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Foreword

Eric Goubault1

LIST/DTSI/SLA, CEA Saclay
91191 Gif-sur-Yvette, France

The main mathematical disciplines that have been used in theoretical com-
puter science are discrete mathematics (especially, graph theory and ordered
structures), logics (mostly proof theory for all kinds of logics, classical, intu-
itionistic, modal etc.) and category theory (cartesian closed categories, topoi
etc.). General Topology has also been used for instance in denotational seman-
tics, with relations to ordered structures in particular.

Recently, ideas and notions from mainstream “geometric” topology and al-
gebraic topology have entered the scene in Concurrency Theory and Distributed
Systems Theory (some of them based on older ideas). They have been applied
in particular to problems dealing with coordination of multi-processor and dis-
tributed systems. Among those are techniques borrowed from algebraic and
geometric topology: Simplicial techniques have led to new theoretical bounds
for coordination problems. Higher dimensional automata have been modelled
as cubical sets with a partial order reflecting the time flows, and their homotopy
properties allow to reason about a system’s global behaviour.

This workshop aims at bringing together researchers from both the math-
ematical (geometry, topology, algebraic topology etc.) and computer scientific
side (concurrency theorists, semanticians, researchers in distributed systems
etc.) with an active interest in these or related developments.

It follows the first workshop on the subject “Geometric and Topological
Methods in Concurrency Theory” which has been held in Aalborg, Denmark,
in June 1999. Then came GETCO’00 in Pennstate, USA, GETCO’01 in Aal-
borg, Denmark, all associated with CONCUR. GETCO’02 was associated with
DISC’02 in Toulouse, and GETCO’03 was held jointly with CMCIM’03, asso-
ciated with CONCUR in Marseille. This year’s GETCO’04 workshop is again
associated with DISC, in Amsterdam.

The Workshop has been financially supported by the Basic Research In-
stitute in Computer Science (Aarhus, Denmark), which I thank very warmly.
I also wish to thank the referees, the authors and the programme committee
members for their very precise and timely job. Many thanks are also due to
Michael Mislove who kindly supported the workshop by letting us submit the
papers through the Electronic Notes in Theoretical Computer Science.

In organizing the workshop—setting up the website, keeping track of the
submissions, getting the preproceedings ready, etc.—Ulrich Fahrenberg and Em-
manuel Haucourt have done an excellent job, and I thank them for that.

Last but not least, I wish to thank the organizers of DISC 2004, Jaap-Henk
Hoepman, Paul Vitanyi, and Rachid Guerraoui, for their cooperation regarding
this workshop.

1Email: Eric.Goubault@cea.fr
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An Axiomatic Approach to Computing the

Connectivity of Synchronous and Asynchronous

Systems

Maurice Herlihy∗ Sergio Rajsbaum† Mark Tuttle‡

Abstract

We present a unified, axiomatic approach to proving lower bounds

for the k-set agreement problem in both synchronous and asynchronous

message-passing models. The proof involves constructing the set of reach-

able states, proving that these states are highly connected, and then ap-

pealing to a well-known topological result that high connectivity implies

that set agreement is impossible. We construct the set of reachable states

in an iterative fashion using a round operator that we define, and our proof

of connectivity is an inductive proof based on this iterative construction

and simple properties of the round operator.

1 Introduction

The consensus problem [18] has received a great deal of attention. In this
problem, n +1 processors begin with input values, and all must agree on one of
these values as their output value. Fischer, Lynch, and Paterson [7] surprised
the world by showing that solving consensus is impossible in an asynchronous
system if one processor is allowed to fail. This leads one to wonder if there is any
way to weaken consensus to obtain a problem that can be solved in the presence
of k−1 failures but not in the presence of k failures. Chaudhuri [5] defined the k-
set agreement problem and conjectured that this was one such problem, and a
trio of papers [4, 13, 19] proved that she was right. The k-set agreement problem
is a generalization of consensus, where we relax the requirement that processors
agree on a single value: the set of output values chosen by the processors may
contain as many as k distinct values, and not just 1.

Set agreement (and in particular consensus) has been studied in both syn-
chronous and asynchronous models of computation, but mostly independently.
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†Instituto de Matemáticas, Universidad Nacional Autónoma de México, Ciudad Universi-
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Indeed, prior proofs for these models appeared to have little in common, as
reflected by the organization of a main textbook in the area [14], where the
first part is devoted to synchronous systems and the second part of the book
to asynchronous systems. Recent work has been uncovering more and more
features and structure in common to both models e.g. [8, 12, 15, 16]. However,
these results are in the form of transformations between models, or on proofs
that have a similar structure in both models. Only [15] describes an abstract
model that encompasses both models, with clearly identified properties that are
needed to carry out consensus impossibility results. To go from consensus to
set agreement a big step in complexity is encountered, since one must deal with
higher dimensional topology instead of just graphs, as discovered by the trio of
papers [4, 13, 19] mentioned above. The contribution of this paper is to present
a new axiomatic approach were set consensus impossibility proofs can be derived
in a uniform manner for both synchronous and asynchronous models.

