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ABSTRACT. We present an implementation of double precision interval arithmetic us-
ing the single-instruction-multiple-data SSE-2 instruction and register set extensions. The
implementation is part of a package for exact real arithmetic, which defines the interval
arithmetic variation that must be used: incorrect operations such as division by zero cause
exceptions and loose evaluation of the operations is in effect. The SSE2 extensions are suit-
able for the job, because they can be used to operate on a pair of double precision numbers
and include separate rounding mode control and detection of the exceptional conditions.
The paper describes the ideas we use to fit interval arithmetic to this set of instructions,
shows a performance comparison with other freely available interval arithmetic packages,
and discusses possible very simple hardware extensions that can significantly increase the
performance of interval arithmetic.

1. INTRODUCTION

Numerical computations on a computer are plagued by the problem of roundoff error
and its accumulation. Very often we trust results obtained using floating point computa-
tions, whose truth we are not certain about. Verifying the correctness of such results may
be a very difficult task, to solve which various mathematical or programming tools may be
used.

In this paper we will describe a package which implements interval arithmetic, one of
the methods that can be used as one of the steps towards solving the problem, in a very
efficient way. The package itself is part of a bigger library for exact real computation,
which can be used to solve the roundoff error problems completely by providing certified
accuracy.

Interval arithmetic is a method of finding lower and upper bounds for the possible values
of a result by performing a computation in a manner which preserves these bounds (for
an introduction, see [4]). The IEEE-754 standard for floating point arithmetic [7] has
useful features to aid fast interval arithmetic, namely the directed rounding modes that
should be present with every IEEE-754 implementation. Unfortunately, in some processor
architectures, notably Intel’s x86, it is non-trivial to effectively use them, as switching the
rounding mode for an operation requires significantly more time than the operation itself.
Even when one takes into account the fact that one of the directed rounding modes can
be emulated by operations on negated values rounded in the other direction, an interval
arithmetic package has to be aware that users may mix interval with standard floating point
arithmetic and would still require repeatedly switching the rounding modes.

Fortunately, the newer generations of the x86 architecture provide an additional set of
registers with its own rounding control, the SSE2 double-precision floating point registers
[8]. They can coexist with the old x87-style floating point, which is still the register and
instruction set used most widely. Thus, to serve all purposes, we can reserve the SSE2
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register and operation set for interval arithmetic and leave x87-style floating point for any
standard floating point operations that the user may be performing.

The SSE2 instruction set can also work on packed data, as every SSE2 register can
contain and operate on a pair of double-precision floating point numbers. Since an interval
is in fact a pair of bounds, one SSE2 register can be used to hold an interval, which nullifies
the additional register pressure that interval arithmetic would normally exert.

The package described in this paper is part of the RealLib library for exact real number
computations [5] and makes use of this register and instruction set to implement very fast
machine precision interval arithmetic.

Often an interval arithmetic package would be expected to continue computations even
if it reaches exceptional conditions, such as division by an interval that contains zero. This
does not make sense for interval arithmetic within exact arithmetic, as in the latter one
assumes that in any such case the bad interval will improve in subsequent reiterations at
higher precision and ultimately one can reach a precision which avoids the exceptional
condition. Thus, contrary to the modern trends of interval arithmetics, for us actually
throwing an exception in such a case is the desirable action, so that computations can
restart at higher precision as soon as possible.

Additionally, the package implements loose interval arithmetic, i.e. it ignores the por-
tions of the argument of an operation that are outside its domain, e.g. the negative parts
of the argument in a square root, meaning for example that

√
[−1, 4] = [0, 2]. This is the

proper mode of operation to ensure that
√

0 is computable in exact real arithmetic.

2. KEY IDEAS

Normally, interval arithmetic based on floating point would use two rounding opera-
tions, ∆ (rounding towards +∞) and∇ (rounding towards−∞). By default IEEE-floating
point uses rounding to nearest, which is not useful for our purposes.

We already mentioned that switching the rounding mode has a detrimental effect on
the performance of floating point operations, thus we would want to avoid all rounding
mode switches. We will only do this once, at the beginning of a computation1, setting the
rounding mode to rounding towards −∞. To compute lower bounds of the results, we will
directly use the floating point operation. To compute upper bounds, we will make sure that
the result of the floating point operation is negated, thus making use of the identity

∆(x) = −∇(−x).

