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Abstract

In this paper the numerical strength of fragments of arithmetical
comprehension, choice and general uniform boundedness is studied
systematically. These principles are investigated relative to base sys-
tems 7 in all finite types which are suited to formalize substantial
parts of analysis but nevertheless have provably recursive function(al)s
of low growth. We reduce the use of instances of these principles in
T -proofs of a large class of formulas to the use of instances of certain
arithmetical principles thereby determining faithfully the arithmetical
content of the former. This is achieved using the method of elimina-
tion of Skolem functions for monotone formulas which was introduced
by the author in a previous paper.

As corollaries we obtain new conservation results for fragments of
analysis over fragments of arithmetic which strengthen known purely
first-order conservation results.

*Basic Research in Computer Science, Centre of the Danish National Research
Foundation.



1 Introduction

This paper studies the numerical strength of fragments I" of arithmetical com-
prehension, choice and uniform boundedness relative to weak base systems,
formulated in the language of all finite types, which are suited to formalize
substantial parts of analysis.

In a previous paper ([12]) we have introduced a hierarchy G, A“ of systems
where the definable functions correspond to the well-known Grzegorczyk hi-
erarchy. These systems extended by the schema of full quantifier-free choice

ACPT-qf + Var3yT Ag(x,y) — FY OV Ay (2, V),
AC-of = U {AC""qf },

p,TeT

where Ay is a quantifier-free formula,! and various non-constructive analytical
axioms A, having the form

VarIy <, szVz’ Ag(z,y, 2),

including a generalized version of the binary Konig’s lemma, allow to carry
out a great deal of classical analysis even for n = 2,3. The axioms A and
AC-qf do not contribute to the growth of extractable uniform bounds which
in the particular case of GoA“ are polynomials (see [12],[14] and in particular

[10] for more information).

In contrast to this, fragments of arithmetical comprehension and choice as
well as generalizations of our principle of uniform Y?-boundedness (from
[12]) to more complex formulas do contribute significantly to the arith-
metic strength of the base systems. In [13] we developed a general method
to calibrate faithfully this contribution and applied it to instances of IT9-
comprehension and IT%-choice. These results were then used in [15] to deter-
mine the arithmetical strength of single sequences of instances of the Bolzano-

WeierstraB theorem for bounded sequences in IR, the Ascoli-lemma and oth-
ers.

In this paper we give a systematic treatment of the whole arithmetical hi-
erarchy for comprehension, choice and uniform boundedness and determine
precisely their arithmetical strength. We also consider much more complex
formulas to be proved in these systems than we did in our previous papers.

!Throughout this paper Ag, By, Co,... denote quantifier-free formulas. We allow
bounded number quantifiers Vo <q t, 3z <g t to occur in Ay, By, Cy, . . . since they can be
expressed in a quantifier-free way using the bounded search-functional up from G,A“. T
denotes the set of all finite types.



In the following let us discuss now some of the difficulties one has to deal with
in order to achieve this goal and which indicate already the type of results
one can expect. For simplicity we restrict ourselves for the moment to the
second-order system EA24+ AC%C-¢f instead of G,A“+ AC-qf +A (which we
actually are going to consider below).

EA? is an extension of Kalmar-elementary arithmetic (with number quanti-
fiers) EA obtained by adding n-ary function quantifiers (for every n > 1)?
and the schema of explicit definition of functions

ED: 3fvz(f(z) = t[z]),

where ¢ is a number term of EA? and z is a tuple of number variables.
Furthermore EA? contains the schema of quantifier-free induction for all
quantifier-free formulas of EA? which may contain function parameters. Fi-
nally EA? contains constants and their defining equations for all elementary
recursive functionals of type-level 2.

In EA? the schema of quantifier-free induction can be expressed equivalently
as a single axiom

QF-TA : Vf(f(0)=0AVz(f(z) =0— f(z') =0) = Vz(f(z) = 0)).

Let us consider furthermore the restriction of arithmetical choice to II9- (or
equivalently to 39-) formulas of £(EA?) which like QF-TA can be expressed
as a single second-order axiom Vf I19-AC(f), where?

9-AC(f):= Va®(V2°3y'V2" (f(a, x,y, 2) = 0) — Jg¥z, 2(f(a, z, gz, z) = 0)).

Now by iteration one easily verifies that EA? + Vf II{-AC(f) proves already
full arithmetical choice. So in order to prevent the arithmetical hierarchy of
choice principles from collapsing we restrict ourselves to single instances of

VfII9-AC(f) which later on are allowed however to depend on the parameters
of the theorem to be proved. For the moment we forbid completely the

occurrence of function parameters in II9-AC, i.e. we consider the schema
I19-AC™ : Va'3 A(x,y) — JgVz A(z, gz),

where A(z,y) is a [I%-formula without function parameters.

2Since coding of finite tuples of numbers is available in EA one can in fact restrict
oneself to unary function variables.

3The universal closure with respect to number parameters a® is superfluous for Vv f II9-
AC(f) since it can be captured by the universal closure Vf. However below we consider
single instances I19-AC(¢) of Vf I19-AC(f) where it does make a difference.
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As a starting point for the introduction into our general program let us
consider now the following question:

What arithmetical statements are provable in EA2+ AC%%-qf +I19-AC~?

A first observation is that I19-AC™ proves II%-CA™, i.e.
Afva(f(z) =0 < A(z)),

where A(z) is a II%-formula without function parameters. Combined with
the axiom QF-IA this yields every function parameter-free instance of ¥9-
TA. Hence the first-order system EA +Y9-TA is a subsystem of EA2+ AC%%-qf
+I10-AC~.

What is the precise relationship between EA%2+ AC%%-qf +I19-AC~ and EA
+39-TA?

It will turn out that the former theory is conservative over the latter for
some formulas, including TI3-sentences, but not for all formulas.

That EA?4+ AC%C-qf cannot be conservative over EA +X9-TA without some
restriction imposed on the formulas follows from the following observation:

By applying the functional @, fz := m<ax( f(4)) to the function g in H?—AC_

one obtains the corresponding instance of the so-called (bounded) collection

principle for IT19-formulas
I9-CP : Vz < a3y A(z,y) — J2Vr < aTy < 2 A(z,y),

where A € IIY.

So EA24+ AC%0-gf +I1%-AC~ proves every function parameter-free instance
of IIY-CP, i.e. EA +I19-CP is a subsystem of EA2+ AC%0-qf +I19-AC~.

It is well-known (see [18]) that there exists an instance A of I19-CP which
is not provable in EA +X9-TA. On the other hand EA +II-CP is TI3-
conservative over EA +Y9-TA by a result due to H. Friedman and (implicitly)
J.Paris/L.Kirby [17] (see e.g. [7] for details). The universal closure of the
instance A of IT19-CP can be shown to be equivalent to a II}-sentence in EA
+39-TA. Hence EA?4+ AC®0-gf +I19-AC~ is not IIS-conservative over EA
+39-TA.

Here is another arithmetical use of I19-AC™ we can make relative to EA%+

ACOO_gf:



As mentioned above, II$-CA~ is a trivial consequence of I1Y-AC~ (in the
presence of classical logic). Now combining II19-CA~ with AC%%-qf one can
easily prove AY-CA~ and therefore every function parameter-free instance
of AY-TA. Hence EA +AY-TA is a subsystem of EA?+ AC%%-qf +T19-AC™ as
well even if the functional ®,,,, were not included in EA2.