All known proofs for the set agreement lower bound depend — either explic-
itly or implicitly — on a deep connection between computation and topology.
These proofs essentially consider the simplicial complex representing all pos-
sible reachable states of a set agreement protocol, and then argue about the
connectivity of this complex. These lower bounds for set agreement follow from
the observation that set agreement cannot be solved if the complex of reachable
states is sufficiently highly-connected. This connection between connectivity
and set agreement has been established both in a generic way [11] and in ways
specialized to particular models of computation [1, 4, 6, 10, 11, 12, 19]. Once
the connection has been established, however, the problem reduces to reasoning
about the connectivity of a protocol’s reachable complex.

The primary contribution of this work is a new, substantially simpler proof
of how the connectivity of the synchronous and asynchronous complexes evolve
over time. Our proof depends on two key insights:

1. The notion of a round operator that maps a global state to the set of
global states reachable from this state by one round of computation, an
operator satisfying a few simple algebraic properties.

2. The notion of an absorbing poset organizing the set of global states into
a partial order, from which the connectivity proof follows easily using the
round operator’s algebraic properties.

We believe this new approach has several novel and elegant features. First,
we are able to isolate a small set of elementary combinatorial properties of the
round operator that suffice to establish the connection with classical topology
in a model-independent way. Second, these properties require only local reason-
ing about how the computation evolves from one round to the next. Finally,
most connectivity arguments can be difficult to follow because they mix seman-
tic, combinatorial, and topological arguments. Those arguments are cleanly
separated here. The round operator definition relies on semantics: it is a com-
binatorial restatement of the properties of the synchronous model. Once the
round operator is defined, however, we need no further appeals to properties of
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the original model. We reason in a purely combinatorial way about intersections
of global states, and how they can be placed in a partial order. Once these com-
binatorial arguments are in place, we appeal directly to well-known theorems
of topology to establish connectivity. These topology theorems are treated as
“black boxes,” in the sense that we apply them directly without any need to
make additional topological arguments. Furthermore, our absorbing posets are
very similar to shellable complexes e.g. [3] so we have uncovered yet one more
link between the work of topologists and distributed computing.

For lack of space most of the proofs have been omitted, but appear in the
full paper.

2 Preliminaries

2.1 Models

We consider two (standard) message-passing models, the synchronous and asyn-
chronous models. In both models, we restrict our attention to computations with
a round structure: the initial state of each processor is its input value, and com-
putation proceeds in a sequence of rounds. In each round, each processor sends
messages to other processors, receives messages sent to it by the other proces-
sors in that round, performs some internal computation, and changes state. We
assume that processors are following a full-information protocol, which means
that each processor sends its entire local state to every processor in every round.
This is a standard assumption to make when proving lower bounds. A processor
can fail by crashing in the middle of a round, in which case it sends its state
only to a subset of the processors in that round. Once a processor crashes, it
never sends another message after that.

In the synchronous model [2, 14], all processors execute round r at the same
time, and processor P fails to receive a message from processor Q, then Q must
have crashed, either in that round or in the previous round.

In the asynchronous model, there is no bound on processor step time nor on
message delivery time, so a crashed processor cannot be distinguished from a
slow processor. Our results, however, depend only on the unbounded message
delivery time. Since our goal is to prove impossibility results, we are free to
restrict our attention to executions in which processors take steps at a regular
pace, and only message delivery times are delayed. In the behaviors we consider,
messages from one processor to another are delivered in FIFO order, but when
one message from P to Q is delivered, all outstanding messages from P to Q
are delivered at the same time.

It is convenient to recast the asynchronous model in the following omissions-
failure form. There are at most f potentially faulty processors. At each round,
the nonfaulty processors broadcast their states to all processors (including the
faulty processors). Each faulty processor broadcasts its state to some subset of
the processors, and may omit to send to the others. Processors never crash. It
can be shown that k-set agreement lower bounds in this omissions failure model
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P;PQR

R;PQR Q;PQR

Q;QR

Q;PQ

R;QR

P;PQ

R;PR

P;PR

P fails

Q fails R fails

no failures

P;0

R;1 Q;2

Figure 1: A global state S and the set S1(S) of global states after one round
from S.

carry over to the standard asynchronous crash-failure model; see [9] for a similar
argument.

2.2 Combinatorial Topology

We represent the local state of a processor with a vertex labeled with that
processor’s id and its local state. We represent a global state as a set of labeled
vertexes, labeled with distinct processors, representing the local state of each
processor in that global state. In topology, a simplex is a set of vertexes, and a
complex is a set of simplexes that is closed under containment. The dimension
of a simplex is equal to its number of vertexes minus one. Applications of
topology to distributed computing often assume that these vertexes are points
in space and that the simplex is the convex hull of these points in order to be
able to use standard topology results. As you read this paper, you might find it
helpful to think of simplexes in this way, but in the purely combinatorial work
done in this paper, a simplex is just a set of vertexes.