Seeing operations in the form above, compilers are usually overzealous2 to fold the pair
of negations and destroy the effect we want to achieve. To avoid this, at the same time
keeping down the number of required operations, we make sure that we always keep the
high bound of the interval negated, i.e. our representation of the interval x = [x, x] is the
pair 〈x,−x〉. (in the rest of this chapter we will assume every interval is represented in this
fashion and will simply write x to mean [x, x] and 〈x,−x〉)

Three observations can be made directly from this:
• in this setting, the sum of x and y is evaluated by

〈
∇(x + y),−∇(−x− y)

〉
which

is achieved by a single instruction, mm add pd .

1This is accomplished by the construction of a special object that also takes care of restoring the previous
rounding mode after the interval computation has completed.

2The two negations have no effect on the rounding-to-nearest mode which is normally in place in C/C++
code, and on which many standard functions rely, thus this optimization is perfectly legal. Only our specific
(non-standard) use of floating point makes it unwanted.



• changing the sign of an interval x is achieved by simply swapping the two bounds,
i.e. 〈−x, x〉, achieved by a single instruction, mm shuffle pd ,

• joining two intervals (i.e. finding an interval containing all numbers in both,
or finding the minimum of the lower bounds and the maximum of the higher
bounds) is performed as

〈
min(x, y),−min((−x), (−y))

〉
in a single instruction,

mm min pd .
The latter is used extensively in the computation of multiplication, division and other

operations.

3. OPERATIONS

In this section we will give short remarks on our implementation of the basic operations
on intervals. The operations include the arithmetic operators, including the special cases
−x, 1

x , and x2, absolute value and square root.
All the operations give tight bounds (i.e. the best possible enclosures after rounding).

3.1. Addition. Definition:

x + y = [x + y, x + y] ⊆
〈
∇(x + y),−∇((−x) + (−y))

〉
Addition is implemented as a single mm add pd instruction. The negated sign of the

higher bound ensures the proper direction of the rounding.

3.2. Sign change. Definition:

−x = [−x,−x] = 〈−x, x〉
This is a single swap of the two values, implemented as a mm shuffle pd instruction.

No rounding is performed here.

3.3. Subtraction. Definition:

x− y = [x− y, x− y] ⊆
〈
∇(x + (−y)),−∇((−x) + y)

〉
Subtraction is implemented as x + (−y), which corresponds to two processor instruc-

tions. This is the best that can be achieved with packed SSE2 instructions, because the
formula requires a combination of the high bound of one of the arguments with the low
bound of the other.

3.4. Multiplication. Definition:

(3.1) xy = [min(xy, xy, xy, xy),max(xy, xy, xy, xy)]

Unfortunately, the rounding steps are inseparable parts of the operations, this the equa-
tion above requires 8 multiplications. Using the fact that ∆(∇(r) + ε) ≥ ∆(r) (for ε
being the smallest representable positive number), one can do with 4 multiplications at the
expense of some precision.

In our implementation we chose a different approach where we use four multiplications
without sacrificing accuracy, by selecting the multiples based on the signs of x and x. More
specifically, we use these observations:

(3.2) xy =


[min(xy, xy),max(xy, xy)], if 0 ≤ x ≤ x
[min(xy, xy),max(xy, xy)], if x < 0 ≤ x
[min(xy, xy),max(xy, xy)], if x ≤ x < 0

to conclude that the formula



xy ⊆ 〈min(∇(ax),∇(b(−x))),−min(∇(c(−x)),∇(dx))〉 ,
where

a =
{

y if 0 ≤ x
−(−y) otherwise

b =
{

−y if (−x) ≤ 0
(−y) otherwise

c =
{
−(−y) if (−x) ≤ 0

y otherwise

d =
{

(−y) if 0 ≤ x
−y otherwise

computes the rounded results of the multiplication formula in (3.1). It uses more instruc-
tions than the direct implementation with 8 multiplications, but achieves better perfor-
mance.

3.5. Multiplication by a positive number. When one of the numbers is known to be
positive (e.g. a known constant), one can use one of the cases in (3.2) directly:

xy
x≥0
= [min(xy, xy),max(xy, xy)]

This is significantly faster than the general case multiplication, involving only 5 instruc-
tions (4 for constants).

3.6. Multiplication of two positive numbers. If both multiples are known to be positive,
multiplication can be achieved by simply changing the sign of the higher bound of one
of the arguments followed by mm mul pd . If one of the numbers is a constant, one can
prepare it in a suitable way to avoid the sign change and implement the multiplication as a
single instruction.