So the arithmetical strength of I19-AC~ depends heavily on the second-order
axioms, like QF-IA, AC*’-gf and the characterizing axioms for functionals
as @ .., which are available in the context in which II{-AC™ is considered.*

As a special corollary of the results of this paper it follows that

EA?4+ AC%-gf +II3-AC™ is II)  ,-conservative over EA +X2-TA, which im-
plies the result of H. Friedman, J.Paris/L.Kirby. Furthermore we show that
EA2+ ACY0-gf +112-AC™ is conservative over EA +39-TA w.r.t. monotone
formulas of arbitrary complexity. These results are sensitive to small changes

of the base system EA2: E.g. if we add the primitive recursive functional ®;,
defined by

;1 fg0:=g(0) Pufgr’ = f(x,Pufgz)

to EA2, then the Ackermann-function becomes provably total in

EA? + &+ AC%0-gf +I19-AC~ and the resulting system proves the consis-
tency of EA +X9-TA: EA% + ®&;;+ AC%%-¢f proves the second-order axiom of
¥%-induction. Combined with II%-CA~ one obtains every function parameter-
free instance of X9-TA. Hence EA +3X9-TA (which is known to prove the to-
tality of the Ackermann-function as well as the consistency of EA +X{-TA)
is a subsystem of EA? + ®;;+ AC%-qf +I1%-AC~.

Using a more involved argument one can show that already

EA? + &, + II%-AC~ proves the totality of the Ackermann function (see
chapter 12 of [10] for details on this).

So any proof of conservation of systems based on II?-AC™ over Y9-TA has
to take into account carefully the structure of the functionals of type level 2
which are definable in the given system.

Things become of course even more complicated for the systems G, A“+

AC-qf +A instead of EA%2+ AC%%-qf which we are treating in this paper. In
particular we show the following result:

4Both aspects are not taken into account appropriately in [21] where Hg-CA_ and
I19-AC™ are studied systematically for the first time. As a consequence of this, theorems
5.8,5.13 and corollaries 5.9,5.14 in [21] are not correct (see [11] and in particular chapter
12 of [10] for a thorough investigation of this matter).



Let t,&1,& be closed terms of G,A“ and B := Vu'Vv <, tu By (u,v) a
sentence of G, A where By, (u,v) € II%.. Then for every k € IN the following

rule holds
It
GpAY + ACqf + A+
VulVo <; tu(AY, -CA(§uw) ATIR-AC(Suv) — By (u,v))
then
CpAY 4+ X0-IA + A + Mon(B) F YulVu <, tu By, (u,v),

where Mon(B) expresses that B is monotone in the sense of definition 2.3
below and

A= {3YP < sVxl 2 Ag(x, Y, 2) : Vody <, sV Ag(z,y, 2) € A}
(A and consequently A may be empty).

If B, € IIj_,, then the monotonicity assumption Mon(B) can be avoided,
i.e. the conlusion can be strengthened to

GpA® 4+ X01A + A - VulVo <, tu B, (u, ).

These results will be used also to prove new conservation results for
EA +I19-CP over EA +X-TA which strengthen the Friedman-Paris-Kirby
result.’

Finally we consider generalizations IT1{-UB™ ) of the principle of uniform X9-
boundedness 39-UB~ which was studied in [12].° In [14] we showed that
¥0-UB~ proves already relative to GyA“+ AC-qf many important analyt-
ical theorems (like Dini’s theorem, the attainment of the maximum for
f € C([0,1]%,R), the sequential Heine-Borel property for [0,1]%, the exis-
tence of an inverse function for every strictly monotone function f € C[0, 1]
and others) but does not contribute to the growth of extractable bounds,

thereby guaranteing the extractability of polynomial bounds when applied
in the context of GoA¥+ AC-(f.

A proof-theoretic treatment of the Friedman-Paris-Kirby result was first given in [21].
However the proof in [21] contains a serious gap. See [1] for a correction of Sieg’s proof.
Another proof-theoretic treatment can be found in [3].

SWhereas we generally use the superscript ‘—’ to denote the restriction S~ of a schema
S to function parameter-free instances of S, this superscript has a different meaning in
the context of principles of uniform boundedness. Although this might be troublesome we
wish to stick to the notation for these principles from [12] where they were introduced.



Whereas the straightforward generalization of X-UB~ to II{-formulas is in-
consistent with GoA“ already for k = 1, our restricted version

[19-UB~) ( introduced in the present paper) is consistent. In [15] we im-
plicitly used (a special case of) II{-UB~) to prove the Bolzano-Weierstraf
principle and the Ascoli-lemma and it were these proofs which were used to
calibrate faithfully the arithmetical strength of these principles.

One of the results on II?-UB™ | to be proved in the present paper is that we
may strengthen the assumption of the rule stated above by adding

II)-UB~ M&uv) to A, -CA(§uw) A TIR-AC(Luv).

2 Monotone formulas and their Skolem
normal forms

In this section we review some of the proof-theoretic tools from [13] on which
the present paper is based and also recall some of the basic concepts and
definitions from [12].

The set T of all finite types is defined inductively by

(1) 0 € T and (i) p,7 € T=7(p) € T.

Terms which denote a natural number have type 0. Elements of type 7(p)
are functions which map objects of type p to objects of type 7.
The set P C T of pure types is defined by

(i) 0 € P and (i7) p € P = 0(p) € P.

Brackets whose occurrences are uniquely determined are often omitted, e.g.
we write 0(00) instead of 0(0(0)). Furthermore we write for short 7py ... p

instead of 7(px)...(p1). Pure types can be represented by natural num-
bers: 0(n) :=n+ 1. The types 0,00,0(00),0(0(00)) ... are so represented by
0,1,2,3.... For arbitrary types p € T the degree of p (for short deg(p) ) is
defined by deg(0) := 0 and deg(7(p)) := max(deg(7),deg(p) + 1). For pure
types the degree is just the number which represents this type.

Description of the theories (E)—G,A*

Our theories T used in this paper are based on many—sorted classical logic
formulated in the language of all finite types plus the combinators II, -, 35, -
which allow the definition of A-abstraction. 7 denotes the intuitionistic
variant of TY.

The systems G,A“ (for all n > 1) are introduced in [12] to which we refer
for details. G, A“ has as primitive relations =, <q for objects of type 0, the
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constant 0°, functions ming, maxg, S (successor), Ay, ..., A,, where A; is the
i—th branch of the Ackermann function (i.e. Ag(z,y) = v/, Ai(x,y) = = +
y, As(z,y) = = -y, As(z,y) = 2¥,...), functionals of type level 2: ®4,..., P,
where @ fr = maxy(f0,..., fz) and ®; is the iteration of A; ; on the f-

values for ¢+ > 2, i.e. Pyofr = ij fi,P3fxr = ﬁ fi,.... We also have a
i=0 i=0

bounded search functional p;, and bounded predicative recursion provided by

recursor constants Rp (where ‘predicative’ means that recursion is possible
only at the type—0-level as in the case of the (unbounded) Kleene-Feferman
recursors Ep). Moreover G, A“ contains a quantifier-free rule of extensionality
QF-ER.

In addition to the defining axioms for the constants of our theories all
true sentences having the form VzrAg(x), where Ay is quantifier—free and

deg(p) < 2, are added as axioms. By ‘true’ we refer to the full set—theoretic
model §¥. In given proofs however only very special universal axioms will be
used which can be proved in suitable extensions of our theories. Nevertheless
we include them all as axioms in order to emphasize that (proofs of) uni-
versal sentences do not contribute to the growth of extractable bounds. In
particular this covers all instances of the schema of quantifier-free induction
(The main results in this paper are also valid for the variant of G,AY where

the universal axioms are replaced by the schema of quantifier—free induction).
The restriction deg(p) < 2 has a technical reason discussed in [12].

GLAY = U G,A“.
nelN

PA®, PAY are the extensions of G, A“, G, AY obtained by the addition of the
schema of full induction and all (impredicative) primitive recursive function-

als in the sense of [5].
E—7z;‘3 denotes the theory which results from 73 when the quantifier—free

rule of extensionality is replaced by the axioms of extensionality (E)
Vol yf, 2P (x =, y = za =, 2y)

for all finite types (z =, y is defined as Vz{*, ..., 20" (z21 ... 2k =0 Y21 ... 2k)
where p = 0pg ... p1).
G,R” and T' denote the sets of all closed terms of (E)-G,A¢f, and (E)-PA{)).