As an example, consider the simplex and complex illustrated in Figure 1.
On the left side, we see a simplex representing an initial global state in which
processors P , Q, and R start with input values 0, 2, and 1. Each vertex is
labeled with a processor’s id and its local state (which is just its input value
in this case). On the right we see a complex representing the set of states that
arise after one round of computation from this initial state if one processor is
allowed to crash. The labeling of the vertexes is represented schematically by a
processor id such as P and a string of processor ids such as PQ. The string PQ is
intended to represent the fact that P heard from processors P and Q during the
round but not from R, since R failed that round. (We are omitting input values
on the right for notational simplicity.) The simplexes that represent states after
one round are the 2-dimensional triangle in the center and the 1-dimensional
edges that radiate from the triangle (including the edges of the triangle itself).
The central triangle represents the state after a round in which no processor
fails. Each edge represents a state after one processor failed. For example, the
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edge with vertexes labeled P ; PQR and Q; PQ represent the global state after
a round in which R fails by sending a message to P and not sending to Q: P
heard from all three processors, but Q did not hear from R.

What we do in this paper is define round operators like the round operator S1

that maps the simplex S on the left of Figure 1 to the complex S1(S) on the
right, and then reason about the connectivity of S1(S). Informally, connectivity
in dimension 0 is just ordinary graph connectivity, and connectivity in higher
dimensions means that there are no “holes” of that dimension in the complex.
When we reason about connectivity, we often talk about the connectivity of
a simplex S when we really mean the connectivity of the induced complex
consisting of S and all of its faces. For example, both of the complexes in
Figure 1 are 0-connected since they are connected in the graph theoretic sense.
In fact, the complex on the left is also 1-connected, but the complex on the right
is not since there are “holes” formed by the three cycles of 1-dimensional edges.

Given a simplex S, a labeling of S from a set V is a new simplex constructed
by replacing each vertex s of S with a pair (s, v), where v ∈ V .

Given a simplex S and a set V , we define the pseudosphere P(S, V ) to be
this set of labelings of S with elements of V . (We call P(S, V ) a pseudosphere
because is has some of the topological properties of a sphere.) The face S is
called the base simplex of the pseudosphere, and given a simplex T of a pseudo-
sphere P(S, V ), we define base(T ) to be the base simplex S of the pseudosphere.

The input complex for k-set agreement is P(S, V ), the pseudosphere in which
each vertex is labeled with an input from a set V , where |V | > k. The set of
all reachable states of a protocol P with initial states P(S, V ) is the protocol
complex C = C(P(S, V )). The fundamental connection between k-set agreement
and connectivity is expressed in the following theorem (e.g. [11]):

Theorem 1: Let P be a protocol, and let C be its protocol complex. If C is
(k − 1)-connected, then P cannot solve k-set agreement.

Thus, our main task will be to prove that C is (k − 1)-connected. Proving
that a union of complexes is connected is made easier by the following theorem1.
Notice that if A and B are complexes then both A∪B and A∩B are complexes.

Theorem 2 (Mayer-Vietoris): Let A, B be two complexes. Then A∪B is c-
connected if A and B are c-connected and A ∩ B is (c− 1)-connected.

Think about the special one-dimensional case of this statement: a graph that
is the union of subgraphs A, B is 0-connected (connected in the graph theoretic
sense) if A and B are 0-connected and A ∩ B is −1-connected (nonempty).

To prove that a complex C is c-connected, we split C into subcomplexes with
less and less simplexes, and apply repeatedly the Mayer-Vietoris theorem. At
the bottom of this recursion, we get complexes with just one simplex, and use
the following fact.

1Actually this theorem is a well-known corollary of the Mayer-Vietoris sequence, which is
described in most algebraic topology textbooks; see for example [20] Chapter 4, Section 6.
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Theorem 3: A simplex of dimension at least ` is (`− 1)-connected.

In this paper all we need to assume from topology is the previous two the-
orems. Both are very basic algebraic topology facts that appear in standard
textbooks such as [17, 20].

3 Absorbing Posets and Round Operators

The codimension of two simplexes S0 and S1 is a measure of how much they
have in common defined by

codim(S0, S1) = max
i
{dim(Si)− dim(∩jSj)}

where dim(∅) = −1 is the dimension of the empty simplex. Two useful proper-
ties of this definition are that if S ⊆ T then

codim(S, T ) = dim(T )− dim(S),

and if S ⊆ X ⊆ T then

codim(S, T ) = codim(S, X) + codim(X, T ).

Let S be a nonempty set of simplexes, and � a partial order on S.

Definition 4: We say that (S,�) is an absorbing poset if for every two sim-
plexes S and T in S with T 6� S there is a TS in S, TS � T such that

S ∩ T ⊆ TS ∩ T (1)

codim(TS , T ) = 1 (2)

codim(S ∩ T, TS) ≤ codim(S, T ). (3)

The first two properties say that when considering pairwise intersections
of simplexes — as we will frequently do in our Mayer-Vietoris arguments —
pairs of high codimension are “absorbed” by pairs of low codimension, and we
can restrict our attention to pairs of simplexes of codimension one. The third
property just says that TS satisfies the same property that S and T do, namely,
codim(S ∩ T, X) ≤ codim(S, T ) for X = S, T . An absorbing poset is almost
equivalent to a shellable complex [3]. In a shellable complex, Equations 2 and 3
apply only to principal faces (“facets”) of the complex, while our construction
allows one complex in S to be a proper face of another. It follows that every
absorbing poset induces a shellable complex, but not vice-versa.

