°P7wC E*)* _ fx@p,y E

the last one justified by Proposition 5.1.2.
Similarly we can derive the rule power* for copowers:

I's - Ey:D D cocomplete
—————— duval ————
'y - By :Set TSP+ ES:DP D°P complete

power

]'—?pa ng + [Ela E;] :DP

dual
Fl,FQ H E1 X EQZD.

Through duality the derived rule power* respects the expected functorial behaviour
on the free variables in F; (see 3.4). This complete the typing rules for all the
possible expressions.

5.1.3 Substitution

The simply typed lambda calculus is closed under substitution. This result corre-
sponds via the Curry-Howard correspondence [How90,SU99] to the cut-elimination
for the minimal intuitionistic sequent calculus.

In our setting due to contravariance substitution takes a novel definition. As
an example let us consider the usual context-independent rule for substitution in
lambda calculus (see [Bar92, VW01, TS00]):

Fl,.ﬁlC'_ElID FQ"EQIC

(5.1)
Fl,FQ - El[EQ/l'] :D

where FE1[F>/x] represents the expression E; where all the occurrences of z are
replaced by FEs (taking care of renaming of bound variables if necessary). As the
following example shows this definition is not suitable in the presence of contravari-
ance. Consider the following instances for the premises of the rule (5.1)

y:C,x:C® F C(x,y):Set ' [ pon o E:CP.
The corresponding conclusion is

y:C,I"FC([ o0 o E,y):Set.

,wm/

Notice that this does not keep with practice in category theory where an expression
occurring on the left of a hom-expression is implicitly dualised. Concretely, the
sequent

Do

y:C, T E ([ B y):Set
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conforms this view where the contravariance of the first argument is reflected by
keeping the now contravariant context I'.

Definition 5.1.3 (Substitution) Given raw expressions F; and Eo the expres-
sion E1[E2/x] is defined inductively over the structure of E4 as follows:

Z[EQ/LL‘] = E2
ylEa/a] =y x £y,
1[Ey/a] = 1
()\xC.E)[EQ/x] =\ E
(\y©.B) B /a] = A\a€ . E[E /x] T #y,
(E'E")[Ey/x] = (E [Ez/ﬂf])(E”[E2/=’E])
C(E', E")|Ex/z] = C(E'[E3 /], B |E2/x])
( wC yC E)[Ey /x| = fwcw’yc E r=worx=y,
(Juyeor yo ENE2/2] = [, con c E[E2/2] x #wand x # y,
T BBy a) = r=wors =y,
([ B)Eafa] = [ E[Ey/al v#wand a4y,

(E/ QE"
([El E//]

[Ea/x] = E'[Es /2] © E"[E/x]
(B2 /] = [E'[E5 /2], B [Ey /]|

—_ — —  —

The special cases are for hom-expressions and powers where the contravariance on
the first argument is reflected by dualising the expression to be substituted in.
This definition can be extended in the usual way to simultaneous substitution over
multiple variables.

As a consequence of Proposition 5.1.2 the substitution Ej[FEs/x] replaces the
occurrences of the free variable x on the left in an odd number of hom-expressions
or powers by E3 and other occurrences by Es. For example

[C, Set](\y™".Cly, ), \y™".CP(z,y))[ /]
= [C°, Set] (™" .C(y, 2))[E* /2], (\y©.C™ (2, y))[E/x])
= [CP, Set] (\y™" .C(y, 2[E" /a]), \y™" .C®(2[E" /2], ))
= [, Set] (A" .C(y, E), W™ .CP(E",y))

where both occurrences of = are on the left of a hom-expression once.! Another
interesting example is

[C(e, ), 2][E/2] = [C(c,)[E" /], z[E/]]
= [C(e, 2[E"/x]), E]
= [C(¢, E7), E]

showing that different occurrences for the same variable can be substituted by dif-
ferent expressions.

Proposition 5.1.4 Given raw expressions F; and Fy we have

(Ei[Ez/a])" = E{[E; /a].

1The expression in this example does not type in the calculus, see page 81.
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Proof. By induction on the structure of £;. The base cases are given by 1 which
follows trivially and by variables, the only interesting case being

(2]Es/a))* = E5 = a[E3 /] = o [E3 /a.

For the inductive step we consider the special cases, i.e. hom-expressions, powers
and integrals, for the other constructions the result follows in a similar manner:

o £y =C(E',E")

(C(E’, E")[Ey/a] )

(B'(B3 /2], B"[B>/a]))

(E'[E5 /2])", (E"[E2/2])")

(E')*[E2/x], (E")*[E3/x]) by hypothesis and Proposition 5.1.2,
(E"*

(E'

(c
c(
c(
C((E")*, (E")")[E; /] by Proposition 5.1.2,
(C E” ) [E3 /]

o £, =[E E]

(1", B E2/a])” = [E'[B3 /), B"[Ba /o]
= E'[E; /2] ® (E"[By/x])"
= F'|E}/z] ® (E")*[E5/z] by hypothesis,
= (B' & (E")")[E; /]
= ([F', E"))*[E5 /] by Proposition 5.1.2.
[ E1 = fmcop’ch

((Jyem e ENE2/2])" = ([ compe B'[E2/2])"
— [ (B By fa))”

C
= [V " (E")*[F3/x] by induction hypothesis,

= (T (B B3 ]
— (fyeo e ') [E3 /2.

CoP C
Dually the proposition holds for £y = [ Y E'.

By Proposition 5.1.2 an immediate corollary is that
(Br[E3 /a))" = Ei[Eafa] and  (Ef[Es/a])” = Ei[B3/al.

Theorem 5.1.5 The rule

Iz:C,OFE:D =ZF Ey:C

F,E,@ F El[EQ/I'] :D
where E1[Fy/z] is defined as in 5.1.3 is admissible in the type theory.
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Proof. 1t follows along the lines the proof of cut-elimination for sequent calculus
by Girard [Gir87]. The proof proceeds by propagating the use of substitution to-
ward the axioms in a derivation by means of local transformations. This is done
inductively on the derivation for the sequent

I'z:C,OF E;:D. (5.2)

The base case is given by the axioms, for identity the result is proved by the
derivation

ZEF Ey:C

since z[Ey/x] = Fs. In the case of singleton the result is trivial.

For the induction step in most of the cases the hypothesis can be applied di-
rectly. The exception is the rule for contraction, the standard procedure here is
to strengthen the induction hypothesis to consider a multiple simultaneous sub-
stitution or “multicut” [TS00, VWO01] (for other solutions to this problem refer
to [Bus98,vP01]). Let us concentrate on the novel rules. Consider the case where
the last rule is

e hom (and Ey = A(E',E"))

Al F E/I.A AQ H E”I.A

hom

T,2:C,0 F A(E', E"):Set

where I', z:C,© = AP, Ay. Because the rule is context-independent there are
only two cases to consider, either z is declared in Ay or in As. In the first
case there is a context A} such that

A =T%, 2:CP A}

and by induction hypothesis there is a derivation

E"EQSC

: —— dual
F°p,x:C°P,A'1 FE:A Z°P E5:C°P
substitution :
F°P,E°p,A’1 I—E’[E;/ac]:.A Ay FE" A

hom

L2, (A})°P, Ay - A(E'[ES /x], E"): Set
As z is not free in E” we have that
E" = B"[Es/a]
and then
A(E'[E5 /2], B") = A(E'[E5 /2], E"[Ea /x]) = A(E', E")[Ey /2] = Er[Ey/x].

The second case, i.e. x is declared in As, follows similarly and in fact it is
simpler since it does not require the use of dual. The case where the last rule
is power is analogous.
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e dual

TP z:CP O | BT : D

dual

Iz:C,OF E:D.
This form for the derivation (5.2) is justified by Proposition 5.1.2. By induc-
tion hypothesis there is a derivation

. E'_EQC
: —— dual
[P, 2:C% Q% |- Ff: D% E° |- [5:C°P

substitution
[°P =P O | EY [E;/ac] :Dep

dual
I,Z2,0F (Bf[E;/z])":D.

As a corollary of Propositions 5.1.2 and 5.1.4 we have

5.1.4 Examples

Informally the model of the calculus is that types represent locally small categories
and expressions functors. This is enough to see that some of the raw expressions
cannot represent functors and then, as expected, the type theory cannot give a
derivation for them.

The simplest example of a expression with no type is C(z, z) .2 Trying to produce
a derivation for this term would fail in the application of the rule to introduce
the hom-expression since it would require x to be declare with a covariant and
contravariant type at the same time. This is actually prevented by the context-
independent presentation of the rule for hom-expressions.

The Yoneda functor embeds a small category C into the presheaf category
[C°P, Set]. An expression for this functor is derivable in the type theory:

—— identity — — identity
y:CFy:C z:Cka:C

hom + exchange

x:C,y:CP | C(y,x):Set

lambda
z:C F M\y®” .C(y, x): [CP, Set].
Limits are ends where the extra contravariant argument is “dummy”. We shall
be able to formalise this result in the calculus after introducing the natural isomor-
phisms. The “dummy” argument can be modelled through weakening:

INz:CHE:D

weakening-+exchange

Iy:CP x:CHE:D

end

DF [ o o B:D

2For a non-trivial category C (see the section on products).
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where D is complete and C is small. As y is a fresh variable we write this end as
just fzc F to emphasise that is a limit.
Now we show that the judgement

and y:C,z:C%® + [C(y,x),x]:C®P

whose expression was used in previous examples is well-typed:

—— identity —  — identity
y:CHy:C w:CHw:C
hom ——— identity
y:C®P w:CH+ C(y,w):Set z:CPF z:C® (5.3)
power :
y:C,w:C%, z:C® + [C(y, w), 2] : C°P
contraction
y:C,2:C®  [C(y, x), x] : C°P.
An example of a non-derivation is given by
x:I°P F [I°P, Set](Ai.I(4, x), Ai.I°P(z,14)): Set,
an attempt to find a derivation yields
identity ——— identity — identity
i:lka:d y:Iy:I z:IF 21 1% |- 4:0°P
hom+exchange hom
y:1,4:1°° - 1(4,y): Set z:I°P :1°P |- I°P(2,4): Set
lambda lambda
y: I XiI(4,y): [I°P, Set] z:IP = XiI%P(z,4): [I°P, Set]
hom
y:I°P, 2. T°P | [I°P, Set] (A I(%, y), Ai.I°P(z,1)): Set
contraction

2:1° F [I°°, Set] (i I(, ), \i.IP(x,)) : Set

where the judgement z:I+ z:I°P cannot be simplified further.
From the last derivation for the expression [C(y, x), z] and a derivation

' E:Cep
we obtain by means of substitution the sequent
z:C,T'+ [C(y, E*), E]:C°P.

It is remarkable that in this example the substitution replaces = by different ex-
pressions depending on the variance of the occurrence of x. It follows a derivation
for the same sequent without using substitution.

I' E:Cep

—— identity —  — dual
y:CrFy:C Ier E*:C
hom :
y:CoP TP | C(y, E*):Set I+ E:.CoP

power

y:C® T, T F [C(y, B*), B']:CoP

contraction + exchange (many times)

y:C® T I [C(y, E*), E]:C*

3This was originally presented as a legal derivation in the calculus. Later, Philip Matchett
implemented the calculus in the theorem prover ISABELLE to find out that the derivation was
incorrect.
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The context-independent presentation for rules forces us to work modulo renam-
ing of variables (a-conversion). In this example the sequent IV - E’: C°P represents
the sequent I' = E : C°P where free variables were rename to avoid any clash. Ob-
serve that in the last part of the derivation we obtain the desired result by applying
contraction many times. This apparent ad-hoc manipulation of contexts can be
formalised by using indexes for variables at the cost of complicating the notation of
sequents (see [Jac99]).

5.2 A Normal Form for Derivations

Due to the presence of structural rules and the rule for duality, the same sequent can
be proved through different derivations. It is easy to see that by spurious use of the
rule dual, for example, we can produce different proofs for any well-typed sequent.
In this section we give a general form of derivation which is unique modulo the
relative order of the application of the structural rules. This amounts to identifying
the non-essential uses of duality and to restrict the use of the structural rules. Then
we show that any derivation can be translated into that form. This conforms the
syntactic side of the coherence result.

We say that the applications of two rules in a derivation are adjacent if they
are only separated by the occurrence of structural rules. The proofs in this section
proceed inductively on the structure of derivations where we analyse the situation
created by each possible rule. In most of the cases we shall neglect the occurrences
of exchange. In this spirit we say that an occurrence of a rule is above or below the
occurrence of another rule if they are only separated by applications of exchange.
We sometimes use the same terminology to refer to blocks of rules.

5.2.1 W-normal Derivations
A derivation is in W-normal form if the weakening’s occur in blocks above
1. the final sequent, or

2. the introduction of a binder (lambda or end) where the fresh variable is
bound, for example

I'+FE:D
weakening

INz:CHE:D

lambda
' XC.E:[C, D]

or in the introduction of a limit through an end with a dummy argument.

In this way any variable in the context which is not just introduced by an adjacent
occurrence of weakening is either introduced by a use of contraction or can be
traced to an axiom.

Proposition 5.2.1 Every derivation can be transformed into a derivation in W-
normal form.

Proof. By means of local transformations we show how all the occurrences of the
rule weakening violating the conditions above can be permuted below other rules
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until they reach a legal position. This operation removes combinations of adja-
cent weakening and contraction which are made redundant. To simplify the
explanation we fix z of type A to be the fresh variable.

e contraction

There are two different cases:
1. z is contracted, then the derivation
.