T}, is the subset of all closed terms of 1" which contain the Godel-recursors
R, for p of type level < k only.

Definition 2.1 Between functionals of type p we define relations <, (‘less



or equal’) and s—maj, (‘strongly majorizes’) by induction on the type:

z1 <p 22 = (21 <p X2),

1 <;p T2 = VY (1Y <; T2y);

Tt s—maj, T =" >p x,

T s-mag,, ¥ =y, yP(y* s-maj, y — x*y* s-maj, o'y, vy).

Remark 2.2 ‘s—-maj’ is a variant of W.A. Howard’s relation ‘maj’ from [6]
which is due to [2]. For more details see [8].

Let A(a) be a formula of G,A“ (a are all free variables of A) and
JzVyAp(z,y,a) its Godel functional interpretation (see e.g. [24] for details
on Godel’s functional interpretation). We say that a tuple of closed terms t
realizes the monotone functional interpretation of A(a) if”

(*) 3z(t s-maj z A Va,y Ap(za,y,a))

(Monotone functional interpretation which directly extracts a tuple ¢ satisfy-
ing (%) from a proof of A(a) was introduced in [9]. See also [12] for details.)

Definition 2.3 ([13]) Let A € L(G,A%) be a formula having the form
A =VulVo <, tuTydVal .. 3yval 3w Ag(u, v, y1, 21, - - Yis Thy W),

where Ag is quantifier—free and contains only u,v,y,z,w free, t € G, R* and

7,7 are arbitrary finite types.

1) A is called (arithmetically) monotone if

Mon(A) =

VulVv <, tuVay, T1, ..., T, Tis Y1, Uiy - - - Yk Uk
k
(‘/\ (Zi <o @ AT >0 yi) A Jw Ag(u, v, 91, 21, - - -, Y, T, W)

1=

— Hw’on(U,U,'gl,.%l, c. ,gk,i'k,w)>.

"Here t s-maj z means A(¢; s-maj ;).
i



2) The Herbrand normal form A of A is defined to be

AR = Vulvy <, tuVhiY, . R YY) w

AO(u7Uay1’ hlyla <o Yk, hk'yl <. ‘yk’w)a

AgIZE

where p; = 0(0)...(0).

—
Remark 2.4 In definition 2.8 (and theorems 2.5,2.7 below) one may also
have tuples Fw’ instead of Fw?’ in A where w = wi",...,w" and v; is
arbitrary. Also instead of Yu' we may have Yu where u = uf*, ... , up? with
deg(p;) < 1 for 1 < i < q. In particular we can consider an innermost
ezistential number quantifier 3y),, as part of 3w and an outermost universal
number quantifier Vag as part of Yu. So for Vag and Jyy,, no monotonicity

is required in definition 2.5.1).

Theorem 2.5 ([13]) Letn > 1 and ¥y,..., Y, € G,R”. Then

k
G AY + Mon(A) F Vu'Vo <, tuVhy, ..., hk< A (hi monotone)

=1

— Jy1 <o Wruh. .. Ty <o VyuhIu AlT) — A,

where (h; monotone) = Vxy,..., 2, Y1, ..., Y ;\ (j >0 y;) = hiz >0 hiy).
j=1 =

Definition 2.6 (Bounded choice) -AC:= U {(b—AC‘S”’)} denotes the

6,peT
schema of bounded choice

(b-AC*) : YZP(V2'Iy <, Zx A(x,y, Z) — IY <,5 ZVzA(z, Yz, Z)).

In general G, A% = Af does not imply G,A“ F A (see [13] for a detailed
discussion of this phenomenon), which is in contrast to the first-order case

where the derivability of A” follows from that of A by Herbrand’s theorem
(see [20]). If however A is monotone then this rule is valid also for G, A*

(but for very different reasons):

Theorem 2.7 ([13]) Let A be as in thm.2.5 and A be a set of sentences
Va° Jy <, saVz"Gy(x,y,z) where s is a closed term of G,A* and Gy a
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quantifier-free formula, and let A’ denote the negative translation® of A. Then
the following rule holds:

GnA“+AC-qf + A+ AP A\ Mon(A) =
G, AY + A + A, and by monotone functional interpretation one can

extract a tuple ¥ € G,R* such that

G A? + A+ U satisfies the monotone functional interpretation of A,

where A = {3Y <5 sV, 2"Go(x, Y, 2) : V2P Iy <, saV2"Go(z,y,2) € A}.
(In particular the second conclusion can be proved in G,AY + A+ b-AC).
The weakened conclusion G,A“ + A + Mon(A) B A follows already from
G A+ AC-qf +AF AH 9

3 Making arithmetical comprehension
monotone

In this section we consider the arithmetical content of instances I12-CA ((uv)

of Hg—CA which are used in given proofs of sentences Vu'Vv <, tu By, (u,v)
as discussed in the introduction.

Definition 3.1

I0-CA(f) := 3¢'Va° (g2 = 0 > Vul3u9 ... IDul (f(z,u) = 0)).1°

Remark 3.2 There is no need here to incorporate closure under number
parameters in the definition of IY-CA(f), i.e. by defining

I-CA(f) := VI°3g'Va(gz =0 0 & Vud3uS ... 3D (f (1, x,u) = 0)),
since the latter can be reduced to the former (relative to G,A“ forn > 2) by

coding 1, x together and applying comprehension without number parameters
to this pair.

8Here we can use Godel’s [4] translation or any other of the various negative transla-
tions. For a systematical treatment of negative translations see [16].

9This last assertion is not stated in the formulation of the theorem in [13] but does
follow immediately from its proof.

10Whether one has here ‘Hug’ or ‘Vug’ depends of course on whether & is even or odd.

11



In order to be able to apply the method of elimination of Skolem functions
for monotone formulas from section 2 we follow this strategy:

Construct an arithmetical principle A,-(f) such that for suitable &;,& €
G,RY:

1) GoA“ = Mon(Vf Au(f)),
2) GpA® FVf(AZ.(&f) = TR-CA(f)) and
3) GnA® FVF(I-CA(&S) = Aur(f))-

Because of 2) the use of IT>-CA(£uw) in a given proof of a monotone sentence
Vulvv <, tu B,,(u,v) can be reduced to the use of A (&'uv) (where &'uv :=

r

&1(&uv)) which in turn (by 1) and theorem 2.7) can be reduced to the use of
Ay (§'uw). Because of 3) nothing is lost by this reduction.

It will turn out that the correct principle A,.(f) is a ‘monotone version’
II)-TND™"( f) of the tertium-non-datur principle for II)-formulas.

Definition 3.3 In the following m := g if k is even (resp. m = % if ks
odd).

1) The T)-tertium-non-datur aziom is given by the following formula
(where f is a function variable of appropriate type)'!

0-TND(f) :=
VxO(Vy?Elz? s vyglazgl(vygl+l)(f(x7 Y15,215- -+ s Ymy Zm,s (ym+1)) =0 0)
VIV ... Elu?anf)n(Elu%H)(f(m, UL, ULy -« oy Uy Uy (Ui1)) # 0)),

2) We also need the following prenex normal form of II-TND (f):

I TND (f)rr =
V' 3udVy 320V0) . . Fug, Vyo, 320 Vol (3ud, VY2, 1)

(f(.l?, Y1, 215+ - - s Ymy Zm» (ym+1)) =0 ov

f(myu:l?vl’ vy U,y Uy, (Um+1)) 7é 0)7

"Here and in the following the quantifiers V42, 115 Fu?, 41 are only present if k is odd.

12



3) The Skolem normal form of IY-TND (f)P" is given by

(m9-7ND () =

Elhla SRR hmy (hm—l—l)agla s agmvmoa y?a U?a s 7y9na Ugna (ym-i-l)
(f(m7y1’gl(m7y1)a s 7ymagm(xay17 sy Ym,y V1, - 7v’m—1)7 (ym+1)) =0 ov
flzyhazyvg, oo b (T, Y1, - o Y1, V1, -« V1) s Uy

(hm+1(x,y1, sy Ymy V1, - - >Um))) # O)

Remark 3.4 Forn > 2 we have coding of finite tuples (of fixed length) avail-
able in G, A¥. Hence quantifier-blocks can be contracted to a single quantifier.
Since in all of our results we assume that (at least) n > 2, it is no restriction
in the definition above to consider only single quantifiers.