3.7. Division. Definition:
x

y
=

[
min

(
x

y
,
x

y
,
x

y
,
x

y

)
,max

(
x

y
,
x

y
,
x

y
,
x

y

)]
,

undefined if 0 ∈ y.
Again, this computation would require 8 divisions. Unfortunately, division is a rather

slow operation, that is why we would prefer to use as few divisions as possible. One way
to do this is to use x

y = x 1
y , using the definition below, which uses only two divisions but

quite a few other operations.
A more efficient (as well as more precise) approach turns out to be the use of case

distinction similar to (3.2). By examining the divisor, we end up with fewer possible cases
and easy recognition of the exceptional cases. More specifically, the operation becomes:

(3.3)
x

y
=


[
min

(
x
y , x

y

)
,max

(
x
y , x

y

)]
, if 0 < y ≤ y

exception, if y ≤ 0 ≤ y[
min

(
x
y , x

y

)
,max

(
x
y , x

y

)]
, if y ≤ y < 0

The final formula we use is



x

y
⊆

〈
min

(
∇

(
a

y

)
,∇

(
−a

(−y)

))
,−min

(
∇

(
−b

(−y)

)
,∇

(
b

y

))〉
,

where

a =
{

x if (−y) ≤ 0
−(−x) otherwise

b =
{

(−x) if 0 ≤ y
−x otherwise

with an additional check to throw an exception if y ≤ 0 ≤ y.

3.8. Reciprocal. Definition:

1
x

=
[

1
x

,
1
x

]
⊆

〈
∇

(
−1

(−x)

)
,∇

(
−1
x

)〉
,

undefined if 0 ∈ x.
This is implemented as a check if the argument contains zero, followed by division of

−1 by the argument and swapping the two components.

3.9. Absolute value. Definition:

|x| = [max(x,−x, 0),max(−x, x)] = 〈max(0, x, (−x))),−min(x, (−x))〉 .

3.10. Square. Implemented as x2 = |x||x|, using multiplication of positive numbers.

3.11. Square root. Definition:
√

x =
[√

x,
√

x
]

only defined if 0 ≤ x.
Since the rounding is an integral part of the square root operation, and in this case we

cannot achieve a negated result, we need to use another method to ensure rounding in the
correct direction. We use the fact already mentioned in the subsection on multiplication,
∆(r) ≤ −∇(−ε−∇(r)).

The formula we use is:

√
x ⊆


〈
∇

(√
x
)
,−∇

(√
−(−x)

)〉
, if ∇

(
∇

(√
−(−x)

))2

= −(−x)〈
∇

(√
x
)
,∇

(
∇

(
−ε−

√
−(−x)

))〉
, otherwise

(where ε is the smallest representable positive number).
The condition for making the first choice in this formula is only satisfied if the result

of
√
−(−x) is exactly representable, in which case ∇

(√
−(−x)

)
= ∆

(√
−(−x)

)
.

Otherwise the second choice adjusts the high bound to the next representable number.
Note that if we don’t require tight bounds, using only the second choice in the equation

above is sufficient to implement interval square root.
If the argument is entirely negative, the implementation will raise an exception. If it

contains a negative part, the implementation will crop it to only its non-negative part, to
allow that computations such as

√
0 can be carried out in exact real arithmetic.



4. PERFORMANCE

We compare the performance of this implementation to the performance of two other
packages for interval arithmetic freely available on the internet: the interval part of the
Boost project (version 1.33.0, [6]) and the library filib++ (version 2.0, [2]). For the latter, we
tried the macro version as well as two of the available rounding policies, multiplicative and
native onesided global , the latter corresponding most closely to our method of rounding.

The results of the benchmark are summarized in the following table, showing the ratio
between the performance of the respective library and double precision floating point:

operation filib++, filib++, filib++, Boost RealLib
macro onesided mult.