INw:A-E:D

weakening

Tw:Az:A- E:D

contraction

Ly:AF Ely/w,y/z]:D
is converted to just
L Yy /w]
Iy:Ar Ely/w]:D

since z is new and not free in E (this final sequent is equal to the original
modulo the renaming given by [y/w]);

2. z is not contracted, and then the derivation

I'z:C,y:CH E:D

weakening+exchange’s

I'z:Az:C,y:CHE:D

contraction

Iz:Aw:Ck Elw/x,w/y]:D

is converted to

Iz:C,y:CHE:D

contraction
I w:Ct Elw/z,w/y]:D

weakening+exchange’s

I z:Aw:CF Ew/z,w/y]:D.

e hom

There are two cases depending on which premise of the rule hom the occur-
rence of weakening happens. We consider the case involving contravariance,
the other is symmetric. The derivation

Fl [ E13C
—— weakening :
Fl,ZI.A'_Elic FQ"EQIC

hom

P 2: A% Ty - C(Ey, E2):Set
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is converted to

F1FE13C FQFEQSC

hom

Fip, Fg F C(l;l7 Eg):Set

weakening+exchange’s

F?p, ZS.AOp, FQ H C(El, EQ) :Set.
The cases for the rules power and application are analogous.

e end

The derivation

Iz:CP y:CHE:D

weakening+exchange’s

Iz:A,z:CP y:CHE:D

end

Iz:AF fl@op yCE:D

is converted to

I'xz:CP y:CHE:D

end

TF [ o B:D

weakening

F, z :A '7 fx’CQp,y‘C E:D.
The cases where z = x or z = y comply with the definition of W-normal form
and the weakening is not propagated. The case for lambda is analogous.
e dual

The derivation

I'-E:D
weakening

Iz:A- E:D

dual
TP 2: AP + E*:D°P

is converted to
I'-FE:D

—— dual
TP | E*: D%

weakening

[P z: A°P = E*:DeP.
0

Observe that by definition in a W-normal derivation all meaningless use of con-
traction® are removed. The definition of this normal form is inspired in the W-
normal deductions for intuitionistic sequent calculus, the system G1i in [TS00].

4 A variable introduced by a weakening than then is removed by a contraction.
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5.2.2 CW-normal Derivations

A derivation is in CW-normal form if it is in W-normal form and the contraction’s
occur adjacent above

1. the final sequent, or

2. the introduction of a binder (lambda or end) where the new variable intro-
duced by the contraction is bound, for example

I'ax:C,y:CHE:D

contraction

I'z:CF Elz/z,z/y]: D

lambda
'+ AzC.E[z/z,2/y]:[C, D]

for another example consider the derivation (5.3) extended with an application
of lambda.

In this way any variable in the context which is not introduced by an adjacent
weakening or contraction can be traced to an axiom.

Proposition 5.2.2 Every derivation can be transformed into a derivation in CW-
normal form.

Proof. First obtain the W-normal form. Then we show how every occurrence of
contraction left which violates the conditions above can be permuted below other
rules until it reaches a legal position.

¢ weakening
This is dual to the case for contraction considered in the proof of Proposi-
tion 5.2.1.

e hom

As usual there are two cases to consider depending on which of the premises
the contraction takes place. We show the transformation for the contravari-
ant case, the other follows similarly. The derivation

Fl,x:A,y:AF E1:C

contraction

I,z:AF Eqlz/z,2/y]:C Iy Ey:C

hom

[P 2: AP Ty F C(Eq[2/2, 2/y], E2):Set

is converted to

I‘l,x:A,y:AFE1:C FQFEQIC

hom-+exchange’s

[P o, 2: A%, y: AP - C(E4, E2):Set

contraction+exchange’s

P 2: A% Ty - C(E1, E2)[z/x, z/y]: Set
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and since x and y are not free in Fs we have
C(E17 EQ)[Z/ma Z/y] = C(El[z/l‘a Z/y]7 E2)
The cases for the rules power and application are analogous.

e end

The derivation

INw:A z: A z:CP y:CH E:D

contraction+exchange’s

D,s: A x:CP y:CF E[s/w,s/z]:D

end

I st AF [ o Els/w,s/z]:D

is converted to

Tw:A z: A xz:CP y:CHE:D

end

Tbw:A, z: A+ fmcop’ch:D

contraction

LystAF ([ 0 E)ls/w, s/2]:D.
As all variables in the sequents are different then
(Jyeor yo E)ls/w,s/2] = [oeor e Els/w, s/z].
The case for lambda is analogous.

e dual

The derivation

e Ay A-E:D

contraction

Tz: Ak Elz/x,z/y]: D

dual
IoP z: AP - (E[z/x, z/y])* : D

is converted to

Ie:Ay:A-E:D

dual
TP, 2 AP, y: AP |- E*:DOP e

contraction

P, z: AP + E*[z/x, 2 /y]: D

where by Proposition 5.1.4

(Blz/z,2/y])" = E*[" /2, 2" [y| = E¥[z/2, 2/y).
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5.2.3 DCW-normal Derivations

Every constructor in the syntax is introduced by a rule but the binder for coends
and the binary operator for copowers. These two cases call for the use of the rule
for duality in a type checking procedure. Thus coends become ends and copowers
become powers. In general from Proposition 5.1.2 we have

oP

fx Y E= (fycop,;cc E*)* and By ® E» = ([E1, E3))".

Another less interesting example which demands the use of dual is in the derivation
for a hom-expression of type Set°’.

As mentioned above we identify in the syntax a dual category (C°P)°P with the
category C. From the definition of the meta-operation (—)* we need to identify as
well a functor category [C, D]°P with [C°P, D°P]. This is justified by the derivation

I'Nz:C+HE:D

lambda
'+ \zC.E:[C, D)

dual
TP = \zC" E*: [CoP, DP]

where by definition ()\xC.E)* = \zC" .E*. The following gives another derivation
for the same sequent

Iz:CHE:D

dual (5.4)
TP, 2:C°P + E*:D°P

lambda
[P - \z&" E*:[CoP, DP].

In this case with no implicit coercion on the types.

Definition 5.2.3 An application of dual in

T'+E:D
————— dual
TP | E*: D%

is essential if the outermost syntax constructor in E is 1, an end binder, a hom-
expression or a power.

For a non-example consider an instance of (5.4) where T is empty and E = z.
Then the application of dual is not essential. Indeed the derivation

—  identity
z:Ckz:C
—— dual
x:COP | x:CeP
can be replaced by just
— identity
x:CP - x:C°P.

A derivation is in DCW-normal form if it is in CW-normal form and all the
occurrences of the rule dual are essential.
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Proposition 5.2.4 Every derivation can be transformed into a derivation in DCW-
normal form.

Proof. We first obtain the CW-normal derivation. Then by means of local transfor-
mations the non-essential occurrences of dual are permuted above other rules until
they reach a legal position or encounter:

e another occurrence of the rule dual, or
e an axiom (and then it is trivially solved).

By Proposition 5.1.2 double applications of the rule for duality can be safely re-
moved. Thus a derivation

I'-E:D
— dual
Iep - E*.pep
— dual
I'HE:D

is converted to just

I'+E:D.
At the beginning of this section we show an example of how to permute the
occurrences of dual above lambda. For the other cases:

e application

A derivation

Fll_Ell[(C,D] FQ"EQZ(C

application

Fl,rg [ E1E2 :D

dual
F?p, ng F ETES :DP

is converted to

Fll_Eli[(C,D] Fgl‘EQIC
dual — dual
Fip F Ef :[CoP, D°P) ng F E5.CoP

application

TP T - B} Ej : D
where we need to use [C, D]°P = [C°P, D°P].

e the cases for weakening and contraction are just dual to the cases in the
proofs of Propositions 5.2.1 and 5.2.2.

The remaining rules produce essential occurrences of dual. O

In the DCW-normal form the use of weakening and contraction is delayed
as much as possible whereas the use of dual is permitted only in the essential
cases. The DCW-normal form of a derivation ¢ is unique up to the relative order
of structural rules and renaming of variables. If indexes are used for variables then
the DCW-normal form is in fact unique. Henceforth by “normal form” we mean
the DCW-normal form.
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5.3 Categorical Model

A categorical model for a logic is a category where each derivation is interpreted as
a morphism and where equations refer to commutative diagrams [Bie95].
In our setting a derivation

D0
I'kE:C

is interpreted as a morphism in CAT, the category of locally small categories, i.e.
as a functor

4]

: ] - [C]-
I'FE:C

5.3.1 Types and Contexts

Every type denotes a locally small category. The type Set is just the category of
sets and functions. The notion of context is that of typed cartesian context [FPT99],
this is reflected in the interpretation for the structural rules. A context

I'= £E13C1,"' ,lL’nZCn
denotes the product of categories
[T]=C1 x -+ X Cp.

The empty context is just the category 1.

That a type (C°P)°P corresponds to C can now be justified at the level of the
interpretation. Here we do not even need to talk about isomorphism but just
equality. Similarly for the modality taking a context I" into I'°P, it is clear that we

can say
(C1 X ...xCp)®=CP x...x CP.

We understand the interpretation of contexts as an n-product which represents at
once all possible isomorphic expressions obtained via associativity.

5.3.2 Interpretation for Derivations

The interpretation for derivations is defined inductively by using the typing rules in
§ 5.1.2. Each rule is interpreted as an operation taking the functors denoted by the
premises into the functor denoted by the whole derivation. We write [§ >T + E:C]
for the interpretation of a derivation

L0
' E:C.

To simplify the notation we omit the semantics brackets in most cases in particular
when referring to categories and types.

e The derivation
singleton

F1:Set
is interpreted as
1—>Set

where 1 is the singleton category and the functor 1 selects the singleton (a
chosen one) in the category of sets.
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e The derivation

—— identity

z:Cka:C
is interpreted as

c—tec.
e The derivation
)
r==¢, - ,z,:C, F E:C
weakening
Ci, - ,xn:Cpyxpi1:Chy1 F E:C
is interpreted as
S>THE:C
(Cr X -+ X Cp) X g1 —Cy X - x G 2

where 7 is the universal arrow (me,,...,7mc,) defined by the projections of
Ci X ...xCp.

e The derivation

D5
I'= Illcl,"- ,xi:Ci,xiH:CiH,--- ,l‘nicn FE:C

exchange

21:C1, -, wi41:Ciq1,2:Ch, - 20 :Cp E E:C
is interpreted through the isomorphisms of categories

(D e, 41,7C,; 7Ty ) [6>THE:C]
Fl ><C1-+1><Ci><I’2 - 2 leCixCH_leg%F—>C.

e The derivation

A
p—N—
Iz:C,y:CHE:D

contraction

I,z:Ck Elz/x,z/y]:D
is interpreted as

(mr,me,mc

) [6t>A-E:D]
I'xC———>I'xCxC——=D

where (7r, me, m¢) is the diagonal functor parametrised on T.

e The derivation

a i
F1I—E1:C Fg"EQZC
hom
F?p, FQ H C(El, EQ) :Set
is interpreted as
F?p % F2 |I51>F1}_E1!C]]0p><HéQDFQ"EQICHCOP % CC(:,—) Set.

Observe that contravariance on the first argument is modelled through the
dualising 2-functor (—)°P (see § 1.3).
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e The derivation
h s
F1I—E1:Set Fg"EQIC

power

F?p, FQ F [El, EQ] ZC
is interpreted as

[61>T 1+ E;:Set] x [62>Tak E2:C] Set® x C =] c

F(ip X Fg
where [=,—] is the power functor (see § 3.4).

e The derivation
L6
Iz:C+-E:D

lambda
'+ C.E:[C, D)

is interpreted as
r A([6>T,2:CHE:D])

[C,D]
where A is the isomorphism defined by (2.14).
e The derivation

4 x
Fll_Ell[(C,D] FQ"EQZ(C

application

Fl,FQ - E1E2 :D
is interpreted as

Fl % F2 [[61|>F1'_E1:[C7D]]]X[[(SQDFQ'_EQ:C]] [C7D] % C eval D

where eval is the counit of A.

e The derivation
L6
INz:CP y:CHE:D

end

F '7 fxcop yC E.D

is interpreted as
Ar. [, FT(w,w)

where
F=[>T,2:CPy:CFE:D]:T' xC®? xC — D.

By parametrised representability since D is complete we can define a mapping
v [, FY(w,w)

which extends to a functor.
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e The derivation
L6
T'kE:D
— dual
ToP | E*:Dep
is interpreted as
[6>T+E: D]
IoP—— = DoP,

This is obtained by applying the dualising 2-functor (—)°P (see § 1.3).

5.3.3 Example

In section 5.1.4 we show a derivation for the sequent
y:C,x:C® I [C(y, ), x]: CP.
The last rule in the derivation is
L6
y:C,w:CP,2:CP F [C(y, w), z] :CP

contraction

y:C,z:CP I [C(y, z), x]: CP.
The interpretation for ¢ results in a functor
Ay, w, z2.[C(y, w), 2] : C x CP x CP — CP

. . f,9,F . . ..
whose action on a morphism (¢, d, e)(il(c' ,d',€') is the unique mediating arrow

defined by the powers and the projections in

[Cle,d),e] =[] e _maorer_,

keC(c,d)
|
|
|
(hoﬂgok0f>keuc/,d’) | h
|
A
/g "o /
e dyel= [ ¢ = )
keC(c’,d")

The application of contraction in the last step of the derivation fixes g to be
h°P:e’ — e in C.

5.3.4 Semantics of Substitution

As it is standard in categorical logic the derivable rule for substitution is interpreted
as composition.