Lemma 3.5 For every k € IN the following implication can be proved in
GlAw.'
VF(IR-TND(f)7)* — IR-CA(f)).

Proof:
For notational simplicity we confine ourselves to the case k& = 4 which well
shows the general pattern of the proof for arbitrary k:

(II3-TND( f)P)S yields the existence of functions g1, g2, b1, hy such that

Vl‘,ylyvl,y2(f(1‘,yhgl(xay1)7y2,92(957y1,y2,01)) 0

. —
. VYo (f (2, bz, v1, ha(z, y1,v1),v2) # 0)).

(1) in turn yields

vV, yi, Ul(vaElZQf(m7ylagl(myyl)a Yo, 22) =0
VVU2(f(-T’ haz, vy, h2(~’5> yl,Ul)’Uz) £ 0))’

(2)
v, y1, 01(V1U25|22f(957y1,91($, yl)a Y2, 22) =0
V3uaVos (f (z, hix, vy, ug, ve) # 0)),

V-T’yl(vyﬁ'sz(%ybgl(x; y1)7y2> 22) =0
VYo Fua Voo (f (z, hiz, v1, Uz, v2) # 0)),
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(5) Vo, y1 (321 VY2322 f (2, 1, 21, Y2, 22) = 0
VYo FugVus (f (x, hiz, v1, Uz, v9) # 0))

and finally
vx(ViUlE'ZlVyzE'ZQf(% Y1, 21, Y2, 22) = OVVUﬁUzVW(f(x, hiz,vi,us, Uz) 7é 0))

(6)
(1) applied to y; := hix,v1 := g1(x, hix), y2 := ho(x, hiz, g1 (2, h1x)) gives
(%)

N (f(xa hlmy gl(xa hlm)7 hg(l‘, hlxa gl(xa hlx))a 92(m7 hlxa h2(£7 hlxa gl(m7 hlm))?
g1(z, hix))) = 0OV (f(z, hiz, g1 (x, hix), ho(z, bz, g1(x, hix)), v2) # 0))

We now show (+) :=

i (f(xa h1x7 gl(xa hlx)) hg(l‘, hlxa gl(xa hlx))a 92(1:7 h’lxa h2(‘7~:7 h’lxa gl(‘x7 hlx))?

g1(z, hix))) = 0 < Yy 32 Ve 32 (f (2, Y1, 21, Y2, 22) = O))
(+) yields the claim of the lemma with

gx := Pxhihsgi9 =

f(l', hll‘, 91(357 hlx)a hg(l‘, hlmy gl(m7 hlm))?
92(-737 h1x7 hf2(x> h1x7 gl(xa hlx))) gl(xa hlx)))

Proof of (+):
‘—" ®xfhihsgige = 0 implies

Voo (f (2, z, g1(z, hiw), ho(z, bz, g1(2, haw)), va) # 0).
Hence by (2) (putting y; := hix,v1 := g1(z, hi))

Vyo3zo(f(z, iz, g1(z, h1x), Yo, 22) = 0)

and therefore
31 VY32 (f (2, ha, 21,92, 22) = 0),
1.e.

=V Fue Voo (f(z, iz, v1, us, v9) # 0).
By (6) this implies

Vy1321vy2322(f(-73’ Y1, 21, Y2, 2’2) = O)-
‘“—": ®xfhihygrga # 0 implies by ()
sz(f(z’ h’lxagl(xa hlx)7 hz(fﬁa hll’;gl(% hlx))a Uz) £ O)
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and therefore

HUQVUQ(f(CBa hlllf, gl(m7 hlm)’ U, U?) 7é 0)7
1.e.

ﬂV?J2E|Z2(f(-T’ hiz, 91(33’ hlx)7 Y2, 22) = O)-
By (4) this yields (putting y; := hyx)

Yoy JuaVuo (f(x, hix, vy, ug, va) # 0)
and therefore
Fuy Vo Jua Voo (f (x, ug, vy, ug, v9) # 0),

which concludes the proof of (+) and hence of the lemma.

Definition 3.6 For a I1)-formula

Ala) = V29329 ... 3D Ag(a, 71, 2, ..., x1) of GuAY (where a are all free
variables of A which may have arbitrary type) we define

Afa) =

Vad3zy .. A D20VE < 238y < 2o... ADVF, < 3 Ag(a, 31, To, . .., Tp).

In the following we need a variant Mon* of Mon where monotonicity is
required for all number quantifiers (compare this with remark 2.4):

Definition 3.7 Let A(a) := Va¥3?...Vad3y2A¢(a, z1, 91, -, Tr, Yi)- 2
Then
~ ~ ~ ~ k ~ ~
Mon*(A(a)) = Vo1, %1, Y1, 81, - - - Tk, Tk, by Tie( /_\l(l‘z <o Ti N Ui >0 ¥i) —

(AO(Q7 T1, Y1y .- 7xk7yk) — AO(Qa jlagb s ;‘%kagk))

Lemma 3.8 For A(a) as in the previous definition we have
G, A - Mon*(A(a)).

Proof: Trivial.

The II?-collection principle is the schema
I-CP : Vo <o a3y’ A(z,y) — 32°Vz <o aTy <o 2 A(z,y),

for all I19-formulas A(x,y).

12Here the quantifiers V29 and J3y? may be empty (‘dummy’) quantifiers.
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Convention 3.9 In I19-CP (and other aziom schemas which we will con-
sider below) A(x,y) may contain arbitrary parameters (besides xz,y) of the
language we consider. E.g. if we write G,A* + II2-CP then instances of
[9-CP may contain parameters of arbitrary type. In EA +11-CP however
(where EA denotes first-order elementary recursive arithmetic) instances of
[19-CP of course contain only number parameters.

I19-CP is equivalent over many systems (e.g. G,A“ for n > 3) to the axiom
schema of finite choice for II{-formulas

IY-FAC : Va <o aF A(x,y) — 32z <o a Az, (2).),
for all I19-formulas A(x,y) (with the convention stated above).

In the presence of function variables as in G, A“ the schema II-CP can be
expressed as a single second-order axiom VfTI2-CP(f), where

V0, a® (Vm <o aTFy'vuldTug. .. El(d)ug(f(l, a,z,y,u) =g 0)

I0-CP(f) :=
— 32V < aFy <o V0T .. IDU(F(, a, 2, y,u) = 0))

By incorporating the universal closure w.r.t. to arithmetical parameters
VI°, a® in TI?-CP(f), we achieve that the universal closure of every instance of
[19-CP which contains only number parameters can be written as a sentence
[19-CP(¢) in G,A“ where £ is a closed term (essentially the characteristic

function of the quantifier-free matrix of the I19-formula A(z,y)) which will
be of importance below.

The same is true for the principle of ¥:%-induction X0-TA(f) which we need
below:

VIO (Suvus .. VDud(f(1,0,u) =o 0)A
Va0 (Fudvay . .. v Dy
Judvag . .. vV Dy

— V203Vl . . VDU (f(1, z,u) = O))

Y-TA(f) ==

Lemma 3.10 Let A(a), A(a) be as in definition 3.6. Then for suitable
&1, .. 6,60, ... ,EZ € G, R the following holds:

G, A” /l\ % ,-CP(&a) — (Ala) — Aa))

i=1
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and

G, A /l\ I_,-CP(§a) — (A(a) — A(a))

i=1

(Here and in the following we use the convention that 119-S is empty (i.e.
= (0 =0) for an aziom schema S if k <0).