Lemma 5: If A is a set of simplexes such that every pair of simplexes has
codimension 1, then (A, <) is an absorbing poset, where < is any total order
on A.
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Proof: For any simplexes S and T in A such that S < T , pick TS = S.
Substituting S for TS, it is easy to check that the three conditions of Definition 4
are satisfied:

S ∩ T ⊆ S ∩ T

codim(S, T ) = 1

codim(S ∩ T, S) ≤ codim(S, T ).

3.1 Axioms

A simplicial operator Q is a family of maps. Each map Q` carries a simplex
of dimension m ≥ ` to a nonempty set of simplexes, where each simplex has
dimension at most m. The subscript ` is the operator’s degree. For ` < 0, it is
convenient to define Q`(S) to be the empty set. Note that Q`(∅) = ∅ for all `,
and Q0(S) 6= ∅ for any nonempty simplex S.

Simplicial operators extend naturally to sets of simplexes. If A is a set of
simplexes,

Q`(A) =
⋃

A∈A

Q`(A). (4)

The exact meaning of the operator will vary from model to model. In the
synchronous message-passing model, ` is the number of processors that can
crash in each round. In the asynchronous model, ` is the number of processors
that remain partially silent in each round.

We useQkQ`(S) to denote the composition ofQk andQ` applied to S,Qr
`(S)

to denote the r-fold composition of Q` applied to S, and ‖Qr
`(S)‖ to denote the

simplicial complex induced by the set Qr
`(S) (i.e., closed under containment).

The first axiom says that the states reachable after the failure of ` processors
are reachable after the failure of even more processors.

Axiom 1:
Q`(S) ⊆ Qm(S)

when ` ≤ m.

The next axiom describes multi-round executions. We introduce a model-
specific, integer-valued linear function φ. Informally, φ(f) is the number of
failures needed in a round to hide the existence of f faulty processors. We will
see that in the synchronous model, faulty processors crash, so φ(f) = 0. In the
asynchronous model, faulty processors fail to send messages, so φ(f) = f .

Axiom 2: Let k ≥ `. For all r > 0, if c = codim(S0, S1),

‖Qr
kQ`(S0)‖ ∩ ‖Q

r
kQ`(S1)‖ = ‖Qr

k−φ(c)Q`−c(S0 ∩ S1)‖.
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The right-hand-side of this equation is the set of states for processors that
cannot tell whether the initial state was S0 or S1. The processors that can tell
the difference must be silenced in the first round, requiring an extra c failures,
and must be kept silent for the remaining rounds, requiring φ(c) extra failures
in each subsequent round.

Axiom 3: For every simplex S, Q`(S) is an absorbing poset.

4 Theorems and Lemmas

Lemma 6: Let i ≥ j. For all r > 0, if S ⊆ T ,

‖Qr
iQj(S)‖ ⊆ ‖Qr

i+φ(c)Qj+c(T )‖

where c = codim(S, T ).

Proof: By Axiom 2,

‖Qr
kQ`(S0)‖ ∩ ‖Q

r
kQ`(S1)‖ = ‖Qr

k−φ(c)Q`−c(S0 ∩ S1)‖

where c = codim(S0, S1), implying that

‖Qr
k−φ(c)Q`−c(S0 ∩ S1)‖ ⊆ ‖Q

r
kQ`(S0)‖

The claim follows by setting S = S0 ∩ S1, T = S0, i = k − φ(c), and j = `− c.

Lemma 7: If (S,�) is an absorbing poset, and S, T , and TS are defined as in
Definition 4, then

codim(S ∩ T, TS ∩ T ) < codim(S, T ).

Proof: Because S ∩ T ⊆ TS ∩ T , codim(S ∩ T, TS ∩ T ) is just the number of
vertexes in TS ∩ T but not in S ∩ T .

There are two cases to consider. First, suppose there is a vertex in T but
not in TS . It follows that

codim(S ∩ T, TS ∩ T ) < codim(S ∩ T, T ) ≤ codim(S, T ).

Second, suppose instead that T ⊂ TS . Because T and TS are distinct, there is
vertex in TS but not in T . It follows that

codim(S ∩ T, T ) < codim(S ∩ T, TS).

By Equation 3,
codim(S ∩ T, TS) ≤ codim(S, T ).

Combining these inequalities yields the bound.
The next lemma states that every state reachable with a certain number of

failures is also reachable with more failures.
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Lemma 8:
Qr

jQk(S) ⊆ Qr
`Qm(S).

when j ≤ ` and k ≤ m.

Proof: We argue by induction on r ≥ 0. When r = 0, the claim follows from
Axiom 1.

Suppose r > 0. Since Qr−1
j Qk(S) ⊆ Qr−1

` Qm(S) by the induction hypothe-
sis, we have

Qr
jQk(S) = QjQ

r−1
j Qk(S) ⊆ QjQ

r−1
` Qm(S) ⊆ Q`Q

r−1
` Qm(S) = Qr

`Qm(S).