Proposition 5.3.1 The interpretation for a derivation

5 b
[,2:C,0F E1:D EF Ey:C (5.5)

substitution

I,Z,0F Ei[Ey/2]:D
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is the functor

- FXH&QDE}‘EQIC]]X@ [[51I>F,CEZC,@|—E1!DH
I'x=2x06 I'xCx0O

Proof. The proof proceeds as the proof of Theorem 5.1.5 by induction on the deriva-
tion 6;. Here we only analyse the cases for hom and dual (as given in the proof of
Theorem 5.1.5). The case for power is analogous to hom; the case for end follows
as for lambda abstraction in a standard manner.

e hom
Here we consider the interpretation of (5.5) where &7 is
_xy Lo
Al F E/I.A AQ H E”I.A

hom

Iz:C,O+ A(E',E"):Set
and z is defined in Aq, i.e. there exists a context A} such that
A =TP z:C® AL
From the proof of Theorem 5.1.5) by definition the interpretation of (5.5) is

FP X8> Ax-E" A Al=—)

I'x Ex (A])°P x Ag

AP x A Set

where the functor F' is the composition

TP x [§2>EFE2:C]®P x A , [0 >ARE:A]
_—

9P x C°P x Af

A.

As © = (A])°P, Ay we have by functoriality of (—)°P that the triangles in

TP x = x A}

FPx[6">AFE":A A= ,—
I'x=x0 ol 2 ]] A°p><A#>Set

_—

I'x [62>EFE2:C]x© [6'>AFE:A]®P X[ >AFE:A]
T [6.5T,2:C,0F BT Set]

I'xCxO=A1 xA,
commute.

e dual
The interpretation of (5.5) where 47 is the derivation
.y
TP z:C°P O |- BT : D

dual
I'z:C,OF E;:D

is by functoriality of (—)°P and induction defined to be

_ X [62>EFE2:C|x© [6'>T°P, 2:C% ,@°PH E D] *P
I'x=x0 I'xCx®© d

and by definition we have

[61>T,2:C,OF E1:D] = [§' >, 2 : C°P,0° |- E} : D°P]°P.
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5.4 Coherence

We need to verify that all possible derivations for a judgement yield the same inter-
pretation: a so-called “coherence” result. The importance of coherence is noticed
for example by Breazu-Tannen, Coquand, Gunter and Scedrov [BTCGS91]. Coher-
ence was an important issue in the effort to discover the syntax associated to linear
logic [Blu91, Wad92b, BBAPH93]. In [Wad92a] Wadler discusses the incoherent sys-
tem obtained by taking the Abramsky’s syntax for linear logic together with the
semantics due to Seely.

Due to the presence of limits and ends in the calculus, coherence amounts to
showing that different derivations for the same judgement yield isomorphic functors
in CAT. The cause for having different derivations are mainly the order of the
application of the structural rules and duality. The application of these rules do
not leave any trace in the terms and then the final sequent does not register the
order in which they were applied. The syntax for expressions could be extended
with constructors for the structural rules and duality in the spirit of [BBAPH93].
Then every well-typed term would uniquely encode a derivation. The main result
in this section shows that this extreme solution is not really necessary.

Proposition 5.2.4 shows that a well-typed sequent can always be proved through
a derivation in a special form. The proof proceeds by showing how through local
transformations a given derivation can be transformed into the normal form. Then it
is enough to show that every transformation step preserves the interpretation (up to
isomorphism) to conclude that the system is coherent with respect to the semantics
defined in the previous section. This is basically the strategy used in [BTCGS91].

Permuting weakenings. Here we show that the local transformations in the
proof of Proposition 5.2.1 permuting occurrences of weakening below other rules
preserve the interpretation. As structural rules manipulate the contexts it is not
surprising that most of the cases rely on the universal property of products and the
fact that the (—)°P preserve products.

e contraction

For the first case we want to show that the functor

(Tr,maA,TA [6>T,w:A-E:D]

I'x A >1“><A><A—’T>F><A

is just
[6>T,w: A-E:D]

I'x A

From the universal property of products it follows that the diagram

(mr,TA,7A)
_—

I'x A IxAx A—Z2>T'x A

id
commutes as required.

For the second possibility we want to show that the functors

(rr,mwa,mC,mC) [6>T,2:C,y:CHE:D]
_—

I'x AxC PxAxCxC—2>TxCxC

and

T T, T 6>I,2:C,y:C-E:D
I'x AxC F><C<FCC>I‘><C><C[[>F1 d E]]D
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are the same (we omit the isomorphisms related to the use of exchange). By
the universal property of product we have that the diagram

I'xAxC = I'xcC
| |

(mr,mA,mc,Te) (mr,mc,me)

FxAxCxC—=IxCxC

commutes, and so the functors above are equal.

e hom

Since (—)°P is a functor and moreover 7°P is indeed a projection we have that
the functors

]__‘?p % AP x FQ([[51>F1|—E1:C]]07r)°p><[[52>F2|—E2:C]]COP < C C(=,—) Set
and
T % A% x Ty ToT% x Tt Z VAP0 T B2l o o =) gy
1 2 1 2 C
are equal.
e end

For a functor
F=[0>T2:CPy:CHE:D]: T xCPxC—D
the transformation takes a functor

Arys. [, G™F (w,w)
<A d D

and yields the functor

Ar. [ F" (w,w)

' x A—=T
where G is the composition

I'x AxC%®xC—sT xCP x C—sD.

By definition G is “dummy” in the argument of type A. Then these functors
are isomorphic since for r € I"'and s € A

D(d, (Ar.f,, F"(w, ) o 7)(r.5)) = D(d, [,, F" (1, w))
= Dinat (Ad, F")
= Dinat (Ad, (M. F") o7)(r,s,=,-))
= Dinat (Ad,G"*).

By parametrised representability the isomorphism obtained is natural in 7, s.

e lambda

In the proof of Proposition 5.2.1 the case for lambda abstraction is not con-
sidered explicitly since it is analogous to that for the end binder. The inter-
pretation given to the application of lambda, however, is obtained through
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a different categorical construction. Here we want to show that the functors

defined by
rx A2 c p
where
F =T x AxC—"sT x C—L2D=CrEP]
and

Ix A - r A([6>T,z:CHE:D]) [(C’D]

are actually the same. This follows from

6T, z:C :
I x A T r A([o>T FE:D]) [(Cvp]
I'x AxC TxC [xC [6>T,z:CHE:D]
\i/

™

A(F
rx A2 (¢, pl.
Again we omit the isomorphism arising from the use of exchange.

e dual

As (—)°P is a functor we need to verify that the functors

P

[ 0T 5 0P [§>T+-E:D]® o~

and

.TyToP
op [0>THE:D] o

[P x C—Z=T P

are equal. Indeed this follows by the observation that 7°P is the projection 7.

Permuting contractions. The transformations in the proof of Proposition 5.2.2
permute occurrences of contraction below other rules. Here we show that each
permutation preserves the interpretation. As for W-normal derivations most of
the cases follow from the universal property of products and that (—)°P preserve
products.

¢ weakening

This case is symmetric to the one in the previous section.

e hom

Given the functors
F = |I51 I>F1,LL‘ZA,yZAF E1:C]]:F1 XxXAxA—C

and
G = [[52 >y EQIC]]ZFQ HC,

it follows from the universal property of products and since (—)°P preserves
products that the diagram of functors

P x A% x Ty

{rgp TP T 4P ry) l (Fo(mr, ma,ma,mry))® X G

op op op op
I x A% x A% x T'y G CPxC

commutes as required.



5.4. Coherence 97

e end

Given the interpretation
F=[>T,w:Az:Az:CP y:CHE:D]:TXxAxAXxCPxC—D
we need to verify the functors

Arys. [ G™% (w,w
'x A Jo G770 ) D

where
G=Fo(np,ma,ma,mcew,mc): I X Ax CP xC—D

and

T, TA,TA )ﬂ‘,s,t.fw F7™5t (w,w)

<A < ) 'k Ax A
are isomorphic. Thus for every » € I and s € A we have
D(d, (()\r, s, t.fw Frs$t(w,w)) o {wp, ma, 7rA>) (r, s)) = D(d, fw Fr58(w,w))
2 Dinat (Ad, FT’S’S)
= Dinat(Ad, G™*)

which by parametrised representability is natural in r, s. The case for lambda
is similar to the case for Proposition 5.2.1.

e dual

This follows by functoriality of (—)°P and the fact that this functor preserves
products. Thus we have that the functors

(mr,ma,ma)® [6>T,a: A, y: A-E: D]

[oP x Agop ——— 77 7L o T0p « AP % AOP DoP
and
(rop , 7 q0p, T 40P ) [6>T,2z:A,y: A-E: D]
TP x AP ————————=T"°P x A°P x A°P Der
are equal.

Removing non-essential duals. An occurrence of dual violating the condition
defined by the normal form is permuted above occurrences of lambda, applica-
tion, weakening and contraction until it reaches a legal position, meets another
occurrence of dual or a sequent whose expression is a variable. That two applica-
tions of dual one after the other are removed is justified in the semantics by the
fact that the 2-functor (—)°P is an involution by definition. The case for variables
is a consequence of preservation of products.

e lambda

This follows from the adjoint property of A (2.14) and the fact that the functor
(—)°P is full and faithful:

Top A([6>T,2:C+E:D]*®) o pov
ToP x CoP [6>D,z:CHE:D]® o
I'xC [>T 2:CHE:D] >
r A([6>T,2:CHE:D]) [(C,D]

op(A([[éDF,;C:(C FE:D]))®

r [Cop, DoF].
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e application

This is justified by the fact that (— )°P preserves products and the exponentials
in CAT. Thus the functor eval® is in fact the counit for the adjunction defined
by A.

e weakening and contraction

These cases are symmetric to the cases from Propositions 5.2.1 and 5.2.2
respectively.

By Proposition 5.2.4 a derivation d > I' = E:D can be translated into a deriva-
tion ¢’ >T" F E’:D in the normal form where IV and E’ indicate possible renaming
of variables. The renaming of variables in the context does not affect the interpre-
tation, i.e. [I'] = [I']. Then from the discussion above the functors

[6>THE:D]:T =D and [§>I'+F E:D]:T —D

are isomorphic. The syntactic structure of a well-typed judgement defines a set
of derivations in normal form that differ only in the order of the application of
the structural rules (and is free of spourious uses of duality). The interpretation
for those derivations in normal form is not affected (up to isomorphism) by the
application of structural rules including duality. Therefore, different derivations for
a sequent yield the same interpretation up to isomorphism.

Theorem 5.4.1 The categorical interpretation is coherent up to isomorphism.

It is essential to interpret the types [C°P,D°P] and [C,D]°? as the category of
functors whose domain is C°? and codomain is D°P. In the syntax this is represented
by the definition clause

(Az®.E)* = Xa®" B

of the meta-operator (—)*.

Remark 5.4.2 In general a particular interpretation of a well-typed sequent I'
E:D assumes a derivation §. Otherwise, if no derivation is mentioned, the canonical
one is assumed and taken to give the interpretation.

5.5 Without Duality

The typing rules for coends and powers are derived from the rules for ends and
powers together with duality. That reflects a common practice in category theory.
We could have introduced primitive rules for coends and copowers instead:

coend
Iz:C®P,y:C+E:D C small D cocomplete

2C%P €
e[ ¥ E:D

copower
I'y = Eq:Set I's - Ey:C C cocomplete

Fl,FQ - E1 ® EQ :C.

It is sensible to ask whether these rules are enough to absorb the rule dual. Because
of the presence of the basic types like Set the answer is negative. Consider for
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example the derivation

F1I—E1:C FQ"EQIC

hom

Fcl)p,rg [ C(El, EQ)SSGt

dual
I, T5P + C(F}, E3):Set?
where the application of dual provides the only way in which we can introduce
Set°P.
In order to obtain a system closed under duality we need rules to introduce the
dual forms of the basic types:

hom™*

F1I—E1:C Fg"EQIC
[, TP - C(Ef, E3):Set®

singleton*

F 1:Set®P.
Thus every essential occurrence of dual (as defined in 5.2.3) can be replaced by
one of the new rules. For the non-essential occurrences they can be removed by
following exactly the same procedure as in the proof for DCW-normal derivations.
The definition of the operation (—)* over raw expressions may appear arbitrary
for the case of hom-expressions. In fact it all amounts to defining a suitable syntax
for the functor
o (C=—N* o
C x C® ——— > SetP.
Consider the alternative definition
C(E1,E9)* =C(E1, E») (5.6)

where the type Set®” and the change of variance in the context breaks the ambiguity
with the hom-expressions of type Set, for example

F1I—E1:C FQ"EQIC

hom

Fcl)p,rg [ C(El, EQ)SSGt

dual
Fl, ng F C(El, EQ) : SetoP.

In (5.6) the contravariant argument, the one on the right, is assumed to be du-
alised. That contrasts with our original definition of (—)* where the contravariant
argument takes the correct form while the covariant one is “implicitly” dualised.
One disadvantage of (5.6) is that the definition of substitution over raw terms is
not longer valid. To adjust substitution demands to know in advance the type of
a hom-expression (i.e. Set or Set°®) and then could not be carried out on raw
expressions in general. In few words if the hom-expression is of type Set°? the
substitution should act as

C(Enr, E9)|E/x] = C(E7|E/x], E2[E* /x]).
To avoid this inconvenience we prefer
(C(Ey, E»))" = C(EY, E3)
as a syntax for C(=,—)°° rather than (5.6).
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5.6 Products

The cartesian structure of CAT is already present in the semantics of contexts. An
expression-in-context corresponds to a functor with as many arguments as variables
in the context. To fully incorporate functors with multiple variables into the calculus
we need finite products for types

Cu=...]1]|Cy xCo

and the rules

C small D small

C x D small 1 small 1 complete.

The corresponding syntax and the rules for products are the usual ones from
the typed lambda calculus with pairs:

unit
F():1

pair

F1FE1:C FQFEQID

Fl,FQ - <E1,E2>SC x D
first

I'HE:CxD
I+ fst“*P(E):C

second

I'E:CxD
I+ snd®*P(E):D

Duality over a product type acts by dualising each factor, this is consistent with
the definition of T'°P for a context I'. The meta-operation (—)* acts over the new
syntax as

(N =0
(Ey, Ea)" = (EY, E3)
fStCX'D(E)* :fStCOPXDOP(E*)
)

snd*P(B)* = snd“"*P" (E*).