Proof: Induction on k: For k£ = 0,1 the lemma is trivial. So let k£ > 1.
k — k + 1 : Consider

Ala) = V2932) ... 3Dl Ag(a, 21,29, ..., 2ps1) €TI0,
By the induction hypothesis applied to the IT-formula
v.”llgzlfllg .. .V(d)kaﬂAo(g, L1y .. ,l’k+1)

we have instances II) ,-CP(£;a) (note that instances of II9 ,-CP can be
considered as instance of ITy_,-CP as well) such that AII}_,-CP(&a) implies

(relative to G, A%

Elfligv.”lig R El(d)flik+1A0 <

Elfl:gil:g Ce El(d)fl:k+15|j2 S LIZ’QVi'g S I3 ... Ao(Q, Zq, .;132, Ce ;-i:k+1)-
Hence

Ala)
— Va:lEng ce H(d)l‘]ﬁ_lajg <x9... H(d)i‘k_H < $k+1A0(Q, X, 532, c.. ai‘k—l—l)
Vo Ve, < xqdzs ... El(d)kaEl.%g <x... Ao(g, .%1, Li’g, . ,.i?k+1)
) -CP(za)

%

—

(logic)

leEImngl S .7}13&}\2 S l‘gv.%'g N El(d)dfk+15|532 S i‘\g . .H(d)i'k_i_l S l‘k+1A0(Q, i)
<~ VxlEngVi’l < xng c. El(d)kaEl.ig < g ... H(d)i’]ﬂ,l < .”l?k+1A0(Q, i)
— Va:lEngng,le S .1313.134 SN H(d)l‘]ﬁ_lai‘g S xIo ... El(d)i'k_i_l S l‘k+1A0(Q, i)

In the same way as we shifted Vz; < x; over dry, we now move Vi, < x4
over dxy, then permute Vz; < x; with Vs, move over dxg and so on until

we obtain A(a). This requires only II9_,-instances (or simpler ones) of CP
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which can be considered a fortiori as instances II)_,-CP((;a). Putting things

together we have shown that (relative to G, A%):

I}_,-CP(éa) A \IT}_-CP(éia A/\H -CP((ja) — (A(a) — A(a))

and
AT 5-CP(&ia /\/\H -CP(¢ja) — (A(a) — A(a)),

which concludes the proof of the lemma.

Since in our main results we assume n > 2 or n > 3 for the level n of G,,A% we
also use for simplicity GoA* in the following definition and lemmas although
some of them can be carried out even in G;A%.

Definition 3.11 (and lemma) Form € IN let ® € GoR” be such that
GQAw - Vf(O)(O)’ 1,0’ y?’ 2?7 cee ayma m’ (ym+1)

(Pfry121 -+ YmZm(Yms1) =0 0
<~ Vﬂl S y15|51 S 1. V@m S ymzlgm S Zm(vgm+1 S ym+1)

(f (2,91, 21, - -+, Uy Zms (Gmt1)) =0 0)).
We denote ®f by f'.

Lemma 3.12 Let k > 1. There are (effectively) finitely many terms
&1,...,§ € GoR” such that

G A E Y (( /\ M) ,-CP(&f)) — (I-CA(f) <> TR-CA(f"))).

Proof: The lemma follows from lemma 3.10.
Definition 3.13 The ‘monotone’ tertium-non-datur is given by
0-TND™"(f) :=

V' JudVy?320v0) . .. Fud Vyd 320 Vol (Ful,. Yyl )V < x
(fl(‘i" Y1, 215 -« - s Yms Zms (ym+1)) =0 va/('i‘7 U1, V1y - - -y Umy Um, (Um+1)) # O)a

Lemma 3.14 1) GoA* FVf((II9-TND™"(f))® — (II2-TND(f")?")%).
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2) GyA® - f(Mon* (I-TND™"(f))).

Proof: 1) follows by putting & := x.
2) Follows immediately from the definition of II-TND™"( f).

Proposition 3.15 GyA“ F Vf((I9-TND™"(f))® — TI9-CA(f")).
Proof: Lemmas 3.5 and 3.14.1.
Lemma 3.16 One can construct a & € GoRY such that

Gy A+ AC™-gf FVF(IIN-CA(Ef) — TI-CP(f)).

Proof:
Using I[13-CA (£ f) for a suitable ¢ € GoR¥ one can reduce I13-CP( f) to II3-CP

which is provable in GoA“+ AC%0-¢f.

Proposition 3.17 For a suitable £ € GyR” one has
Gy A+ AC-gf +Vf ((I-TND™"(£f))% — TIY-CA(f)).

Proof: Induction on k: k = 0,1 : easy. Let £ > 1 and lets assume that
the proposition holds for all m < k. IIY_,-CP(&;f) denote the instances of

I19_,-collection from lemma 3.12 which are needed to show
I0-CA(f) « I-CA(f)).
Let £ € GoR¥ be (using lemma 3.16) such that!®
(1)GoA“+ ACO0-gf FTI9 ,-CA(Ef) — (I2-CA(f) + I0-CA(f")).
By the induction hypothesis we have
(2) GoA®+ ACO-qf + Vf ((IT)_,-TND™"(££))* — TI)_,-CA(f))
for a suitable & € GoR¥. So by proposition 3.15 (3) :=

GoA“+AC™-qf = (TR-TND™"(f)) A(T_,-TND™ " (£(€£)))* — TI-CA(f).

13Note that two instances I12-CA(& f) A II2-CA(& f) can be coded together into one
instance I19-CA (& f) in GoA¥.
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Introducing dummy quantifiers, (II9_,-TND™"(£(£f)))® can be reduced to
(II9-TND™(¢* f))* for a suitable £* € GoR¥. Furthermore

(4) (IR-TND™"(h))* — (IR-TND™"(f))* A (IR-TND™"(g))"

for

h(z,y,z) =

f(j>g7§) if v =2z
9(Z,y,2) if v =22 + 1.

Hence
(5) (TI-TND™" (¢ £))° — (TII-TND™"(§))* A (Ip-TND™"(£* f))*
for a suitable £ € GoR¥. By (3) and (5) we have
GaAY+ ACO0-qf + (TI9-TND™" (¢ £))° — II3-CA(f).
Lemma 3.18 Letk > 1 and A€ X} ;. Then

G A® + Y9-TA Vo' IuVi <o 2(Vy*A(Z,y) V Fi < u-A(Z, 0)).

Proof: Assume
(+) Yu'3z < 2(Fy-A(Z,y) AV < uA(Z,a)).
We show by induction on n:

G(n,u,z)

thi=n+1A A ((2); # (2);A

(*) Yn3u, 7 "
A (2); < ) AVi < n3a < uA((2);, @)
i<n

(For n = z + 1 this obviously is contradictory and so —(+) is proved).

n = 0: (+) applied to u := 0 yields an zy < z such that A(z(,0) and
Jyo—A(zo,yo). (*) is now satisfied by taking & := (x¢), u := yo.

n — n+ 1: Let u,Z be such that (x) is satisfied for n. By (+) there exists
an T,y < z such that 3y, 17 A(Tpi1, Yns1) and Vo < wA(x,11,4). By (%)
we have Vi < n3u < u—A((Z);,a). Hence Vi < n((Z); # zn+1) and so
U= max(u, Yn41), T := T * (T,41) satisfy G(n + 1,4, 7).

It remains to show that Ju, ZG(n,u, ¥) is equivalent to a 3?-formula:
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Using X9 _,-CP, 3u < u—A((Z);, @) can be shown to be equivalent to a I13_;-
formula. Since 3} _;-CP follows from X0-TA, the whole proof can be carried
out in G3A¥ + 29-TA.