Lemma 9: Let (S,�) be an absorbing poset, and let T ∈ S be a maximal
simplex with respect to �. We claim that the following sets are both absorbing
posets: (L,�), where L = {L|L ∈ S − {T}}, and (M,�), whereM = {T}.

Lemma 10: Let (A,�) be an absorbing poset containing more than one sim-
plex, and let A ∈ A be a maximal simplex with regards to �. For each B 6= A
in A, there exists a AB ∈ A satisfying the three conditions of Definition 4. We
claim that the set

B = {AB ∩ A|B ∈ A − {A}}

is an absorbing poset for any total order < on the elements of A− {A}

Lemma 11: If every simplex in Qr
kQ`(A) has dimension at least d, then so

does every simplex in A.

Lemma 12: Let Qr
kQ` be a composition of simplicial operators where k ≥ `.

If (S,�) is an absorbing poset then for every two simplexes S and T in S with
T 6� S there is a TS in S with TS � T , such that

‖Qr
kQ`(S)‖ ∩ ‖Qr

kQ`(T )‖ ⊆ ‖Qr
kQ`(TS)‖ ∩ ‖Qr

kQ`(T )‖

codim(TS , T ) = 1

codim(S ∩ T, TS) ≤ codim(S, T ).

Lemma 13: If (A,�) is an absorbing poset where ` is the minimum dimension
of any simplex in A, then ‖A‖ is (`− 1)-connected.

Theorem 14: Let Qr
kQ` be a composition of simplicial operators where k ≥ `,

and (A,�) an absorbing poset. If every simplex in Qr
kQ`(A) has dimension at

least `, then ‖Qr
kQ`(A)‖ is (`− 1)-connected.
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5 The Synchronous Model

We assume a standard synchronous message-passing model with crash fail-
ures [2, 14]. The system has n + 1 processors, and at most f of them can
crash in any given execution. Each processor begins in an initial state consist-
ing of its input value, and computation proceeds in a sequence of rounds. In
each round, each processor sends messages to other processors, receives mes-
sages sent to it by the other processors in that round, performs some internal
computation, and changes state. We assume that processors are following a
full-information protocol, which means that each processor sends its entire local
state to every processor in every round. This is a standard assumption to make
when proving lower bounds. A processor can fail by crashing in the middle of a
round, in which case it sends its state only to a subset of the processors in that
round. Once a processor crashes, it never sends another message after that

A simplex X is between two simplexes T and R if T ⊆ X ⊆ R. We use [T : R]
to denote the set of simplexes between T and R.

Definition 15: Given simplexes S, T , and R, the pseudosphere P(S, [T : R])
is the set of all possible labelings of S with simplexes between T and R.

We call this set a pseudosphere because the induced complex has some of the
topological properties of a sphere. The simplex S is called the base simplex of
the pseudosphere, and given a simplex X of a pseudosphere P(S, [T : R]), we
define base(X) to be S.

Given a simplex S and a set D of processors, let F = S/D be the face of S
obtained from S by deleting the vertexes labeled with processors in D. The set
of states reachable from S by one round of synchronous computation in which
the processors in D fail can be represented by the pseudosphere P(F, [F : S]),
the set of all possible labelings of F with simplexes between F and S.

Next, we define the failure operator. Given a simplex S and an integer
` ≥ 0, the `-failure operator F`(S) maps S to the set of all faces F of S with
codim(F, S) ≤ `, which is the set of all faces obtained by deleting at most `
vertexes from S. This models the sets of at most ` processors that can fail in
one round of computation from S.

Definition 16: For every integer ` ≥ 0, the synchronous round operator S`(S)
is defined by

S`(S) =
⋃

F∈F`(S)

P(F, [F : S]).

We now check that the synchronous round operator satisfies our axioms.

Lemma 17: S` satisfies Axiom 1:

S`(S) ⊆ Sm(S)

when ` ≤ m.
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Proof: Since ` ≤ m implies F`(S) ⊆ Fm(S), it follows that

S`(S) =
⋃

F∈F`(S)

P(F, [F : S]) ⊆
⋃

F∈Fm(S)

P(F, [F : S]) = Sm(S).

In this model, the integer-valued linear function φ is simply φ(f) = 0.

Lemma 18: Let k ≥ `. For all r > 0, if c = codim(S0, S1),

‖Sr
kS`(S0)‖ ∩ ‖S

r
kS`(S1)‖ ⊆ ‖S

r
kS`−c(S0 ∩ S1)‖.

Lemma 19: Let k ≥ `. For all r > 0, if c = codim(S0, S1),

‖Sr
kS`−c(S0 ∩ S1)‖ ⊆ ‖S

r
kS`(S0)‖ ∩ ‖S

r
kS`(S1)‖

Corollary 20: S` satisfies Axiom 2: Let k ≥ `. For all r > 0, if c = codim(S0, S1),

‖Sr
kS`(S0)‖ ∩ ‖S

r
kS`(S1)‖ = ‖Sr

kS`−c(S0 ∩ S1)‖.