This definition is justified in the semantics by the fact that the functor (—)°P pre-
serves products. By checking the cases introduced by these new rules we can verify
that Propositions 5.1.2 and 5.1.4, and Theorem 5.1.5 are still valid.

The proofs of Propositions 5.2.1, 5.2.2 and 5.2.4 related to the normal forms
can be extended to contemplate the rules for products as well. The empty product
defines a new basic type 1, we identify in the syntax 1°° with 1. Thus the expression
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1(z, z) is well-typed

——  identity —  — identity
z:1Fz:1 w:lFw:1

hom
z:1,w:1 F 1(z,w):Set

contraction

x:1F 1(z, z):Set.

The interpretation for the new derivations is defined through the cartesian struc-
ture of CAT as usual:
e unit

The new type 1 represents the final object in CAT, i.e. the singleton category
and the derivation

F():1
is just the unique endomorphism
1—9o1.
e pair
The derivation
R
I‘1FE1:C FQFEQS,D

pair

Fl,FQ [ <E1,E2>SC x D
is interpreted as

61> FE:C 62>To-Ey:D
F1XF2 [61>T 1:C] x[62>T2FE2:D] C % D.

o first
The derivation
L6
'HE:CxD

first
I+ fst“*P(E):C

is interpreted as

S>THE:CXD .
PR ECB,  po e,

Similarly for the rule second.
If there is a derivation for the expression-in-context
I',z:Ay:B,ToF E:D (5.7)
then there is a derivation for

Iy, v:A x B, Dy - E[fst™*B(v) [z, snd™*B(v) /y]: D.
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This follows from substitution since from the rules above we have the necessary
derivations

identity identity
v AxBFuv:Ax B v Ax BFuv:Ax B
first second

v:Ax BF fstBv): A v:Ax BF snd**B(v):B.

In a more general setting this correspondence is a consequence of the relation be-
tween the natural deduction systems and the intuitionistic sequent calculus (see [TD88,
TS00]).

As CAT is a bicartesian category, i.e. a category with both finite product and
coproducts together with the obvious distributivity laws, we could extend the syntax
with “disjoint unions” constructors. Indeed as CAT is complete and cocomplete
we could be tempted to develop a richer theory for types where if not all limits and
colimits are consider at least includes some kind of fixed point construction. This,
however, escapes from the main focus of this dissertation and it is not developed
further.



Chapter 6

Natural Isomorphisms

We extend the language for functors with judgements for natural isomorphisms. A
derivation for an isomorphism judgement is interpreted as a natural isomorphism
between functors. As with the functoriality judgements this interpretation is defined
by induction but in this case the system is not coherent. This theory of isomorphisms
provides a formal presentation of the repertoire of natural isomorphism used in
chapters 2 and 3. We also extend the syntax to represent weighted limits and
show how under the assumption of completeness the new expressions is naturally
isomorphic to an end formula (Proposition 3.5.3). At the end of this chapter we
propose another approach to contravariance where the meta-operation (—)* becomes
part of the syntax.

6.1 Isomorphism Judgements

The natural isomorphisms extend the equational theory of the lambda calculus with

rules for Fubini, the naturality formula, the Yoneda Lemma and the definitions for

end and power. There are also two rules for duality from which we derive rules for

coends and copowers. As representability is the key concept in our reasoning most

of the rules in fact formalise natural isomorphisms between expressions of type Set.
The syntactic judgement

x1:C1,~~~ ,l‘nZCnFEl gEQ:C

says that the expressions F; and FE, are naturally isomorphic in the variables
1, -+ ,Zn. The rules for isomorphisms shall ensure that in a derivation for the
sequent above both F; and FEs are functorial in those variables as well, i.e.

r1:C1, - ,p:CpE E:C and x1:Cy, - ,2,:Cp, F Ey:C
are well-typed.

6.1.1 Equational Theory of the Lambda Calculus

As the language for functors extend the syntax of the lambda calculus we inherit its
equational theory [Bar84, Mit96]. These rules basically allow us to replace “equals
for equals” in expressions.

Structural Rules

As for the term-formation rules we need rules to manipulate contexts:

103
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weakening
21:C1, -, :Cp - By =2 Ey:C

X1 :Cl, s ,xn:Cn,an :Cn+1 - E1 = EQIC

exchange
Ilicl,"- ,xi:Ci,xiH:CiH,--- ,.Z'.,LZC.,L [ E1 = EQZC

£C13C1,' <. ,l‘iJrlSCiJrl,lL'iZCi,"' ,xn:Cn - E1 = EQIC

contraction
INz:C,y:CHEy = Ey:D

I,z:Ck Ey[z/x, 2/y] = Es[z/x, 2/y]: D

It is obvious from an inductive argument that the expressions in the conclusions
are functorial if the premises are. In general we shall not bother to mention the use
of these rules when reasoning about natural isomorphisms.

Conversion Rules
To define the evaluation of functors we have:

(-conversion
I',z:CHFE1:D TsF Ey:C C small

Iy, Ty - (Ma€.Ey)Ey = Ey[Ey/x]:D

where the substitution E4[E2/x] is defined as in 5.1.3. From the premises both

expressions in the final sequent are well-typed. The left-hand side follows by using

the rules lambda and application, and the right-hand side from Theorem 5.1.5.
For extensionality of functors we have the rule:

n-conversion
'+ E:[C,D]

'+ \2C.Ex = E:[C,D]

z is not free in F.

Notice that C is necessary small. The expression E is functorial since is proved by
the premise of the rule. That the expression A\z€.Ez is functorial follows from

—  identity
I'-E:[C,D] z:Cka:C
application
I'x:CF Ex:D
lambda

I'F\2¢.Ex:[C, D).

We sometimes refer to these rules under the general designation of conversion
rules.

Equivalence Rules

The next rules make the relation = an equivalence:
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reflexivity
'+-E:D
IT'FE=2E:D
symmetry
I'FE, =2Ey:D
'k E2 = E1 :D
transitivity

F}_ElgEgID F"EggEgZD
FFElgE;gZD.

In the case of reflexivity is obvious that the expression F is functorial since it is
required by the premise of the rule. For the rules symmetry and transitivity that
the expressions involved are functorial follows by an inductive argument. The rule
for transitivity plays an important role in the calculus since most of the proofs
proceed by chaining together natural isomorphisms.

Congruence Rules

Now we extend the relation = to be compatible with the construction of the differ-
ent expressions in the language, this is achieve by the so-called congruence rules.
Thus for every piece of syntax there is a corresponding congruence rule:

hom cong
Fll_ElgEiIC FQ"EggEéC

F(ip, Fg H C(El, EQ) = C(Ei, Eé)Set

power cong
' Ey2FE:Set I'sF Ey 2 EL:C C complete

F§pvr2 - [ElaEQ] = [EivEé]C

¢-conversion lambda
Iz:CHE;{ 2 Ey:D C small

'+ \2C. By 2 \aC.Ey:[C, D]

application cong
Fll_ElgEi[C,D] FQ"EggEéC

Fl,rg - E1E2 = EiEé : [C,D]

£-conversion end
I z:CP,y:C+H Ey =2 Es:D C small D complete

'+ fxcw,yc El = fxC°P7yc EQ :D.

It is obvious in all these rules that the expressions in the conclusions are indeed
functorial if one assumes that the premises are. Because of the constraint on the
formation of functor categories £-conversion for lambda abstraction is not enough to
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derive the other congruence rules (see [LS86]). For example the rule hom cong can
not be derived from S-conversion if the type C is not small (similarly for power
cong).

This series is complete with the rule for duality introduced in the next section
— but it cannot be consider a congruence rules since the (—)* is not part of the
syntax. These rules justify to replace “equals for equals” in expressions regardless
questions of bound variables [Bar84, Proposition 21.19]. To simplify the notation
in the proofs we often do not mention the congruence rules, or just refer to them
under the generic name of congruence.

6.1.2 Representables and Ends

The following rule allows us to move from an arbitrary type C into Set, the place
where representable functors live:

representable
T, z:CPFC(x,Ey) 2 C(x, E2):Set

F"El gEQ:C.

Notice that from the assumption on the manipulation of contexts the variable x
cannot be free in F; or Fy. From the judgement

I,z:C®F C(z, Ey) = C(x, E2):Set
we inductively have that both
I,z:C®FC(x,FE1):Set and T,2:C°°F C(x, Es):Set
are derivable and then as x is not free in Fy or Es we have that the sequents
I'E{:C and T'F E5:C

are derivable in the type theory.
The rule representable can actually be read bottom-up as well, though that
is derivable from the congruence rule for hom-expressions:

— identity
z:Ckax:C
reflexivity

v CHoe=a:C I'FEy=2E,:C

hom cong

I z:CPF C(z, Ey) =2 C(x, E1): Set.
Then we have the derivable rule

'k E1 = EQZC
T, z:CPFC(x, Ey) 2 C(x, E2):Set

with the side condition that x is not free in F; or Es.
The following rule formalises the naturality formula:

nat formula
I',z:CHFE1:D Ts,y:Ck Es:D C small

[P, Dy k= [C, D)(Na€.B1, Ay .B2) = [ con e D(E1, Ep):Set.
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From the premises of this rule we have

I',z:C+- E{:D Is,y:CH Ey:D
lambda lambda
I'y - Mz By :[C, D] Iy - M\yC.Ey:[C, D)

hom

ISP Ty - [C, D) (AaC.Ey1, \y€.Fy): Set

and
Fl,l'ZC FElip FQ,ySCFEQS,D

hom-+exchange’s

P Ty, 2:C%,y:C+D(E, E>):Set

end

Fip7 I'y - fxcop7yc D(El, Eg) :Set.

The rule nat formula exemplifies the importance of the Church-style presenta-
tion of the syntax. The variable z is bound by the lambda binder as covariant and
by the integral binder as contravariant. This is a consequence of the assumption
that the left argument of a hom-expression is implicitly dualised. We have previ-
ously used this information in an informal manner, for instance in the last step of
the proof of Proposition 3.5.5 where we informally write

[,1G(2), [F(x), Z]] = [C,Set] (G, [F(-), Z]).

In order to define the functor category we need to keep track of the types of the
occurrences of x. In the formal calculus there are different variables for the different
occurrences of x in the expression above.

For interchange of ends we have the rule:

Fubini
[x1:CP 20:C,y1:DP,yo: D F E:E Csmall Dsmall & complete

I'+ FE = E:
fl’f"pvl’% fy}”p,y? fy?‘”w%’ fz?"",xg &

The functoriality of both expressions follow from the premises by application of the
rule end twice and the use of some exchange’s.

Through representables we can give the definition of end as:

def end
I z:CP,y:CF E:D C small D complete

L w:D% = D(w, [ e E) = [ e D(w, E):Set

where from the assumption on contexts w cannot be free in E. From the premises
we have

z:CPy:C+ E:D
——— identity end
w:DFw:D Fl—fmcopch:D

hom+exchange’s
L, w:D% k= D(w, [ con < E):Set
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and

—— identity
w:DFw:D T'z:C°?,y:C+E:D

hom

w:D®P T x:CP,y:C+ D(w, E):Set

end+exchange’s
I w:DPF [ o o D(w, E):Set.

Similarly we can give the definition of power:

def power
I''+FEi:Set T'sk Es:D D complete

[P, Ta,2: D  D(x, [E1, Es]) = [E1, D(z, E2)]: Set

where again x is not free in E. From the premises we have

F1FE1:Set FQFEQS,D
—— identity power
z:DFx:D P, To & [Ey, Es]:D

hom+exchange’s

[P, Ta,2: D - D(x, [E1, Es)): Set
and

—  identity
z:DbFx:D I's - Ey:D

hom-+exchange’s

Ty - E; :Set Ty, 2:D% F D(z, B>): Set

power

[P, Ty, 2:D% - [Ey, D(z, Es)] : Set.

In both cases, def end and def power, a universal property on an arbitrary com-
plete category D is expressed as the same universal property but in Set.

There is as well a definition for the singleton set:

def singleton
I'E:D D complete

I'+[1,E|=E:D

where functoriality of F follows from the premise and 1 is proved by the rule sin-
gleton.

The Yoneda lemma is given as an end by the rule:

Yoneda
T'z:C°’+ E:Set C small

T 2:CP | E ~ fwcop,yc [C(y,z), Elw/x]] : Set

z,w are not free in E.

The left-hand side of the conclusion is functorial since it is just the premise. For
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the right-hand expression we have

— identity — — identity
z:ChHax:C y:CkFy:C

hom

x:CP y:CF C(x,y):Set I'w:C®? F Elw/x]:Set

power—+exchange’s

T z:CP w:CPy:CH [C(y,z),E[w/zH :Set

end

L,a:CP b [ con e [C(y,x), Elw/x]] : Set.

The conclusion of the rule Yoneda says that the natural isomorphisms given by
the Yoneda Lemma is natural in . For a small category C the derivation

identity ————— identity
f:[C°P, Set] | f:][C°P, Set] x:CP | 2:C°P

application

f:[CoP,Set], z:C°P F fx:Set

Yoneda
f:[C°, Set|,2:CP |- fx = fwcop7yC[C(y,:c),fw]:Set

gives the most general case where we have also naturality in f.