In contrast to IT3-TND(f) its monotone version II9-TND™"( f) does not hold

logically. However it can be proved using X9-induction. More precisely the
following proposition holds:

Proposition 3.19 Let k > 1. There are finitely many instances X9-TA(&; f)
such that

l
Gy A EVF(( N\ S-TAGf)) — TR-TND™™"(f)).
=1

Proof: By (the proof of) lemma 3.18 there are instances X-TA(¢; f) which
prove (relatively to G3A“)

VeIu Ve < x(Vy1321 - - VY32 (YWima 1) (F(Z, 41, 21, - -+, Ymsy 2m) = 0)
V3G < uyVy .. 3y, Yo (Fum 1) (f(Z, 4, v1, . - o U, U) #0))
and therefore by the definition of f’ (which makes
Fa < uVoy .. Fuy, Y0, (1) (F (2, T, 01, - oy Uiy Uy (Umy1)) # 0) mono-
tone w.r.t. 3a)
Vedu Ve < z(Vy1321 - VY32 (YYma1) (F (2,91, 215 -« s Yy Zmsy ) = 0)
VY1 < T3, Yo () (F (2, ug, 01, - o Uy Uy ) 7 0)),

which is equivalent to () :=

VeIuVy Vi < 23z (VY2 - . VY320 (Vmr1) (F(Z, y1, 215 - -+, Yy Zmy ) = 0)
VWY1 - T Y0 (Bt 1) (F (2, ur, 01, - - Uy Oy ) # 0)).

By a suitable instance of ITI}_,-CP and the monotonicity of (*%) w.r.t. 3z
one can ‘shift’ Vz < x over dz;. Now one continues in this way until one
obtains TI2-TND™"( f) which needs only suitable instances of ITP-CP with
[ < k—1 which can be considered as instances of II)_;-CP. All the instances

of IIY_,-CP used follow from suitable instances of X9-IA.

Corollary 3.20 G3A* + Vf(IIS-CA(Ef) — TIQTND™"(f)) for a suitable
£ e GsRY.
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4 Conservation results for I1-AC(f) and A?-
CA(f,9g)

We are now ready to determine the arithmetical content of instances II9-
CA(§uv) and even II)-AC({uv) and A}, -CA(§uv) in proofs of monotone
sentences (and without monotonicity assumption if the logical complexity is
restricted). It turns out that this content is given by certain instances of
[19-TND™o",

Definition 4.1

VIO(V203yOvuldTFug . .. 3D (F(1, x, y, u) = 0)

IR-AC(f) =
= 3g"Va"Vui3ud. .. 3Du(f (1, 2, gz, 1) = 0))

Ag_CA(fa g) =
W10 (V2O ([Vud3ug . .. 3Du(f (1, 2, u) = 0) ¢
S0V FDu(g(1, 2,0) = O)))
— 3RV (gr =¢ 0 <> YuFuy ... I Dug(f(1, 2, u) = 0)))

A)-CA(f) := AV-CA(j1 f, 3o f) for the projection functions j; € GoR“.
Lemma 4.2 Let k € IN. Then for suitable &,,& € GoR¥:

1) G+ ACY-qf b YF(I-CA(6: £) — TIQ-AC(F)).

9) God+ ACO-gf FVf(I-CA(Ef) — AL, -CA(F)).

Proof: Obvious.

Below we also need a certain ‘non-standard’ axiom F'~

F~ =
V(I)2(0)7y1(0)5|y0 Sl(O) kaO, 21777’0( /\ (27/ SO ykl) — qﬂ{j(m) SO (I)k(yok))’

i<on
where, for 2/, (z;m)(k°) :=, zk, if k <¢ n and := 07, otherwise.
F~ does not hold in the full set-theoretic type-structure but can be elimi-
nated from proofs of monotone sentences in our theories. This axiom was

introduced and studied in [12] and implies the principle of uniform X9-
boundedness which was mentioned in the introduction and which will be
generalized in section 5 below.
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Proposition 4.3 Letn > 2, k>0 and

B :=Vu'Vo <, tu3adVY ... adVb)Tw By be a sentence in L(G,A%), where
By is quantifier-free and t € G, R*. Let &,& € G,RY (of suitable types) and
A a set of sentences having the form Vz’3y <, sa¥z"Ay (Ao quantifier-free,
s € G,R¥). Then for a suitable £ € G,R“ the following holds:

If
G, AY + A+ AC-¢f +
VulVo <; tu(AL,;-CA(§uv) ANIY-AC(&uv) — Fadvh] . .. FafVh) 3w By)
then
GnA“ + A+ Mon(B)
VulVo <, tu(I12-TND™" (Euv) — FaVHY . .. Fa)Vb)Fw By)
and in particular

Grax@m A + 29-IA + A+ Mon(B) - Yu'Vo <, tu3alVh) . .. 3a?Vb)Fuw By.

In the assumption of the rule the theory G, AY+A+ AC-qf can be strengthened
to'* (G, AY + A+ AC-qf ) ® F~. Then in the first conclusion G, A* must be
replaced by Gmax(zn)A*.

Proof: By lemma 4.2, proposition 3.17 and the fact that two instances of

[19-CA can be coded together into a single instance of II9-CA, there is a £ €
G, R¥ such that

GpAY+ AC%0-gf
- Vulvo <, tu((TI-TND™"(¢uv))® — AY, -CA(&uv) A T-AC(&uw).
So the assumption of the rule implies
GpAY+ AC-of + A+
VulVo <, tu(TI-TND™" (Euv) — FaVHY . . . Fa)Vh)Fw By).
By lemma 3.14.2) the prenexation'®
AP = Yl <, tu3aVu Iy Yz 3oy .. 34 Vb .. 3w (TND " (Euv) — By)

4 Here @ means that F~ must not be used in the proof of the premise of an application
of the quantifier—free rule of extensionality QF-ER. G,,A“ satisfies the deduction theorem
w.r.t @ but not w.r.t +.

5Note that AP" is not completely in prenex normal form because of the universal quan-
tifiers hidden in v <, tu. However it has

the form required in theorem 2.7 used below.
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Of16
A= Vulv <, tu(TIR-TND™" (¢uv) — FalVP) . .. Ja) Vb Iuw" By)

is monotone if B is:

GnAY = Mon(B) — Mon(AP").
Now (1) implies

GpA“+ AC-of + A F (4P

and therefore using theorem 2.7

GpA¥ + A 4+ Mon(B) - AP i.e.

GnAY + A+ Mon(B) - A.

The second part of the claim in the proposition now follows from proposition
3.19.

The proof above can be combined with the elimination procedure for F'~
given in [12](thm.4.21) yielding the claim about adding F'~.

Corollary 4.4 Let k> 1,7 <2 and &,& € G,R°. Then the following rule
holds

GooAY + A+ AC-qf -

VulVo <; tu(AY, -CA(§uv) A TIR-AC(&uv) — Jw) By(u, v, w))
= d® € T},_1 such that
PAY + A F VulVo <, tudw <, ®u By(u, v, w).

Again we may strengthen the theory in the assumption of the rule above by
SF™.

Proof: The corollary follows from proposition 4.3 by observing that the
condition Mon(Vu'Vv <, tu3w? By) is empty and using the fact that G, A¥+

A 4 ¥9-TA has a monotone functional interpretation as developed in [9] (via

negative translation) in PAY+ A by terms € Tj_;. The latter follows from the
proof that the negative translation of X?-TIA has a functional interpretation
in T}, (provable in (a subsystem of) PAY) as given in [19] and the fact that

every (closed) term of T;_; can be majorized (in the sense of definition 2.1)
by a suitable term in T},_; which follows from Howard’s proof of this fact for
full T as given in [6].

I6TNDg*" denotes the quantifier-free matrix of (some prenex normal form of) II9-
TND™e™,
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Corollary 4.5 Let n > 3 and A be a II}-sentence.

If B-G, A+ ACY-gf +AY, -CA~ +TI0-AC~+ WKL - A
then G,AY +X2-TA + Mon(A) - A.

Proof:

Using the deduction theorem for E-G,, A%, the fact that E-G3A“+ ACO-¢f
+F~ proves WKL (see [12]) and the existence of characteristic terms € G, R¥
for quantifier-free formulas of E-G,,A“ the assumption implies

i
E-G,A“+ACH-qf + F~ /\ (A9, -CA(&)) /\ (M2-AC(E)))

=1

for certain terms &;, éj € G,RY (corresponding to the universal closures of
the instances of A, -CA~ and II3-AC™ used in the proof).