+ 6.12 2.45 6.22 9.90 1.05
* 6.78 3.57 6.97 124.27 6.35
/ 12.33 3.63 9.24 8.62 3.72√
· 27.06 62.23 61.79 15.77 1.73

| · | 30.71 23.76 23.76 2.03 3.16∑1000000
i=1

1
i 3.67 1.74 2.33 4.90 1.70

dot product 12.11 6.28 13.19 148.86 3.72
(Pentium-M 1.8GHz, Windows XP + Cygwin, GCC 3.4.4)
RealLib is faster almost everywhere, with the notable exception of multiplication in

filib++’s native onesided global mode. In this case filib++ uses a case distinction, which
in our test only reaches the shortest of the 9 possible paths, giving only the best case
performance of filib++’s multiplication code. In contrast, our implementation uses only
one execution path for all multiplications, thus the ratio given in the table is both best and
worst case performance. In the dot product operation the reader can see the effect that
varying signs of the argument has on the performance of multiplication. The time spent in
evaluating a dot product is dominated by the time spent in multiplications, but since our
implementation has constant performance while filib++’s efficiency deteriorates, our SSE2
code turns out to be significantly faster.

5. INTEL’S SSE3

The latest multimedia extension set introduced by Intel, the SSE3 [10], aimed at im-
proving complex number computations, does not provide any benefit for interval compu-
tations. Intel chose to improve complex multiplications and divisions by introducing the
instruction mm addsub pd , which combines two packed registers by adding one of the
two components and subtracting the other [9]. Unfortunately, the use of this instruction
leads to incorrect results if a directed rounding mode is in effect, because the multiplica-
tion that precedes the subtraction is rounded in the wrong direction.

A better handling of complex multiplications would have been the introduction of a
multiplication instruction “mulpn” (for multiply positive negative) that changes the sign of
one of the components of one of the arguments. This would require the same effort that
the instruction mm addsub pd required, but would have the correct behavior in directed
rounding modes, i.e. complex multiplication code using mulpn would yield upper bounds
for the result of the multiplication if rounding towards +∞ is in effect, and lower bounds
in the case of rounding towards −∞.

Unlike mm addsub pd , a mulpn instruction would have been useful and advantageous
for interval arithmetic. Multiplication of two positive numbers could be implemented as



a single mulpn, which would also speed up the implementations of transcendental interval
functions.

6. SUGGESTIONS FOR A HARDWARE IMPLEMENTATION

We hope that the presentation until this point has convinced the reader that the use of the
storage 〈x,−x〉 for intervals in SSE2 registers is clearly superior to the traditional method
of storing intervals as simply the pair of the two bounds. This mode of storage avoids
the need for special rounding modes in a hardware implementation, and even turns some
existing instructions into meaningful interval operations.

We propose this storage to be adopted as the preferred storage format for intervals in
hardware implementations.

To further speed up computations on intervals, we propose the introduction of a special
selection instruction we call ivchoice (for interval choice) that can be used to prepare the
arguments for multiplication and division. The action of this instruction should correspond
to the following function:
__m128d ivchoice(__m128d a, __m128d b)

{
a = _mm_xor_pd(a, _mm_set_pd(0.0, -0.0));
a = _mm_shuffle_pd(a, a, _mm_movemask_pd(b));
return a;

}

This is pseudocode, because mm shuffle pd cannot be performed based on a non-const
integer. A software implementation of the above requires a switch statement, which can
slow the execution considerably, especially in cases where the signs of the multiples cannot
be predicted.

If such an instruction is available, the multiplication algorithm becomes:
__m128d IntervalMul(__m128d x, __m128d y)

{
__m128d a, b;
a = _mm_shuffle_pd(x, x, 1);
b = _mm_shuffle_pd(y, y, 1);
y = ivchoice(y, a);
b = ivchoice(b, x);
y = _mm_mul_pd(y, a);
b = _mm_mul_pd(b, x);
y = _mm_min_pd(b, y);
return y;

}

If the latency of the proposed instruction can be the same as the latency of mm shuffle pd ,
this sequence of instructions will run about 30% faster than the current implementation.

Moreover, since the multiplications above only use the results of ivchoice with the same
second argument, it is even possible to fuse ivchoice with the multiplication that is applied
to the result:
__m128d ivmul(__m128d a, __m128d b)

{
a = _mm_xor_pd(a, _mm_set_pd(0.0, -0.0));
a = _mm_shuffle_pd(a, a, _mm_movemask_pd(b));
a = _mm_mul_pd(a, b);
return a;

}



Correspondingly, the IntervalMul function will in this case change to:

__m128d IntervalMul(__m128d x, __m128d y)
{

__m128d a, b;
a = _mm_shuffle_pd(x, x, 1);
b = _mm_shuffle_pd(y, y, 1);
y = ivmul(y, a);
b = ivmul(b, x);
y = _mm_min_pd(b, y);
return y;

}

The extent to which such fusion can be beneficial depends on the actual hardware im-
plementation. If the latency of ivchoice can be folded completely (which seems possible)
or partially, interval multiplication using the fused ivmul could reach a latency close to the
latency of two dependant double precision multiplications.