6.1.3 Duality

The definitions for coend and copower are obtained from that one of end and power
by using the rule which models the definition of opposite category (see §1.3):

opposite cat
F1I—E1:C FQ"EQIC

I, Ty b C(Ey, By) = CP(E;, E7):Set

where the meta-operation (—)* is defined as in 5.1.1. The functoriality of the left-
hand side follows by applying hom to the premises. For the right-hand side we

have
FQ"EQIC F1I—E1:C

—————— dual —————— dual
TP - B :CoP [P+ E7:CP

hom+exchange’s

I'% Ty b CP(E, EY):Set.

Now we show how derive the rule for the definition of coends. Given a small
category C, a cocomplete category D and a judgement

Iz:C® y:CHE:D

we have

I'z:C®? y:.CHE:D

end”

o c ——— identity
re[* Y E:D w:DFw:D

opposite cat

coP C
P w:DFD([* Y BEw)2D%Pw, [ . E*):Set.

Yy,

It follows through the chain of isomorphisms

D% (w, J

yC 2C E*) = fyCOP 2C DOP(w, E*) def end

& [y e D(E,w) opposite cat+congruence.
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Thus we have the derivable rule:

(def end)*
T,z:C°?,y:CF E:D C small D cocomplete

3
1, w: D+ D(f* ¥ E,w) = [ o o D(E,w):Set,

Notice the adjustment in the type of the bound variables to reflect contravariance
when moving outside of the left argument in a hom-expression.

Similarly we can derive the rule for the definition of copowers. Given a cocom-
plete category D and judgements

F1I—E1:Set and FQ"EQID

we have

F1I—E1:Set Fg"EQID

power® ——— — identity
I'y,I'eoFF,® Ey:D w:DrFw:D

opposite cat

P, TP, w:D + D(E; @ By, w) = DP(w, [E1, E3]): Set.
The definition of copower is given by

D% (w, (B, B3)) & [B D (w, E3)]  def power
=~ [E1, D(Ez,w)] opposite cat+congruence.

Thus we have the derivable rule:

(def power)*
I''+FE:Set TI'sk Ey:D D cocomplete

P, TP, w:D + D(Ey ® By, w) & [E1, D(Ez,w)] :Set

where w is neither free in Fq nor Es.
From the identity (C°P)°P = C we obtain an instance of the rule Yoneda which
deals with the covariant case:

I'z:CH E:Set
Yoneda
Iz:Cr E fy@p w |C®(y,z), Elw/x]| : Set,
on the other hand we have the derivation
identity — — identity

z:Ckx:C y:Cky:C

opposite cat

2:CP y:CF CP(y,x) = C(x,y):Set
and by congruence we can conclude

Fa z:CH fyC°P7wC [Cop(yv l‘), E[w/x]] = fyC°P [(C('Z’7 y)v E[w/x]] :Set.

C
yw-

Finally by transitivity we obtain the derivable rule

Yoneda*
Iz:CH E:Set C small

Lz:ChE [ o e [C(x,y), Elw/x]] : Set.
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The operation of duality respects natural isomorphisms, this is expressed by:

dual iso
'+ E1 = E2 :C

TP - B} 2 Ej :C°P.

The functoriality judgements I' = E;:C and I' - E» :C are derivable by induction.
By applying dual to both sequents we have that the expressions in the conclusions
of the rule are functorial as well.

The rules opposite cat and dual iso allow us to derive the dual form of the
rule representable. Given the judgement

Iyz:CFC(Fy,x) 2 C(F2,x):Set

there are by definition functoriality judgements for £ and Es and then we can
derive by using opposite cat

Iyz:CkHC(Ey,x) 2C%®(x,E]):Set and T,z:Ct C(Es,z) = C®(x, E}):Set.

Then by transitivity we have

transitivity
T,z:CF CP(z, EY) =2 C°(x, E3):Set

representable

[+ Ef = E5:C

dual iso

IoP E1 = EQSC.

Then we have the derivable rule

representable*
I z:CFC(Fy,x) 2 C(F2,x):Set

TP Ey =2 Ey:C.

Again the reverse reading of this rule is derivable from the congruence rule for
hom-expressions.
As for the functoriality judgements we can prove that the rule

substitution
Fl,lL'SCFEl g.Eil) FQ FEQ %EQC

1,0y - BBy /2] = E|[E}/x]:D

is admissable in the calculus.

6.1.4 Products

Associated to the rules in § 5.6 we have the usual conversions from the lambda
calculus with pairs

unit iso
I'HE:1

FrFE~():1
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(-conversion fst
F1FE12C FQFEQSC

Iy, Do b fstS*P((By, Ey)) = Ey:D

[-conversion snd
F1I—E1:C Fg"EQZD

I,y b snd“*P((Ey, Ey)) = Ey:D

n-conversion pair
T'FE:CxD

- (fst*P(E), snd“*P(E)) = E:D

together with the congruence rules not listed here. A novel rule arises from inter-
nalising small products as domains of functor categories. Thus there is a rule for
the adjunction (2.14):

Curry
T,2:CxDFE1:B T2,y:CxDF Ey:B C xD small

I T2 b [C x D, B](Az.Er, Ay.E2) = [C, [D, B]] (Av.Aw.E1 [(v, w) /], Av.Aw.Ea[(v, w) /y]) : Set

where some types are omitted to simplify the notation.
The “swapping” of arguments of bifunctors is derived from Curry as sketched
by the chain of isomorphisms
[C, [D, B]] (M. w.Eq [(v, w) /a], \v.\w.Es [(v,w) /y])

= D, B](Aw.E} [(v1, w) /z], \w.Ez[(v2,w) /y]) nat formula
= fvl s fwl ws B(E [(v1, w1)/x], E2[(va, w2)/y]) nat formula
= w1, w2 fyl Vo ( [(Ul’ wl)/x] E2[<U2’ w2>/y]) Fl'lbini
= fo1.0,(C B (Mv.Eq [(v, w) /2], \v. Bz [(v,w) /y]) nat formula

[D, [C, B]](Aw. v.E; [(v,w) /2], \w.\v.Ez [(v,w)/y]) nat formula.

V1, ’02[

Thus from transitivity and Curry we have the derivable rule:

swap
I',z:CxDFE1:B T2,y:CxDF FEz:B C xD small

P, T2 - [C x D, Bl(Az.E1, A\y.E2) 2 [D x C, B|(Av.E1[(snd (v), fst (v)) /z], \w.E1[(snd (w), fst (w))/z]) : Set.

6.1.5 Examples
6.1.6 Limits

Limits are ends where the functor involved is extended with a “dummy” argument.
The definition of limits as given by a representation is derived from the rule def end.
Assume the judgements

Iy:CHE:D Csmall D complete.
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We first derive

— identity
w:DFw:D

weakening

w:D,x:CFw:D Iy:CHE:D

nat formula
L, w:D%® I [C,D](AzC.w, \yC.E) 2 [ o . D(w, E):Set.

¥ Lyt

Then,

Iy:CHE:D

weakening+exchange

I'z:C®? y:CHE:D

def end
Lw:D® b [ o D(w, E) 2 D(w, [ coo o E):Set.

Finally by transitivity
T, w:D® k- D(w, [, E) 2 [C,D](\a.w, \y©.E):Set.

As x does not occur free in E we just write fyc E.

6.1.7 Density Formula and the Yoneda Lemma

In § 3.5.3 we show three different forms in which a presheaf can be expressed as

a colimit. Here we formalise the proof for the density formula in the calculus and

show that in fact their expression is (in some sense) the dual for the Yoneda lemma.
The interpretation for a derivation

;0 (6.1)
I,z:C®PF E:Set

results in a functor [§ > ',z : CP + E : Set] : T' x C°® — Set, a presheaf with
parameters. From (6.1) we can derive the sequent

o wCOP yC
[z:CP+ [T Y Blw/z] @ C(x,y)
the so-called density formula for E. Then we have the chain of isomorphisms

7 Blw/a] © C(o,9),2] = [ o e [Blw/e] @ C(z,y), 2] (def end)*

= [eor e [C(z,y),[E[w/z],2]] (def power)* + congruence

~ [E, z] Yoneda*

and then by transitivity there is a derivation

[P x:C,z:Set - [fwc v Elw/z] ® C(z,y), z] = [E, z]:Set

representable”

I, z:C fwc v Elw/x] ® C(z,y) = E:Set.

Then by further use of symmetry and congruence we have the derivable rule
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density

T'z:CP+ E:Set C small

Iz:CP+E fwc v C(z,y) ® Elw/x]:Set

In order to derive density we need the Yoneda lemma in the calculus, but the
relation goes beyond that. In fact the dual form of the density formula gives a form
of the Yoneda lemma for Set”:

I'z:CF E:Set

dual
P x:C°P I E*:Set

density
CcoP T
[P, x:C® - F* = [Y Y C(z,y) ® E*[w/x]:Set

dual iso

Iz:CrE fy@p [C(z,y), Elw/x]] : Set*®.

7’L’UC

6.2 Interpretation

As proved in the presentation of the rules for natural isomorphisms a derivation

0
Fl_ElgEQ:D

in turn determines derivations

5 5
I'FEi:D and T'F E5:D.

An interpretation for § is a natural isomorphism
[0>TFE 2 Ey:D]:[01>TFE:D] 2 [62>TF Ey:DJ.

We show how to build this natural isomorphism incrementally by considering the
effect of each of the rules.

The interpretation for natural isomorphisms is not coherent with respect to the
syntax. Different derivations may produce different witnesses that two functors are
naturally isomorphic. In general the judgement I' = F; = F,:D is understood as
asserting that there is a derivation and thus the existence of a natural isomorphisms
between the corresponding functors.

Notice that as a consequence of the coherence for functoriality this interpretation
ensures the existence of a natural isomorphisms between any other interpretations
of ' E;:D and I' - FE5: D, in particular between the functors obtained by the
derivations in normal form.

To simplify the notation we sometimes represent functorial judgements by just
their expressions, where contexts and type information can be recovered from the
isomorphism judgement.

6.2.1 Lambda Calculus

The interpretation for the equational theory of the lambda calculus in a carte-
sian closed category is well-known and studied elsewhere [Sza78,1.586,Cro93, AC98,
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Jac99, Tay99, Pit00]. Here we just revise the theory for the particular case where
the categorical model is giving by CAT.

The semantics of the structural rules follow a similar pattern that the case for
functoriality. For instance if the interpretation of the premise weakening yields
the natural isomorphism

[4
[THE:D] X[+ Ey:D]

then the interpretation of the complete derivation is

Goid,
[T,z:CH Ey:D] = [I,z:Ck Ey:DJ

where [I,z:CF E;:D] = [l - E;: D] ox (for i = 1,2), 7 is the projection and
id,; is the identity natural isomorphism associated. Similarly for exchange and
contraction.

For $-conversion we use the semantics of substitution (see § 5.3.4) as compo-
sition in CAT. Given a derivation

o e
Fl,ISCFElip FQFEQIC

[-conversion

'y, Ty - (M\aC.E))Ey = By [By/2]: D

as eval is the counit of the adjunction defined by A (2.14) then the triangles in the
diagram

A(II61I>F1,QJZC}_E1:D]])XHéQDFQ}_EQ:CH eval

F1XF2 [C,D]XCHD
A([[erl,x:a}ﬁ:ﬂ)xc
1 x[62>T2kE2:C] [61>T1,2:C-E1:D]
T I'i xC —_—

commute. The lower composition is the semantics for the substitution.
The natural isomorphism defined by n-conversion is just the one-to-one corre-
spondence:
5T +E:[C,D]]xC
r x ¢ 2PDEEPIE (0 p) sy b p
[65>D1 - E:[C,D]]

D

for some derivation §.

For the equivalence rules, reflexivity is interpreted as the identity natural trans-
formation over the functor defined by the canonical derivation of E, symmetry
reverses the natural isomorphism in the premise and transitivity is the result of
composing the natural isomorphisms defined by the interpretation of the premises.
Finally the congruence rules correspond to the application of a functor to an argu-
ment. As all the expressions involved are functorial by construction, then we can
ensure that the application of those expressions to particular isomorphic instances
preserves the isomorphism: the slogan is “functors preserve isomorphisms”.

6.2.2 Axioms

The rules used to model the definitions of end and power are indeed axioms at the
level of isomorphism judgements. They are basically interpreted through a repre-
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sentation for a Set-valued functor. For instance the interpretation of a derivation

)
Iz:CP y:CHE:D

L, w:D% + D(w, [ cor J E)= [ o i D(w, F):Set

is a consequence of the definition for ends 3.2.1 together with the fact that repre-
sentables preserve ends (Proposition 2.2.8).

The situation is similar for the rules nat formula, Fubini and Yoneda. The
first one introduces the isomorphism defined by the naturality formula (3.4), the
second one is interpreted through the Fubini result for ends (see§ 3.2.5) and the last
one is just the Yoneda Lemma as an end formula 2.1.3. The rule opposite cat is
as well an axiom which basically captures the definition of opposite category (see
§1.3).

6.2.3 Representability and Duality

For the remaining rules we have:

e representable

The derivation

6
T,z:CPFC(x,Ey) 2 C(x, E2):Set
representable
'+ E1 = E2 :C
is interpreted as
Oy (dpeyp)
[E.] = [E]

0
where [C(z, E1)] 2 [C(x, E2)] (this follows from Proposition 2.1.5).

e dual iso
The derivation
D5
T'FE12E,:C

dual iso

TP \ E; = Ej:CoP

is interpreted as the action of the 2-functor (—)°P over the natural isomorphism
defined by d

.. [BoreE =Bl
[E7] = [E3].

6.2.4 Lack of Coherence

As with judgements for functoriality, for any derivable isomorphism sequent there
are several derivations. In this case it is not just a consequence of the presence
of structural rules and duality, and in fact there is no coherence result. As the
example below shows different derivations for the same isomorphism sequent could
yield different natural isomorphisms.