For suitable &, ¢ € G,R¥ we have
l
GnAY F A, -CA(E) — A (A,1-CA(&))
i=1

and
l
G A“ FTI%-AC(E /\HOACSJ
Together with elimination of extensionality (see e.g. [16]) we obtain
(GpA“+ ACY-qf) @ F~ F A, -CA(E) ATI-AC(E) — A.
The conclusion now follows from proposition 4.3.

Lemma 4.6 Let Vu'Vv <, tuA(u,v) be a sentence with A(u,v) € X%, ,.

Then one can construct a sentence Yu'Vv <, tuA(u,v) with A(u,v) € X9,
such that

1) G, A% F Mon(Vu'Vv <, tuA(u,v)),

2) G A® FVulvo <, tu( A TI_,-CP(&uv) — (Alu,v) — A(u, v)),
=1

9) GuA“ E Vo <. tu( A TIO-CP(&uv) — (A(u,v) — Alu, ),
=1
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where gi,éj € G,R” are suitable terms.
Proof: Lemmas 3.8,3.10.

Corollary 4.7 Let n > 3, Vu'Vv <, tu A(u,v) be a sentence in G,A* with
A(u,v) € 294,
te G,RY and &1,& € G, RY of suitable types. Then the following rule holds:

If GuA* + A+ AC-qf -
VulVo <, tu(AL,;-CA (&uv) ANIY-AC (&uv) — A(u,v))
then G,A* +X0-TA+ A FVu'Vu <, tu A(u,v).

We may strengthen the theory in the assumption of the rule above by ®F .
Proof:

Let A be as in lemma 4.6. II9_,-CP(&uw) follows from a corresponding
instance I19_,-AC(&uv) of II9_,-AC which can be considered as an instance
I19-AC(&uv) of TI9-AC. All these instances II9-AC(&uv) (i = 1,...,1) can
be combined with IT%-AC(&uv) into a single instance T19-AC(&uw). Hence

the assumption of the corollary yields
GpAY + A+ AC-of +
Vu'Vo <; tu(AQ,;-CA (&uv) AIP-AC (Equv) — A(u,v)).

The conclusion now follows from proposition 4.3, lemma 4.6 and the fact that
G, A% +X0-TA 119 _,-CP.

Corollary 4.8 Forn > 3,
E-G,A“+ ACY-qf +AY,,-CA™ + II)-AC™ + WKL is conservative w.r.t.

I ,-sentences over G,A“ + X -1A™.

Proof: The corollary follows from the proofs of corollary 4.5 and corollary
4.7.

Remark 4.9 Corollary 4.8 is optimal in the following sense. For every k
there is a sentence A € IT) 5 such that

G3A“ +II9-AC™ - A, but G3A“ + X0-TA I A.

Proof: There is a first-order instance A (i.e. without parameters of type level
> 0) of IIY-FAC which does not follow from X9-TA relative to e.g. G3A“ (see
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[18]). Tt is clear that G3A¥ + I19-AC™ F A. Since the universal closure of A
can be shown to be equivalent to a I}, ;-sentence in G3A® + X)-IA~ (and
hence in G3A¥ 4 II3-AC™), the claim follows.

Corollary 4.10 Let Vu'Vu <, tu A(u,v) be a sentence with A(u,v) € X)_,.
Then for n > 3 the following rule holds:

If GLAY + A+ AC-qf
VulVu <; tu(A,;-CA (&uv) ANIID-AC (&uv) — A(u,v))
then GpA“ +T19-CP + A F Vu'Vu <, tu A(u, v).

We may strengthen the theory in the assumption of the rule above by &F .

Proof: The corollary follows analogously to the proof of corollary 4.7 using
lemma 4.6 for k + 1 instead of k and the well-known fact (see e.g. [18]) that

GnA¥ + TI9-CP + X0-IA.

Corollary 4.11 Forn > 3,
E-G, A+ ACY-qf +A},,-CA~ + II)-AC™ + WKL is conservative w.r.t.
IT)_ ;-sentences over G, A“ +II-CP~.

Proof: The corollary follows from corollary 4.10 analogously to the proof of
corollary 4.8.

Let EA be Kalmar-elementary arithmetic EA (with number quantifiers) and
let us consider the variant G,,A¥ of G,,A“ where the arbitrary true universal

axioms 9) from its definition in [12] are replaced by the schema of quantifier-
free induction (with arbitrary parameters)!” only. The results above also
hold for G, A“ since no other universal axioms from 9) were used. EA can
be considered as a subsystem of G3A“ and the latter is conservative over the
former. Hence we obtain the following corollaries for EA:

Corollary 4.12 Let A be an arbitrary sentence of EA. Then the following
rule holds:

EA+I)-CP A = EA+X0-TA+ Mon(A) - A.
In particular we have the following

Corollary 4.13 Let A, A be sentences from EA such that

70r equivalently the second-order axiom of quantifier-free induction.
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1) EA +II0-CP+ A — A,

2) BA+X0-IA+ A — A and

3) EA +30-IA + Mon(A).

Then EA +I10-CP = A implies EA +X)-1A = A.

Combined with lemma 4.6 we finally obtain

Corollary 4.14 (Paris-Kirby [17], H. Friedman)
EA +1I)-CP is II) | ,-conservative over EA +X-IA.

5 Generalized principles of uniform bound-
edness and their arithmetical content

In the following we define a generalization of the principle of uniform X9-
boundedness 39-UB~ which was studied in [12],[14],[15]:

V'O (VEOVz <) yk32° Az, y, k, 2) — IVEO, 2!, n®
( /\ (.’L’Z SO ykl) — Jz SO Xk A((xa—n)aya k; Z))),

<on

>0-UB™ :=

where A = 31°Ay(1) is a purely existential formula.

Y0-UB™ follows from F~ relative to G, A“+ AC'0-qf (for n > 2).

In GoAY + X9-UB~ and hence in GoAY + F~+ACH—f one can give very
short and perspicuous proofs of various important analytical theorems like

e Every pointwise continuous function f : [0,1]? — IR is uniformly con-
tinuous

e The attainment of the maximum value of f € C([0,1]4,IR) on [0, 1]¢
e The sequential form of the Heine-Borel covering property for [0, 1]¢
e Dini’s theorem

e The existence of a uniformly continuous inverse function for every
strictly increasing continuous function f : [0,1] — IR.
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Since F'~ does not contribute to the growth of extractable bounds one can
extract polynomial bounds from proofs in GoA¥ + X¢-UB~+ AC-qf.

Whereas the straightforward generalization of X9-UB~ to II?-formulas is not
consistent with G, A“ (see [15]), the following restricted form is (although it
does — like X9-UB~ — not hold in the full set-theoretic type structure):

Definition 5.1 Let p = 0(0)(0)(1(0))(1), k£ > 0.

II,-UB™Ng) :

ver, y' O, a® (VA <y ykILA(g, ®(a,y, K, 2), k, 2,0) —
INVEYT <) ykVIO3z <o xk Alg, ®((z,1),y, k, 2), k, 2,a)),

where A(g,v°, k%, 20 a®) == VudFug ... 3D (g(v, k, 2, a,u) = 0) € TIY.

Remark 5.2 G,A”  II3-UB MNt) — X9-UB~, where t € G{R” such that
t(v,k, z,a) =g v.

In [15] we have shown that every single (sequence of) instance(s) of the

Bolzano-Weierstrafl principle for bounded sequences in IR? and of the Ascoli-
lemma (in the sense of [22]) follows from suitable instances of II%-UB~) and
used this to calibrate precisely the contribution of such instances to the
growth of extractable bounds. This indicates the mathematical relevance of
our generalized principles of uniform boundedness.