To show that S` satisfies Axiom 3, we impose a partial order on simplexes
of S`(S). Recall that

S`(S) =
⋃

F∈F`(S)

P(F, [F : S]).

This expression suggests a lexicographic order. We will combine a total order
on simplexes F in F`(S) with a partial order on simplexes of each P(F, [F : S]).

We assume a total order ≤id on processor ids, which induces a total order on
the vertexes of a simplex. We begin by imposing a lexicographic total order on
the faces F of S. First we order the faces by decreasing dimension, so that large
faces occur before small faces. Then we order faces of the same dimension with
a rather arbitrary rule based on our total order on processor ids: we order F
before G if the smallest processor id labeling vertexes in F and not G comes
before the smallest processor id labeling G and not F . Formally:

Definition 21: Define the total order <f on the faces of a simplex S by F <f G
if

1. dim(F ) > dim(G) or

2. dim(F ) = dim(G) and pF <id pG where

pF = min {ids(F )− ids(G)} and pG = min {ids(G) − ids(F )} .

Define F ≤f G if F <f G or F = G.

Next we order the simplexes in a pseudosphere P(F, [F : S]) using the fol-
lowing face ordering: we order A before B if, for each vertex v of the base
simplex F , the face of S labeling v in A comes before the face of S labeling v
in B. Formally:
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Definition 22: Define the partial order �p on the simplexes of a pseudo-
sphere P(F, [F : S]) by A �p B if and only if Av ≤f Bv for each vertex v in F ,
where Av and Bv are the simplexes labeling the vertex v in A and B.

Now we order S`(S) lexicographically using the face and pseudosphere or-
ders: we order the simplexes in a pseudosphereP(F, [F : S]) before the simplexes
in a pseudosphere P(G, [G : S]) if F is ordered before G in the face ordering,
and we order the simplexes within a single pseudosphere using the pseudosphere
ordering. Formally:

Definition 23: Define the partial order �r on the simplexes in S`(S) by A �r

B if and only if

1. different pseudospheres: base(A) <f base(B) or

2. same pseudosphere: base(A) = base(B) and A �p B

Theorem 24: S` satisfies Axiom 3: For every simplex S, (S`(S),�r) is an
absorbing poset.

Theorem 25: Assume n + 1 ≥ f + k + 1. No synchronous protocol for k-
set agreement halts in fewer than bf/kc+ 1 rounds in the presence of f crash
failures.

Proof: Suppose there is a protocol that halts in fewer than bf/kc+ 1 rounds,
and assume without loss of generality that it halts in exactly r = bf/kc rounds in
every execution. Consider the subset of executions in which at most k processors
halt in every round. For the input complex P(S, V ), the set of final states of
such executions is Sr

k(P(S, V )). Every simplex in this complex has dimension at
least k. By Theorem 14, this complex is (k − 1)-connected, and by Theorem 1,
the protocol cannot solve k-set agreement.

6 Asynchronous Model

Informally, the asynchronous round operator A`(S) is defined as follows. There
are at most ` faulty processors in each round, although the set of faulty proces-
sors can change from round to round. Faulty processors never crash, but they
can omit sending messages. In each round, all nonfaulty processors send their
states to all the processors (including faulty ones), while the faulty processors
send messages to an arbitrary subset of processors (perhaps none).

Definition 26: For every integer ` ≥ 0, the asynchronous round operator A`(S)
is defined by

A`(S) =
⋃

F∈F`(S)

P(S, [F : S]).
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At each asynchronous round every processor is labeled with states that include
all nonfaulty processors and some subset of faulty processors. Compare with
Definition 16. Notice that every simplex in A`(S) has the same dimension as S.

We now check that the asynchronous round operator satisfies our axioms.

Lemma 27: A` satisfies Axiom 1:

A`(S) ⊆ Am(S)

when ` ≤ m.

Proof: Since ` ≤ m implies F`(S) ⊆ Fm(S), it follows that

A`(S) =
⋃

F∈F`(S)

P(S, [F : S]) ⊆
⋃

F∈Fm(S)

P(S, [F : S]) = Am(S).

In this model, the integer-valued linear function φ is simply φ(f) = f .

Lemma 28: Let k ≥ `. For all r > 0, if c = codim(S0, S1),

‖Ar
kA`(S0)‖ ∩ ‖A

r
kA`(S1)‖ ⊆ ‖A

r
k−cA`−c(S0 ∩ S1)‖.

Lemma 29: Let k ≥ `. For all r > 0, if c = codim(S0, S1),

‖Ar
k−cA`−c(S0 ∩ S1)‖ ⊆ ‖A

r
kA`(S0)‖ ∩ ‖A

r
kA`(S1)‖.

Corollary 30: A` satisfies Axiom 2: Let k ≥ `. For all r > 0, if c =
codim(S0, S1),

‖Ar
kA`(S0)‖ ∩ ‖A

r
kA`(S1)‖ = ‖Ar

k−cA`−c(S0 ∩ S1)‖.

To show that A` satisfies Axiom 3, we impose a partial order on simplexes
of A`(S). Recall that

A`(S) =
⋃

F∈F`(S)

P(S, [F : S]).