Apart from an additional test if the divisor contains zero and the use of mm div pd
instead of mm mul pd , the division code is identical to the multiplication one:

__m128d IntervalDiv(__m128d y, __m128d x)
{

__m128d a, b;
if (_mm_movemask_pd(x)==3)

throw exception;
a = _mm_shuffle_pd(x, x, 1);
b = _mm_shuffle_pd(y, y, 1);
y = ivchoice(y, a);
b = ivchoice(b, x);
y = _mm_div_pd(y, a);
b = _mm_div_pd(b, x);
y = _mm_min_pd(y, b);
return y;

}

Fused ivchoice and division (“ivdiv”) is also possible, and the changes to the division
code are exactly as above.

Of course, one would prefer to have a complete hardware implementation of interval
arithmetic that provides instructions for the four basic operations on intervals. In our mode
of operation addition already has a hardware implementation as a single instruction. Sub-
traction would require a fusion of swapping and addition (“ivsub”) which should be easy
to accomplish in hardware without extra latency compared to addition.

On the other hand, multiplication and division seem too complex to be directly imple-
mented. A pure hardware implementation of multiplication may be able to choose execu-
tion paths without the delays associated with incorrect branch predictions, thus probably
the preferable hardware design would examine the signs of the four components to choose
one of 9 possible combinations and perform a single pair of multiplications in 8 of the
possible cases. In the 9’th case, however, the operation would require the same amount of
work as the function IntervalMul above.

Since the worst-case latency would be the same as the algorithm above, the latter should
not be ignored as a possible basis for a pure hardware implementation of interval multipli-
cation.



To conclude, we suggest that hardware assistance for interval computations should be
provided as the adoption of the 〈x,−x〉 storage format and the introduction of the instruc-
tions of one of the following three levels:

basic mulpn, ivsub, ivchoice
advanced mulpn, ivsub, ivmul , ivdiv

full ivsub, IntervalMul , IntervalDiv
The advanced level seems to be the best combination of feasibility and performance.

7. RELATED WORK

In [1], von Gudenberg discusses the efficiency of implementations of interval arithmetic
using the multimedia extensions Intel’s SSE, AMD’s 3DNow! and Motorola’s AltiVec.
The paper concludes that the use of multimedia extensions only leads to a very modest
improvement in multiplication with Intel’s SSE in comparison to standard floating point,
and only due to the fact that four single-precision operations can be executed in parallel.

Unlike SSE, the double precision second version of the extensions, SSE2, is a natural
candidate for interval arithmetic because the packed registers hold two double precision
values.

Von Gudenberg used a variety of rounding policies, the fastest of which is global
onesided rounding, the method we use, but did not store one of the components negated in
memory. Consequently, handling the negations required to perform rounding in the proper
direction increases the number of instructions needed for every operation. If we were to
use SSE2 in a similar mode of operation, the required number of instructions for addition
would be four instead of one, for sign change – two instead of one, for subtraction – five
instead of two, and for multiplication of positive intervals – three instead of two.

Additionally, instead of 9-case branching on the signs of the 4 components, we pre-
fer to use 4 multiplications with selected arguments (the selection is branch-free), which
gives us stable performance that is not affected by branch mispredictions or longer latency
execution paths, although with a worse best-case performance.

In [3], Kolla, Vodopivec and von Gudenberg discuss the possibility of hardware ex-
tensions supporting interval arithmetic similar to the multimedia extensions 3DNow!, via
packed storage of single precision numbers in a double precision register. For addition and
subtraction they require special instructions that round each component of the pair in the
appropriate direction, and for multiplication they describe a case selection method that can
easily be implemented and be very efficient for 8 of the 9 possible cases and requires a
sequence of operations and longer latency for the (rare) 9’th case.

We are quite skeptical about the chances of such a complicated multiplication instruc-
tion ever being implemented in hardware. Instead, we give a much more modest proposal
that can also lead to very good performance at the cost of little extra hardware. It also has
the benefit that one of the operations, addition, already has a hardware implementation.
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