Proposition 5.3 Letn > 2,k > 0. For suitable £ € G, R we have
G A+ ACY-qf = F~ +1I)-CA(Eg) — 1I.-UB ™ )(g),
where g is a free (function) variable.

Proof:
For a suitable £ € GoR¥, TI3-CA(£g) yields the existence of a function h such
that

Vol k0 2%, a®(hwkza = 0 <> A(g, v, k, 2, a)),

where A is as in definition 5.1. Using h, the assumption of II3-UB~\(g) can
be expressed as

VEOVz <y yk32(R(®(x,y, k, 2), k, 2, a) = 0).

By X9-UB~, which follows from F'~ and AC'%-qf relative to G,A* (see [12]),
this yields

VROV <) ykVI3z <o xk(R(®((@,1),y,k, 2). k, 2,a) =0 0)
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and hence

IR <) ykVIO3z <o xk A(g, ®((2,1),y, k, 2), k, 2, a).

Using proposition 5.3 we can strengthen proposition 4.3 and corollary 4.4 to

Theorem 5.4 Letn >3, k> 0 and

B :=VulVv <, tu3adVE . . . JadVD)Fw By be a sentence in L(G,A*), where
By is quantifier-free and t € G, R*. Let &,&,&3 € G, R (of suitable types)
and A a set of sentences having the form Va®3y <, szV2"A, (Ao quantifier-
free, s € G,R*). Then for a suitable £ € G,R“ the following holds:

If

G, AY + A+ AC-¢f +

VulVo <; tu(AL,;-CA(§uv) ANIY-AC(&uv) AIY-UB™ M (Euv) —

FadV? . .. JadVbYFw By)

then

GnA“ + A+ Mon(B)

VulVo <, tu(I12-TND™" (Euv) — FaVHY . .. Fa)Vb)Fw By)

and in particular

G A® +X9-TA + A + Mon(B) F Vu'Vu <, tu3ad¥P . .. 3a?VH)3w" By.

In the assumption of the rule the theory G, AY+A+ AC-qf can be strengthened
to (G, AY + A+ AC-qf ) ® F~.

Corollary 5.5 Let k > 1,7 < 2 and &1,&5,&3 € G,R”. Then the following
rule holds

Goo AY + A+ AC-gf - VulVo <, tu

(A) 1 -CA(&uv) ANI)-AC(&uv) AIY-UB™ MNEsuv) — FwBy(u, v, w))
= d® € T},_1 such that
PAY + A F Vu'Vo <, tudw <., ®u By(u,v, w).

Again we may strengthen the theory in the assumption of the rule above by

SF~.
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We now show that II9-CA(f) in fact is implied by suitable instances of
19-UB~

Proposition 5.6 Letn > 2,k > 1. For suitable &1, ...,& € GoRY we have
!
G A” = N\ -UB~N&f) — IR-CA(f),
i=1
where f is a free (function) variable.
Proof: Induction on k. k= 1: IIY-CA(f) is logically equivalent to
(1) 3g <1 1Va°, %32 (g2 =0 0 — f(2,y) =0 0) A (f(2,2) =0 0 = g = 0))
and hence to (2) :=
Vg <3 132°, y°2" (g2 =0 0 = f(x,9) =0 0) A (f(2,2) =0 0 = gz =0 0)).
For a suitable &; € GoRY, II9-UB~ (&, f) yields the equivalence of (2) and
3) —InVg <; 13z, y < nV2°
—((9z =0 0 = f(z,y) =0 0) A (f(z,2) =0 0 = gz =0 0))
i.e.
vn®dg <; 1IVz < n
((92 =0 0 = Vy < nf(z,y) =0 0) A (V2(f(z, 2) =0 0) = gz =0 0)).

Define

0%if Vy < n(f(z,y) = 0)
gx =
19 otherwise.

Letk>1. k—EkE+1:
IT) ,-CA(f) is equivalent to

) Jg <; 1Va?®, yoﬂzo((gx =0 0 — FuVul .. VDU (f(x,y,u) =¢ 0))A
*
(Fudvuy .. . VDuL(f(z, 2,u) =¢ 0) — gz = 0))

By induction hypothesis there exists an instance I13-UB™ &y f) (which can be
considered as an instance II}, ;-UB™~ &, f)) which implies (relative to G,A%)
[I9-CA(f) and hence the existence of an h such that

Ve, a(h(z,a) = 0 < JuyVuy ... V' Dur(f(z, a, 1) = 0)).

31



By II9, ,-UB~ &5 f) (for a suitable &;) applied to the negation of (x),
IT)_,-CA(f) is equivalent to

(xx Vndg <; vz < n((gm =00 — Vy < nFudVuy.. VDU f(z,y,u) =0 0)
AVzFlVuY .. VDU f(z,2,u) =0 — gr = O)),

which is satisfied by

0° if Vy < n(h(z,y) = 0)
gx =
19 otherwise.

Corollary 5.7 Forn > 2,k > 1 the following holds:
1) G, A% =YgII-UB |\(g) — VgII2-CA(g).
2) G A FYglI{-UB~Mg) <> VgII2-UB|Ng)-

Proof: 1) By proposition 5.6 VgII)-UB~|\(g) implies VfTI%-CA(f) and hence
VfII-CA(f) (by iteration).
2) follows from 1) and the proof of proposition 5.3.

Let Bo,1 be the type-0-bar recursor constant of equality rank 1, i.e. By is
characterized by the axioms

22(yt,n%) < n — Boizzuny =; 2
(BROJ) : ’
z(y,m) > n — Boizzuny =1 uw(AD°. By zzun’(y,m * D)),
where u is of type 1(1(0)) and
ok, if k <n

FmxD)(k") =1 D, ifk=n

0!, otherwise.

Proposition 5.8 Let n > 3,k > 1, By(u,v,w) be a quantifer-free formula
of G, A¥ containing only u,v,w free, t™ € G,R*,v < 2. Then the following
rule holds:

GnAY + A+ AC-qf = VglI3-UB |Ng) — Vu'Vv <, tudw? By(u, v, w)

= 3% € G,R”[Boa| such that

GnA“ + A+ (BRgy) + (DC°) F VulVu <, tudw <., ®u By(u, v, w),

32



where
(DC®) :=Va" WP A(x, y) — V232 (20 =¢ x A V2L A(221, 2(2)))).
Proof: By proposition 5.3 and corollary 5.7 one has
GpA“+ ACH-of +VgIII-CA(g) - F~ — VG II-UB ).
Hence the assumption of the rule to be proved yields
GpAY + A+ AC-of +VgIIl-CA(g) - F~ — Vu'Vov <, tudw” By(u, v, w).

From the work of Spector [23] it follows that G,A“+ AC-qf +VgII9-CA(g)
has (via negative translation) a Godel functional interpretation in G,AY +
(BRg1) by terms € G,R“[Bg;]. In [2] it is shown that the type structure
MY of the so-called strongly majorizable functionals forms a model of full
bar recursion. From the proof of this fact (restricted to type-0-bar recursion)
one obtains the construction of a term Bj; € G,R“[Bo,1] such that

GnA” + (BRg,) + (DC°) B, s-maj By,

where ‘s-maj’ is the corresponding syntactic notion of strong majorization as
definined in definition 2.1. Therefore the proof of the fact that (the negative

translation of) G, A“+ AC-qf +A has a monotone functional interpretation
(in the sense of [9]) in G,,AY by terms in G,R* (see [12]) extends to

G,AY + A+ AC-qf +VgII%-CA(g) yielding a monotone functional interpre-
tation (via negative translation) in G,A“ + A + (BRg 1) + (DC®) by terms
in G,,R¥[Bg1]. This has the consequence that as in the case of G,AY + A+

AC-qf (see the proof of theorem 4.21 in [12]) we can eliminate F'~ from the
proof of VuVv < tudw By and extract a uniform bound ¢ on ‘Jw’ which now
of course is only in G,R“[By;] (instead of G,R*) and its verification can be

carried out in G,A“ + A 4 (BRg,) + (DC").
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