If F ′ ⊆ F , then P(S, [F ′ : S]) ⊆ P(S, [F : S]), so we can restrict our attention
to faces of codimension `. Unlike in the synchronous model, where simplexes
have varying dimensions, all simplexes in this set are labelings of S, and all have
dimension n.

We use the same total order ≤id on processor ids, the same total order <f on
the faces of a simplex S. Next we order the simplexes in A`(S) using this face
ordering: we order A before B if, for each vertex v of the base simplex S the
face of F labeling v in A comes before the face of F labeling v in B. Formally:

Definition 31: Define the partial order�p on the simplexes ofA`(S) by A �p B
if and only if Av ≤f Bv for each vertex v in S, where Av and Bv are the sim-
plexes labeling the vertex v in A and B.

Theorem 32: A` satisfies Axiom 3: For every simplex S, (A`(S),�p) is an
absorbing poset.

Theorem 33: No asynchronous protocol for k-set agreement exists in the pres-
ence of k crash failures.
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[16] Achour Mostéfaoui, Sergio Rajsbaum, and Michel Raynal. The synchronous
condition-based consensus hierarchy. In Rachid Guerraoui, editor, Dis-
tributed Computing, 18th International Conference, DISC 2004, Amster-
dam, Netherlands, October 4-8, 2004 Proceedings, Lecture Notes in Com-
puter Science. Springer, 2004.

[17] J.R. Munkres. Elements Of Algebraic Topology. Addison Wesley, Reading
MA, 1984. ISBN 0-201-04586-9.

[18] M. Pease, R. Shostak, and L. Lamport. Reaching agreement in the presence
of faults. J. ACM, 27(2):228–234, 1980.

[19] Michael Saks and Fotios Zaharoglou. Wait-free k-set agreement is impos-
sible: The topology of public knowledge. SIAM Journal on Computing,
29(5):1449–1483, 2000.

[20] E.H. Spanier. Algebraic Topology. Springer-Verlag, New York, 1966.

15

19



20



Consensus Continue?
Stability of Multi-Valued Continuous Consensus!

(Extended Abstract)

Lior Davidovitch� Shlomi Dolev� Sergio Rajsbaum�

June 23, 2004

Abstract

Multi-valued consensus functions defined from a vector
of inputs (and possibly the previous output) to a single
output are investigated. The consensus functions are
designed to tolerate � faulty inputs. Two classes of
multi-valued consensus functions are defined, the exact
value and the range value, which require the output to be
one of the non-faulty inputs or in the range of the non-
faulty inputs, respectively. The instability of consensus
functions is examined, counting the maximal number of
output changes along a geodesic path of input changes, a
path in which each input is changed at most once. Lower
and upper bounds for the instability of multi-valued
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1 Introduction

The interest in sensor networks and the way they may
control the behavior of a system, being a vehicle, air-
plane, satellite, or other devices is rapidly growing. The
agreement functions used to ensure smooth and stable
control while reflecting the changes in the environment
are of great interest.

An abstraction of many agreement functions is the
consensus problem, where a set of � processors get input
values from some set � and must agree on a value. There
is always a non-triviality validity requirement that speci-
fies restrictions on the decided value as a function of the
input values and the failure pattern of the execution. This
is a fundamental problem in distributed computing that
has been widely studied for more than two decades due
to its theoretical and practical interest (e.g., [11, 1, 5]).
Research on consensus concentrated on the above, one-
shot setting where processors start with their input val-
ues, and have to solve consensus once. Real distributed
systems often need to solve consensus repeatedly, on in-
puts received one after the other. Thus, researchers have
also investigated continuous versions of consensus where
processors have to adapt their consensus decisions con-
tinuously (e.g. [6, 10]).

A typical situation where continuous consensus prob-
lems arise is systems that read values from replicated sen-
sors [13]. A fault-tolerant consensus algorithm is needed
to decide on a single reading because sensors usually do
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not give the exact same reading of a physical parame-
ter, or because some sensors can fail. Although in the
simplest (and most often considered in theory) version
of consensus the validity requirement is that a decided
value must have been the reading of at least one sen-
sor, in many real settings it is desired that the decided
value is a value that has been produced by a majority of
the sensors. These and other non-trivial validity require-
ments are possible, but they all imply that as the readings
of the sensors change because the physical parameters
that are sampled change, the consensus value will have
to change: in the extreme case, all sensors can change
their readings from one single value to another, forcing
the consensus decision to change accordingly.

Although processors sometimes have to change their
outputs during the repeated executions of a consensus al-
gorithm, we prefer continuous consensus algorithms that
are stable, i.e., in which the number of times the decision
value is changed is as small as possible. Usually averag-
ing functions are used in an independent way from sam-
ple to sample, sometimes combined with agreement pro-
tocols (e.g. [12]), and hence, there is no attempt to max-
imize stability. There are several reasons for preferring
a stable consensus system (more are described in [6]).
Some sensors are discrete and are used to control actu-
ators, which may also be discrete. There is the possible
operational amplification of decision changes, say turn-
ing an engine on and off. The energy or other resources
consumed are sometimes proportional to the number of
transitions; e.g. turning an engine on and off takes en-
ergy, time, and reduces its lifetime; some related work in
VLSI is [3]. Our results may be useful to study problems
(e.g. [9]) about the number of influencing variables in
boolean functions.