6.3. Weighted Limits 117

The interpretation for the derivation

—— identity ——— identity
z:Set - x:Set y:Set - y:Set
power”
z:Set,y:Set - ® y:Set
contraction
w:Set F w ® w:Set
reflexivity

w:SetFw®w = w®w:Set

is the identity natural isomorphism. The copower over Set is just the cartesian
product and then the interpretation corresponds to the componentwise identity.
There is another derivation given by the definition of power. We first have the
instances of copowers and powers definitions

—— identity — — identity
x:Set - x:Set y:Set - y:Set

(def power)”*
x:Set®, y:Set®, z:Set - [z @y, 2] = [z, [y, 2]] : Set

identity —— identity

: Fuy: : Fw:
y:Set F y:Set w:Set - w:Set (6.2)

def power
z:Set®, y:Set, z:Set b [z, [y, 2]] = [y, [z, w]] : Set

—— identity — — identity
y:Set F y:Set x:Set - x:Set

(def power)*+symmetry
z:Set®, y:Set, z:Set b [y, [x,2]] = [z @y, 2]: Set

and then by transitivity

z:Set® y:Set®™ z:Set - [z ®y, 2] = [y ® z, 2] : Set

representable”
r:Set,y:Set - r @y = y®x:Set

contraction
w:Set Fw®w = w®w:Set.

The interpretation for this derivation is the “twist” function acting as (a, b) — (b, a).
The core part of this interpretation is given by the semantics of (6.2). Then there
two different derivations for

w:SetFw®w = ww:Set

which yield different natural isomorphisms.

6.3 Weighted Limits

When it comes to reasoning about presheaf categories it is more natural to approach
universality through weighted limits. In principle weighted limits are no more than
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ordinary limits and they should be present already in the type theory. In this section
we show that this is in fact the case.
Let us first extend the syntax with two binders for weighted limits and colimits

coP ¢
Ei=... e (B, B) | §° 7 (B En).

These binders are binary operations which capture one variable at each argument,
i.e. they have arity (1,1) (where the lambda abstraction is (1) and the integral is
(2), see [Plo90,FPT99]). Notice that here the order of the variables in fxC,yC (B2, En)
does matter.

The following rule defines the typing for weighted limit expressions:

wlimit
I'y,z:CH Ey:Set T's,y:CH Ey:D C small D complete

Fip, FQ [ fzc,yc (El, Eg) :D.

Remember from the discussion in § 3.5.1 that the weights are contravariant when
thought as parameters, this is expressed by the dual context I'". This induces the
following definition for substitution

‘?gycﬂuc (B1, E)|E/x] = ‘?gyc,wc (Er[E” /2], Eo[E/x])

for x # y and x # w. This is accompanied by a suitable definition for the meta-
operation (—)* to cover the new expressions:

« 2€ €% 2C%° € «
(fzc’yC(ElaEQ)) :jg Y (EhE;) (jg Y (E17E2)) :f}gzcopyycop(ElaE;)-

Then the typing rule for weighted colimits is derivable from the one for limits
and duality. Given the sequents

I',2:CPFE;:Set T'y,y:CkH FEy:D Csmall D cocomplete

we have the derivation

Iy, y:CE Ey:D.

dual
Iy,2:CP+ Ep:Set 'SP y:CoP - E3:D

wlimit

FC{p’ ng + fg;COP,yCQP (Ela E;) :D°P

dual
xC°P’yC
Fl,FQF‘?g (El,EQ)ZD.

That gives the derivable rule
wlimit*

T'y,z:CP+ E1:Set T's,y:CH Ey:D C small D cocomplete

2C%P yc
Fl,FQFf ’ (El,EQ)ZD.

Now we can give the definition of weighted limits as a representation:

def wlimit
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I',z:CH Ey:Set T's,y:CH Ey:D C small D complete
[P, Ty, w:D® F D(w, §, ¢ ye(E1, E2)) = [C, Set] (Az€.E1, \y¢.D(w, E>)) : Set

where the left-hand side is justified by
I'y,z:CH Ey:Set T's,y:CkH Es:D

identity wlimit

w:DFw:D Fip,Fgl—fmc’yc(El,Eg):D

hom+exchange’s
', To,w:D + D(w, fxc e (E1, E2)):Set

and the right-hand side by

——  identity
w:DkFw:D Is,y:CH Es:D
hom+exchange’s
I',z:C+ Eq:Set Do, w:DP,y:C + D(w, Ey):Set
lambda lambda
Iy - \2C.E; :[C, Set] D, w:D® - \yC.D(w, Ey):[C, Set]

hom

[P, Ty, w: D + [C, Set] (Az€.E1, \yC.D(w, E»)) : Set.

As expected the definition for weighted colimits is derived from the one for
weighted limits together with duality. Given the judgements

', z:C®°F Ey:Set T'g,y:CH Ey:D Csmall D cocomplete (6.3)

there is a derivation
I',z:CPF E;:Set T's,y:CkH Ey:D

wlimit® —— identity

Fl,Fgl—f@p El,Eg) D w:DkFw:D

opposite cat
I TP, w:D - D(§* (), Ey),w) = D (w, $,co0 con (B, E5)) : Set.
Then by transitivity we have
D (w, §,e0 v (B, B5)) = [C*P, Set] (Ax@" By, Ayc"” D®(w,E3)) def wlimit
>~ [C°P, Set] ()\x By, Myt D(E,, w))  opposite cat + congruence.

We can formalise the proof of Proposition 3.5.3 in the calculus, but more in-
teresting from the rule def singleton we can show that a weighted limit is just a
limit. Given a functoriality judgement

I'z:C+HE:D
where D is a complete category we can derive in the calculus the isomorphism
k[ .E= fygyxg(l, E):D (6.4)

where y is not present in I'. The heart of this proof is given by the chain of
isomorphisms

[C,D](\y.w,\z.E) = Jyeo» e D(w, E) nat form
= [ e 4o [1,D(w, E)] def singleton + congruence
=~ [C, Set](A\y.1, \z.D(w, E)) nat form.

where y and w are not free in F.
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6.4 Another Approach to Contravariance

The contravariance on the left-hand argument in hom-expressions has been mod-
elled by dualising the type of the free variables. That forces a context-independent
presentation for the rule

hom
F1FE1:C FQFEQSC

Fcl)p,rg [ C(El, EQ)SSGt

since we need to keep track of the free variables in FEj.
An alternative approach which avoids the modality (—)°P acting on contexts is
to require E; to be of type C°P

hom?2
I'HE:CP T'FEy:C

T+ C(E, Es):Set.

This solution falls far from the usual practice in category theory, imagine for instance
a calculus where the expression

2:CP y:C®, 2:CHC(x xy,z) 2C(x,z) X C(y, 2) (6.5)

holds (where x x y:C°P).

There is a compromised solution which consists of introducing the rule hom?2
instead of hom but keeping an explicit track of the contravariance by adding a new
constructor to the syntax:

E:=...|E".

Now the usual rule dual introduces the piece of syntax (—)*. The judgement (6.5)
would still hold, but the more natural

2:CP y:CP z:CHC((x x y)*,2) 2 C(x,2) x C(y, 2)

holds as well.
Propositions 5.1.2 and 5.1.4 are not longer meaningful, and their effect is achieved
via explicit isomorphism rules, like for instance

I'z:C+HE:D

P - (\zC.E)* = \aC" . E*:[CoP, DP]

and so on for the other definition clauses in 5.1.1. Then from the congruence rules

can be proved that the rule
I'-E:D

'-Ex=(E*)*:D

is admissable. The definition for substitution is simplified since there is no special
case to consider, and then we can as well show that

Ixz:C-FE1:D TFE5C

I'F (Er[Ea/a])” = (ET[E5]):D

where E1[FE2/z] is the usual substitution.
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The definition of DCW-normal derivation does not make any sense in this ap-
proach as duality is explicitly represented in the language. Now only the structural
rules can lead to different derivations for the same functoriality judgement.

Most of these features are indeed disadvantages of the approach since the inter-
pretation will distinguish more than necessary and force us to carry on with if not
useless at least redundant isomorphisms. This is worsened by the fact that expres-
sions grow in complexity and proofs need to deal with a syntactic bookkeeping of

(=)"s.
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Chapter 7

Towards a Calculus for Enrichment

In enriched category theory hom-expressions are interpreted as objects in a base
category V. In this chapter we show how the 2-category of V-categories gives a model
for a substructural version of the calculus. Most of the constructions for locally
small categories import to the enriched case smoothly but limits. In particular
weighted limits are more general than ends and then take a prominent position. In
the calculus this situation is reflected by the lack of structural rules for weakening
and contraction. We introduce the basic concepts of enriched category theory by
emphasising on the constructions modelled in the calculus. Most of the introductory
material is extracted from “Basic Concepts of Enriched Category Theory” [Kel82],
other references are [Dub70, Bor94b, BS00].

7.1 Symmetric Monoidal Closed Categories

A monoidal category V is a locally small category Vy equipped with a bifunctor
—® —:Vy X Vg — Vg, an object e € Vy and natural isomorphisms

Ag,y,z

TR (Y®2))ey,=

lRe

e (r®y)®2

e (e®x=1),, and

ry
~

e (z®e=ux),

such that the pentagon

(we (z@y)® 2

a

commutes, called associativity coherence, and the triangle

(z®e)®Yy 2 z®(e®y)

QY

123
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commutes, called the identity coherence. As usual we omit the subscripts in the
components of the natural transformations to simplify the notation.

The bifunctor ® is called the tensor product of the monoidal category. The cele-
brated “coherence theorem” on monoidal categories establishes that every diagram
commutes. Here by diagram we mean the ones resulting from combining by means
of ® instances of a, 1, r, their inverses and identities (see [Mac98]). A simple exam-
ple of monoidal category is given by categories with finite products: just take the
product as inducing the tensor bifunctor and the terminal object as e; the pentagon
and triangles follow from the universal property of product.

A symmetric monoidal category extends the list of natural transformations a, 1
and r with a symmetry for the tensor

satisfying the axioms
TRY ——>yQz

N

and
S

Ry)ew——=10(HyRw) — (yQuw)Qx

w% &

(y®x)®w—a>y®($®w)T®s>y®(w®x).

A monoidal category V is said to be closed if each induced functor

—®z: Vo9 — Vo
has a right adjoint
~ oz,
i.e. there is an isomorphism
Vo(w ® z,y) = Vo(w, [z,y]) (7.1)

natural in w,y. As expected the counit of this adjunction is given by the evaluation
morphisms
eval: [z,y] @ x — y.

Remember from § 2.3 that for an arrow f:w — z the action [z, f] corresponds
under the adjunction to
[z, w] ® ML
If for each x € Vy the induced partial functor z ® — :Vy — V) has as well a right
adjoint we say that V is biclosed. It follows that if V is symmetric and closed then
it is biclosed. In this case by Proposition 2.3.2 the expression [—, ] is functorial in
x as well giving rise to a bifunctor

[:,—]ZVSP x Vo — Vo

where for f:w — z the arrow [f,z] corresponds under the adjunction (7.1) to the
arrow

id
[z, 2] ® wl—®f>[z, x] ® PRl
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7.2 V-Categories, V-Functors and V-Naturality

A monoidal category V is enough to replace the role of the category Set in defining
the structure of the hom-expression. Then by adding more requirements on V we
can recover most of the categorical constructions.

Let V be a monoidal category. A V-category C is defined by

e a collection of objects (as usual we write x € C),

e an object C(z,y) in Vy for each pair z,y € C,

e a composition arrow m:C(y, z) ® C(z,y) — C(x, z) for each x,y,z € C, and
e an identity “element” j,:e — C(x,x)

such that for each x,y,w, z the diagram

(Clw,2) ® Cly,w)) @ C(z,y) - Cw,2) ® (Cy,w) ® C(x,y))
m®idl lid@m
C(y,z) ® C(x, ) (w,2) ® C(x,w)

\/

commutes, called the associativity axiom, and the diagram

Cly,y) @ C(x,y) ——C(x,y) ~——C(z,y) ® C(x, )

P

e®C(z,y)

commutes, called the identity axioms. If the collection of objects of C is a set we
say that C is a small V-category.

From V-categories it is not difficult to see how to give suitable definitions for
the notions of V-functors and V-naturality. Let us play this enrichment game by
revising the basic categorical concepts in chapter 2 at the light of this more abstract

notion of category.
Given two V-categories A and B, a V-functor F': A — B consists of

e a mapping F from the objects of A to the objects of B, and

e for every pair x,y € A there is an arrow
Foy: Alz,y) — B(F(x), F(y))

in Vy such that for each x,y,w the diagram

! Az, )
\ lF
J
commutes, i.e. F' preserves identities; and the square
Ay, w) @ Az, y) - Az, w)

F@Fl lF

B(F(y), F(w)) ® B(F(x), F(y)) —7—= B(F(x), F(w))

m




126 Chapter 7. Towards a Calculus for Enrichment

commutes, i.e. F' preserves compositions.

For V-functors F,G : A — B (this of course carries that A and B are V-
categories), a V-natural transformation « : F' = G is defined by a family

(ag e — B(F(x),G(2)))
of morphisms in Vy such that for each x,y

GRo

Alz,y) @ e B(G(z),G(y)) © B(F(x), G(x))

Alz,y) B(F(z),G(y))

e® A(z,y)

ar B(F(y),G(y)) @ B(F(x), F(y))
commutes, i.e. the naturality square commutes.

The collection of identity elements gives as expected a natural transformation
defined componentwise as

(j:e = B(F(z), F(x)))zea-

Compatible functors compose just by composing each of the arrows defining
them, in the same spirit we can compose V-natural transformations. Let o : F' = G
and 3 : G = H be V-natural transformations. The composition 3 o « is defined at
component x to be the arrow

Be®ctz

e (e 0 &) B(G(r), H(w)) © B(F(x), G(a))—"—B(F(x), H(x))
in V. It is routine though tedious to verify that these definitions satisfy the required
conditions.

Thus the collections of V-categories, V-functors and V-natural transformations
form a 2-category that we called here VCAT. In particular if V = Set the category
of V-categories is just CAT. Another example comes by taking V = CAT where
we recover the categories of 2-categories. Henceforth we use the terms category,
functor and natural transformation to mean the corresponding notion in the V-
enriched setting when there is not possibility of confusion.

7.2.1 Opposite V-Category

In order to be able to define opposite V-categories we need V to be a symmetric
monoidal category. The opposite category A°P has the same objects as A and for
each x,y the hom-object is defined as

A%®(z,y) = Aly, z).
Remember that this refers to equality of objects in Vy. The identity elements are

those of A. The symmetry of V is required for the definition of composition. The
composition arrow of A for objects x,y, w is

Alw, y) ® Aly, z) —= Ay, z) @ Aw,y) > Aw, z)

It is routine to verify that this definition gives indeed a V-category.
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In fact there is a 2-functor over VCAT with the expected behaviour. Given a
functor F': A — B, the opposite functor F°P: A°P — 3°P acts over objects as F' and
over hom-objects as

AP (z,y) = Aly, ©)

B(F(y), F(z)) = B®(F(z), F(y))-

Given a natural transformation « : F' = G the opposite a°? : G°P = F°P is defined
componentwise as

B (GP(x), F*P(x)).
Now as expected we call a functor F : A°® — B a contravariant functor. Still to

be able to define hom-functors in the theory of V-categories we need to support
bifunctors.

7.2.2 V-Bifunctors

As it is the case for product in CAT, the tensor product of V can be extended to a
tensor product in VCAT. For categories A and B, the tensor product A® B is the
category where

e the collection of objects is the cartesian product of the collection of objects of

A and B,
e the hom-objects are defined as

A B((z,y), (2',y) = Alz,2") @ B(y,y'),

e a composition arrow m is

(A@, ") @ B(y',y")) ® (Alz, 2') @ B(y,y)) Az, ") © B(y, y")

middle four interchanged
\L mA®mB

(A@',2") ® A(z,2')) ® (B(y',y") @ By, y'))

where middle four interchanged is obtained from a combination of instances
of a and s; and

e the identity element is the arrow
Ji®j
e (e®@e)—=Alr,z) @ B(y,y).

It is again routine though even more tedious to verify that this definition gives
indeed a V-category. Now functors with domains given by tensor categories, like
F:A® B — C, correspond to the bifunctors. As in the case of CAT, F' induces the
partial V-functors F*:B — C and Fj,: A — C. For our development is interesting
to notice that indeed by following the definition we can show (A ® B)°P=.4° @ B°P.
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7.2.3 The Underlying “Ordinary” Category

Let V be a monoidal category. A global element a of x € Vy is an arrow a:e — .
Now for a V-category A, the global elements of the object A(w, z) can be thought
as the arrows from w to z in A. Indeed as V is locally small the collection

Vo (e, A(w, 2))
is a set. This allows us to define the underlying ordinary category Ag where the ob-

jects are the ones from A and arrows are just the global elements. The composition
of compatible “arrows” g and f is given by the global element

e (e®e) RN Ay, 2) @ A(z,y) —= Az, 2).

In the same spirit we can define underlying functors and natural transformations.
In fact those definitions give rise to an “underlying” 2-functor from VCAT to CAT.

This constructions allows us to define the notion of isomorphism in a V-category.
Two object a,b € A are isomorphic if there is an isomorphisms a = b in Aj.

7.3 Representable Functors and Universality
Thus the last step towards the notion of representability in the theory of enrichment
comes with the verification that V itself can be seen as a V-category. This requires

to assume that V is a symmetric monoidal closed category.
Then there is a V-category where

e the objects are those of V,

e the hom-object for =,y € V is
V(z,y) = [z,9],
e the composition morphism
.2l ® [, y|—— (=, 2]
corresponds under the adjunction (7.1) to the arrow

id®eval eval

([yaz] ® [ac,y]) ® x—a>[y,z] ® ([x,y] ®x)ﬁ[yvz] QYy——>2,

e the identity element
J
e——[x, x]
corresponds under (7.1) to
e® r—t g,
Of course we should verify by checking some big diagrams that this in fact gives a

V-category. As an example it follows the proof that j and m above satisfy one of
the identity axioms:
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Jj®id

(e® [o,3]) @ 422y, ] @ [0,4]) @ @ = y

al (1) la (2) A’

e@ ([r,y) @) —=[yy]® ([v.9] @) =y, Y] Oy

1®id id®eval (3) id®eval
(5)

1l e®y

[y, yl @y

Jj®id eval

4)

[z,y] @ x

eval

e® [z, y]——[z,y]

commutes by naturality of a,
commutes by definition of m,
commutes since ® is a bifunctor,

commutes since from the adjunction (7.2) and definition of j

evalo (j ®id) = j =1,

(5) commutes by coherence, and
(6) commutes by naturality of 1.

It is straightforward to verify that the underlying “ordinary” category of V as a
V-enriched one is Vy. Then by definition every global element

fre— .yl

uniquely corresponds to an arrow f:z — y.

For a V-category A and an object z € A we can now define the representable
V-functor A(z,—):.A — V mapping y € A into the hom-object A(z,y) and acting
on hom-objects as defined by (7.1)

Aly, ) —) A, y), Az, w)]

A(y7 U}) ® .A(J?, y)$'4(ma ’UJ) 3

i.e. by post-composition. In a similar way we can define the contravariant repre-
sentable functor A(—,z): A°° — V. Indeed A(z,—) and A(—,z) are the partial
functors of the hom-functor

Al=,-): AP @A - V.
This bifunctor acts on hom-objects as

A(: i )

(Aop X A)((y, w)’ (y/7 'LU/))
(A(yla Y)® A(w,w’)) 2 Ay, w) (id®@m)oa

[Aly, w), Aly', w')]

Ay y) @ Ay, w') 2= Ay, w').
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It is cleat that in the case A = V the hom-functor coincide with [=,—] and then
have

(2, [y, 2] = [z @y, 2] = [y @, 2] = [y, [x, 2]]. (7.2)

As in the ordinary case a functor F':C°? — V is representable if there exists an
isomorphism

0
Cl,)=F

for some ¢ € C. However, we find here the first divergence from the theory of locally
small categories in that there is no characterisation of V-representability as the one
given by Theorem 2.1.4. There is otherwise a parametrised representability result.

Proposition 7.3.1 Let F': A°°* ® B — V be a functor such that for each a € A the
induced functor F'*: — V has a representation

Then for each x,y € A there is a unique arrow
Az, y) —=B(G[z], Gly])
in ¥V which makes G a functor and then 6 is natural in a as well.

The proof of this results is in [Kel82]. This is crucial for the semantics of the
calculus since it allows us to model the interpretation of typing judgements as
asserting V-functoriality.

7.3.1 Functor V-Categories and the Enriched Yoneda Lemma

We also expect to recover the naturality formula and the Yoneda lemma to success-
fully model the calculus in VCAT. This leads first to the notion of extraordinary
V-naturality, or more informally the enriched wedges.

Let F': A°° ® A — B be a bifunctor. A family of morphisms in 1,

(Tﬁ'«‘ e — B(aa F(J?, x))>:cEA
is an extraordinary V-natural transformation if for each z,y € A the diagram

)

B(F(:U, x), F(z,

/e@

B

~

7o, F(2,y))

B(ry,F(z,y))

—

B(F(y,y), F(z,y))

/
Alz,y) B(a, F(z,y))
X

commutes. The arrow B(7,, F(z,y)) is an abbreviation for the composition

id®@7s
E—

B(F(z,z), F(z,y)) ®e B(F(z,z), F(z,y)) ® B(a, F(z,z)) —=B(a, F(z,y))

There is of course a symmetric definition for families (0 : F(z,x) — b),.
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For the special case B = V the condition expressed by the diagram above can
be rephrased as the commutativity of

\

[A(z,y), F(z,y)]

/

This is a consequence of the isomorphism (7.2) where f, is the arrow which corre-
sponds under the adjunction (7.1) to

7N

Flo,2) ® Alr,y) & Ax,y) @ F(a, 2)——F(@,9).

A universal such a family is of course called the end of F' and can be expressed as
the equaliser in V),

HJL‘GA fa

fz F(m,x) —T>H16AF(JJ,$) Ha:7y€_,4 [A(l‘,y),F(l‘,y)]

HyeA fy

Given two categories A and B, then the “ordinary” category of V-functors from
A to B can be provided with the structure of a V-category. The objects of the functor
V-category [A, B] are the V-functors from A to B. For functors F,G: A — B the
corresponding hom-object is defined to be the end

lA, B|(F,G) = [. B(F(x),G()).

From the concrete definition of end above and through a lengthly calculation we
can verify that a global element

— [A, B|(F,G)

in fact corresponds to a V-natural transformation from F' to G.

Notice that in order to ensure the corresponding equaliser exists we require V to
be complete. As completeness here refers to “all small limits” the functor category
construction requires the domain to be small. Thus the naturality formula holds
by definition in the theory of enriched categories. We can now state the Yoneda
lemma for the enriched case:

Proposition 7.3.2 (Enriched Yoneda Lemma) Givena F: 4 —Vanda € A
the morphism

Ala, 2)——[F(a), F(z)]
corresponds under the adjunction (7.1) and symmetry to the morphism

F(a)—2>[A(a, z), F(2)].

Then the pair (F(a), p) is the end of [A(a,=), F(-)]: AP QA — V.

The table below summarises the relation between the requirements on ¥V and
the categorical constructions obtained in VCAT
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Vv | VCAT
monoidal categories, functors and natural transformation
symmetric monoidal opposite categories and bifunctors
symmetric monoidal closed hom-functors and representables
complete symmetric monoidal closed functor categories

Observe that we have not mentioned yet what is the notion of universality for the
most general case. Ends so far are only defined for V-valued functors, which in turn
correspond to universal elements in the ordinary sense.

To define the right notion of limit in the enriched case is more subtle than the
generalisations in the previous sections. Here the enrichment game ends abruptly
justifying in first place the theory of enriched categories.

7.3.2 Tensors and Cotensors

We can start by generalising the notions of power and copower which in this setting
are called cotensor and tensor respectively. We just take the usual definition as a
representation. For instance given a € A and x € V the cotensor is defined by

A=, [z,a]) = [z, A(=,a)].

If A admits all cotensor products we say that it is cotensored. V for instance is
clearly a cotensored category.
Similarly for a € A and = € V the tensor is defined by the representation

Az @ e,—) = [, A(e,-)]-

If A has all tensor products we say that it is a tensored category. For the special
case A = V this definition recovers the tensor product in Vy. We expect these
definitions to occur as special cases of the more general definition of limit.

7.3.3 A Notion of Limit

In CAT a limit for a diagram D :1 — C is given by a representation of the Set-
valued functor
[I,C](A—,D):C°® — Set

where A— is the diagonal functor. For ¢ € C the expression [I,C](Ac, D) denotes
the set of “cones” from ¢ to D (see 2.2). The constant functor Ac is define as the

composition
—2 ¢
N A 73)
1

where 1 is the singleton category and c is the functor selecting ¢ € C.

In the enriched setting there is a counterpart of the singleton category. The
V-category 1 has one object * and 1(x,%) = e where j = id. This allows us to
define for each object ¢ € C a V-functor ¢:1 — C mapping * to ¢ and acting on the
unique hom-object as

1(x, %) = e—j>C(c, c).

Perhaps surprisingly there is no canonical V-functor from I to 1. The obvious
mapping x — * can not be matched by a suitable action on hom-objects. For
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instance if there is an arrow from I(x, x) to 1(*, %) = e there is no argument which
ensures that the identity axiom for V-functors holds, i.e. that the diagram

e—? » I(z, x)

RN

1(x, %) =e

commutes.

There is however a canonical functor from I to 1, the category with one element
where 1(x,*) is T the terminal object in V. Notice that the terminal object exists
since we assume }V to be complete. It is enough to have a section-retraction from
T to e to be able to define the enriched version of the constant functor. However,
this is not sufficient to express cotensors as instances of limits (for an example refer
to [Kel82]). In any case for the most general case the notion of limit defined in
terms of cones is not satisfiable.

Borceux and Kelly [BK75] first introduced the weighted limits as attempt to
find the suitable definition of limits for V-categories. For functors

the limit of G weighted by F' is given by the enriched representation
D(x,{F,G}) = [C,V](F,D(z,G(-))).

For examples of V where usual conical limits and ends are defined in VCAT we know
they can be expressed as weighted limits as well. Cotensor products are instances
of weighted limits as required: given z € V and a € A

[z,a] = {z,a}

where a and x in the right-hand side are just the corresponding V-functors

which exists in VCAT. Of course the dual construction for weighted colimits gives
the tensors products.

All the properties in § 3.5.1 about weighted limits can be rephrased for the
enriched case. In particular the enriched version of Proposition 3.5.3 determines
the definition of completeness for the most abstract case: a V-category is complete
is if it is cotensored and has all ends.

7.4 An Enriched Model for the Calculus

Most of the rules for the calculus can be interpreted in the category VCAT but the
structural rules weakening and contraction. The absence of these rules reflect
in the calculus the inability of defining limits as universal cones in the theory of
enrichment.
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7.4.1 Contexts and Judgements

The basic type Set is now replaced by V representing a complete symmetric monoidal
closed category V. At the level of expressions the singleton 1 is now written as e.

Types in the calculus denote V-categories and expressions V-functors. As tensors
substitute products we need to abandon the notion of cartesian context and then
some of the related structural rules. A context

I'= x1:C1,~' ,lL’nZCn
is interpreted by the tensor product of categories
[f]=Ci®---®Cp.

In this setting the empty context corresponds to the V-category 1.

This notion of context implies that the rule for weakening and contraction
cannot be interpreted since there are not projection or diagonal functors associated
to the tensor. The symmetry on V, however, extends to a symmetry over the tensor
product of categories providing an interpretation for the rule exchange.

A derivation

Lo
['=Ci,...Co+ E:C

denotes a V-functor
[0>THE:C]:Ci®...0C, — C.

Although the rules for weakening and contraction are not longer present still the rule
for duality produces different derivations for the same final sequent. The coherence
result, however, is stronger since different derivation for the same final sequent result
in the same functor. Remember that the only source of isomorphisms in the proof
of coherence comes from the interaction of weakening and contraction with the
rule for ends.

An isomorphism judgement

)
I'FE, =2 E,

denotes the existence of V-natural isomorphisms between the functors [E:] and
[E2]. Observe that some of the equations derivable in the calculus correspond to
the natural transformations in the definition of V. For instance the judgements

r:VhFrze=Zz:V and xz:Viexar=Zzx:V
are derivable in the calculus and denote the natural isomorphisms 1 and r respec-
tively.
The syntactic identification over types

(CP)P=C (A®B)®=A®@B® [C,D|” =[CP,DP| (1) =1

are by definition still valid in the enriched setting. Finally the identification of a
hom-expression over V with the cotensor product

V(Elv EQ) - [Elv EQ]

corresponds to the definition of V as a V-category.
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7.4.2 Structural Rules, Limits and Dinaturalities

Limits are not equivalent to weighted limits in the enrichment case. This is reflected
in the calculus by the impossibility to derive the isomorphism (3.9). Concretely as
there is no rule for weakening then we can not derive the constant functor in the
calculus. The attempt

w:D,y:CFw:D

lambda
w:D = MyCaw:[C, D]

cannot proceed into an axiom.

On the other hand the lack of a rule for contraction leaves us without a deriva-
tion for the diagonal functor. As a consequence of the context-independent presen-
tation of the rules for a derivation

'k C(Ey, E9):V
we can always split I' in two disjoint contexts I'; and I's such that the sequents
F‘ip FFE;:C and T'sF E5:C

are derivable.

Another interesting fact of V-enriched categories is that there is no notion of
dinatural transformations. Although there is no explicit syntax for dinaturalities
in the calculus they can be expressed as an end formula via the dinaturality for-
mula (3.5). The corresponding expression, however, can only be derived with the
use of contraction. For instance given the functoriality judgements

', z1:C®,9:CH E1:D and T, 29:C®,y:Ck Ey:D
we aim to derive the sequent
P Tyt fxcop7yc D(E1 [y/x1,2/y1], B2z /22, y/yg]) V.
This can be only obtained by the application of end over the sequent
[P, Ty, 2:C®,y:C+H D(Er[y/a1,x/11], E2lx/m2,y/ys]) : V.

Now the only possible way to identify the variables x; with yo and y; with xo is
through contraction.
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Chapter 8

Extensions and Applications

We presented a typed language for category theory which formalises the notion of
universal property. The logic is based on the presentation of universality as given
by representations for suitable Set-valued functors. End for functors of multiple
variance play a central role by providing the algebraic manipulation of expressions
required. The calculus supports a syntactic treatment of duality which enforces a
novel definition of substitution of raw terms. The model for the calculus is given
by CAT, the category of locally small categories and functors. The types of the
language represent categories and expressions are functors. In this interpretation
the typing rules correspond to operations on functors.

The calculus is encompassed with a theory for equations. The equational theory
is based on that one for lambda calculus with new rules for ends, the Yoneda lemma
and Fubini theorem among others. An equation-in-context in the theory asserts the
existence of a natural isomorphisms between two functors.

In the previous chapter we elaborated on the possibility of interpreting the cal-
culus in a more abstract setting: the 2-category of enriched V-categories VCAT.
As tensors replace products in the semantics for contexts there is no possible in-
terpretation for weakening and contraction. These rules are key to prove the
equivalence between limits, ends and weighted limits in the ordinary case. Indeed
in the enriched setting the most general notion for universality is weighted limits
where the other notions are special cases.

We discuss below some possible extensions and further applications of the cal-
culus.

Profunctors

One of the original aims of our research was to give a formal framework to the
categorical language which arose from the work done by Kelly, Borceux, Dubuc,
Street, Day and others in enriched category theory. The main motivation is the use
of functor categories and in particular presheaves in computer science. In recent
years we have seen the development of domain-theoretic models for concurrency
based on profunctors [Cat99, CW]. The manipulation of end formulse advocated
in this dissertation is central in this approach. Concrete models for concurrency
as for instance labelled transitions systems can be interpreted more abstractly as
presheaves over path categories. In this setting a path indicates a simple thread
of execution. Thus functors between presheaves represent operations on models.
The interest is focused on expressions denoting cocontinuous functors since they
preserve the notion of equivalence.

A future direction which would add value to the calculus as a tool for semantics
consists of characterising the (co)continuous functors in the syntax. For instance,
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a direct consequence of Fubini is that coend expressions are cocontinuous in their
variables whereas the tensor gives a simple counterexample since

z:Set - x ® z:Set
is not cocontinuous in z. At a first glance a first measure to capture cocontinuity
should constraint the use of contraction to avoid expressions as the one above.
Addressing the Lack of Coherence

In order to be able to define a coherent equational theory we need to consider a
more serious approach to types. In the presentation of the language and rules we
left the issues concerning types deliberately aside. A proposal suggested by Glynn
Winskel consists of adding to the logic a new form of judgement
!
'+ E1 = E2 :C
read as there is a unique natural isomorphisms between the functors interpreted by

F4 and Es. Observe as a simple result that

!
FI—E1%E1:C

implies that for all Fs

!
Fl_ElgEQZC = Fl_ElgEQC

Since the natural isomorphism represented by the left-hand side must be unique.

Richer Types

As an attempt to obtain unique isomorphism judgements we extend the syntax for
types with type variables. So far we use metavariables at the level of types which
basically represented ground types. Now the syntax for types looks like

617027...:::A7B’...|C<1)p|...

where A, B, ... are variable types for small categories.
To keep track of the type variables in a judgement we extend the syntax with
contexts for them:
Ay, An;e1:Cr, . e C E EC.

A r

In this judgement all the free term-variables in E are in I" and all the type variables
in the type expressions Cy,...,C,,C are in A. These kind of sequents denote a
“dinatural” family of functors. Indeed the context for term variables I' and the
type expression C define functors

[C], [T]: (Cat®)™ x Cat™ — CAT.

Thus for every instance for the variables in A the interpretation gives a functor.
Exponentials in the type expressions require contravariant arguments. Consider
for instance the judgement

A; f[AD,z: Ak f(x):D
where D stands for given locally small category. The context gives rise to the functor

[=,D]x—
Cat®® x Cat ———— CAT.
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while the right-hand side expressions gives the constant functor over D. The expres-
sion f(z) is obviously interpreted as the evaluation functor which gives a dinatural
family.

In this setting an isomorphism judgement

A,F"El gEQ:D

should be interpreted as a “transformation” between the corresponding natural
families. We borrow here some terminology from 2-categories and called those
transformations of “di-modifications”. Glynn Winskel has shown that the lambda
calculus fragment of the calculus can be interpreted in these higher-order semantics.
Unfortunately already the hom-expressions fail to give a dinatural family.

Mechanisation in a Theorem Prover

The calculus provides the basis for a mechanisation of category theory in a theorem
prover. Our approach is based on an algebraic characterisation of universality which
removes the usual set-theoretic issues.

A draft of a possible implementation in the theorem prover Isabelle [Pau94]
is described in [CWO01]. The different syntactic components of the calculus are
distributed in several user-defined theories which extend the initial theory Pure of
the system. Basically, Pure gives the built-in higher-order logic [Pau88] on top
of which we define the object-logic for categories. The judgements of the calculus
correspond as usual to theorems in the meta-logic.
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Appendix A

The Calculus

A.1 Syntax
Types
C,D,...:=Set |C®|][C,D].
Expressions
B\ Ey,...:=2 | 1| XaC.E | E\Ey | C(E\, Ey) | [E1, Eo] | By ® Es |

2C% €
Juw e B1 [ E

Syntactic Identities

(CoP)P=C
[C, D]°P = [C°P, DP]
(C1 X ...xCp)®=CPx...xCP

Set(El, E2) = [El, EQ]

A.2 Rules for Functoriality

A.2.1 Axioms

singleton

F1:Set
identity

z:CkHax:C

A.2.2 Structural Rules

weakening
x1:C1, - ,xn:Cp F E:C

£C13C1,' s ,mn:Cn,:an:CnH HE:C

141
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exchange

contraction

Chapter A. The Calculus

21:Cpy oG, iy 1:Cigr, - 2 Cp EE:C
21:C1y - wi41:Ciq1,2:Ch, - 2 Cp E E:C

I'z:C,y:CHE:D
I'z:Ck Elz/x,z/y]: D

A.2.3 Logical Rules

hom

power

lambda

application

end

dual

F1I—E1:C Fg"EQIC
Fip,rg [ C(El,Eg):Set

I'i = Eq:Set I's = Ey:C C complete
Fip, FQ l_ [El, EQ] ZC

I'z:C+E:D C small
'+ \C.E:[C, D]

FlkEli[C,D] FQFEQIC
Fl,rg [ E1E2 :D

T z:C°P,y:CFH E:D C small D complete
F '7 fzcop’yc E.D

'-E:D
['°P - E*.DoP
where (—)* is defined in 5.1.1.
A.3 Products
A.3.1 Syntax
Types
Cu=...]1]|Cy xCo
Expressions
Eu=...| ()| (B, E) | fstP(E) | snd“*P(E)

Syntactic Identity

1P =1
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A.3.2 Rules
unit
F():1

pair

F1FE1:C FQFEQID

Fl,FQ [ <E1,E2>SC x D
first

I'HE:CxD
I+ fst“*P(E):C

second

I'-E:CxD
'k snd®*P(E):D

A.4 Rules for Natural Isomorphisms

A.4.1 Structural Rules

weakening
x1:C1,~~~ ,l‘nZCnFEl gEQ:C
I ZCl, e ,xn:Cn,xn+1 :CnJrl - E1 = EQSC
exchange
£E13C1,' s ,xi:Ci,:ci+1:Ci+1,~~ . ,xn:Cn - E1 = EQIC
£C13C1,' s ,l‘iJrlSCiJrl,IiZCi," . ,xn:Cn - E1 = EQIC
contraction

Iz:C,y:CHEy = Ey:D
I,z2:Ck Eq[z/x, 2/y] = Es[z/x, 2/y]: D

A.4.2 Conversion Rules

(-conversion
I',z:CHFE1:D Tk Ey:C C small

Iy, Ty - (MaC.Ey) By = Ey[Ey/x]:D

n-conversion
'+ E:[C,D]

'+ \2C.Ex = E:[C,D]

x is not free in F
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A.4.3 Equivalence Rules

reflexivity
'+E:D
I'-E=E:D
symmetry
'k E1 = Eg :D
'k E2 = E1 :D
transitivity

FFElgEQZD FFEQgEJD
FFElgEJD

A.4.4 Congruence Rules

hom cong
Fll_ElgEiIC FQ"EggEéC

I—\cl)p, Fg H C(El, EQ) = C(Ei, Eé)Set

power cong
' Ey 2 FE{:Set I'sF Ey 2 E,:C C complete

F?p,rg F [El,EQ] = [Ei,Eé] IC

&-conversion lambda
I'z:CHEi 2 Ey:D C small

'+ \2C. By =2 \aC.Ey:[C, D]

application cong
Fll_ElgEi[C,D] FQFEQ"EEQC

Fl,rg [ E1E2 = EiEé :D

&-conversion end
T'z:CP,y:C+ Ey =2 Es:D C small D complete

'k fwc°p7yc El = fxcop7yc EQ:D

A.4.5 Categorical Rules

nat formula
I',z:CHFE1:D Ts,y:Ck Es:D C small

[P, Dy k= [C, D)(Na€.Er, Ay .B2) = [ con e D(En, Ea):Set
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Fubini
[x1:CP 20:C,y1:DP,yo: D F E:E Csmall Dsmall & complete

~ .
I 'ﬁ fa:(fop,xg fyz;opﬂzp EF= fyFop7y§ f:b(fop,xg EE

def end
T,z:C°®,y:CF E:D C small D complete

L, w:D% = D(w, [ cor o B) = fxcop_yc D(w, E):Set

def power
I'y+FEi:Set T'sk Es:D D complete

F?p,FQ,ISDOP F D(I‘, [El,EQ]) = [El,D(x,Eg)]:Set

def singleton
I'E:D D complete

I+ [1,E|~E:D

Yoneda
T'z:C°°+ E:Set C small

T 2:CP | E ~ fwcopwc [C(y,z), Elw/x]] :Set

opposite cat
F1FE12C FQFEQSC

I, Ty b C(Ey, By) = CP(E;, E7):Set

dual iso
'k E1 = E2 :C

TP b B} = Ej3:C°P

A.5 Rules for Weighted Limits

Syntax

‘,];COPI C
Eo=... fxc,yc (El,EQ) | f Y (EQ,El)

Typing Rule

wlimit
I'y,z:CH FEy:Set T'a,y:CH Ey:D C small D complete
I—\cl)p, Fg l_ fxc,yc (l?l7 Eg) ID
Definition
def wlimit

I',z:CH Ey:Set T's,y:CFH Ey:D C small D complete
I'P.To,w:D® - D(w, §,c c(E1, E2)) = [C, Set] (Az€.E1, \y€.D(w, E>)) : Set
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