In [6] we initiated a study of the stability of continuous
consensus systems for the binary case of �� � � �. We
defined an abstract formalization of a continuous con-
sensus system and the stability measures. The formal-
ization is not tied to any specific model of computation,
in order to understand the basic stability issues. We con-
sidered memoryless systems where consecutive one-shot
consensus executions are independent, versus the stabil-

ity of systems that can keep memory of previous execu-
tions. We also studied the stability of symmetric systems
where decisions are taken solely on the basis of the dis-
tribution of the different input values, but not on what
specific sensor or processor produced a particular input
value. We characterized the stability of systems accord-
ing to their memory and symmetry properties, proving
tight upper and lower bounds for the various cases.

Results: In this paper we extend the results of [6] to
the case of multivalued inputs and outputs, �� � � �. It
turns out that this generalization provides a rich set of
problems, some much more interesting than those of the
binary case, where we used topological techniques and
higher dimensional complexes.

Let � be the number of sensors that may crash-fail. The
validity requirement of [6] is that the decision value is an
input of some processor, and that if less than ��� inputs
are equal to a value �, then the consensus value must be
�� � (to make sure the decision is the value of a correct
sensor). For the case of a multi-valued consensus system,
we consider two extensions of this requirement:
Exact value system (EV): requires that the output will be
the value of a correct input.
Range value system (RV): requires that the output will be
in the range of the correct inputs.

First we show that EV implies that � � �� �� � �. For
RV we prove that it is sufficient to have � � �� � �.
The instability of a consensus system with memory is
analyzed proving that it is � in the cases where � is the
smallest possible value. The investigation of the rest of
the cases for EV systems results in range of instability
values as a function of �� �� � and �.

Lower bounds for the case of memoryless system are
obtained for symmetric functions. The lower bounds are
achieved using a technique to subdivide a simplex from
[7] and Sperner’s Lemma. This can be seen as a gen-
eralization of Lemma 2 in [8]: from having a change in
the decision values in one dimension (ordering the input
values in a line from one extreme to the other where two
consecutive input vectors differ in exactly one input) to
the case of several dimensions where the border between
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the different extreme values is a simplex.

We also present an upper bound for a memoryless
symmetric system, which is about a factor of � away from
our lower bound. An interesting open question is to close
this gap. Details can be found in [4].

2 Symmetric Memoryless Systems

In this section we detail our results for the case in which
memory is not used, in other words the last decision val-
ues are not a part of the input to the consensus function.
Moreother, the systems that we will refer to are symmet-
ric, meaning that the decision function is oblivious to the
order of the input values, i.e., for every �� and ��, where ��
is a permutation of ��, � ���� � � ����.

The idea is to use Sperner’s Lemma, and in a sense,
to generalize the case of [8]. We denote the set of pos-
sible input vectors by 	, namely each such vector has

 (non negative integer) components and the sum of the
components is exactly �. We put the input vectors in a
space of dimension 
. The input vectors in which one
component is � and all the rest are zero form a simplex,
in fact �
 � ���simplex. The rest of the vertices are all
convex combination of the above vertices, and therefore
reside within the simplex. A subdivision of a simplex is a
partition of the simplex into simplices, such that the sum
of the volumes of the dividing simplices equals the vol-
ume of the original simplex, and any two dividing sim-
plices do not intersect. We can use Sperner’s Lemma to
conclude that there is a dividing simplex such that its 

vertices have 
 distinct decision values.

There are several ways to define such a subdivision,
fortunately we found (in [7]) a partition that serves us
well, in finding a geodesic path of length 
�� � in every
dividing simplex. In particular, we have such a path in
the dividing simplex that has different function value for
each vertex in its convex.

We will now prove that for any EV system D with a
symmetric function � , �����������D� � 
� � �. To do
so, we will use the edgewise subdivision of a simplex,
defined in [7].

Let � be a ��simplex, spanned by ���� ���� � � � � ���. An
edgewise subdivision is a function that, given an integer
�, transforms every point �� � � into a color scheme� ,
which is defined by a matrix as follows:

� �

�
�����

���� ���� � � � ����
���� ���� � � � ����
...

...
. . .

...
���� ���� � � � ����

�
�����

where � � �. Each entry of the matrix is an integer
from � through �, the columns are pairwise different, and
the entries appear in non-decreasing order when read like
English text:

���� � ���� � � � � � ���� � � � � � ����

The color scheme defines � � � independent vector

�� �
� �

�� �
� � � � � �

�� �
� , where ��

�
� � �

�

��
���

������
which span a �-

simplex. By applying the function to every point �� � �
we obtain a subdivision of � into subsimplices, some of
them are ��simplices.

Lemma 2.1 Let � be a �
 � ���simplex, spanned by
���� ���� � � � � �����, where ��� � � � �Æ���, and:

�Æ� ��� �

�
� �� � �

� �� �� �

Let � be a vertex of any �
� ���simplex in the edgewise
subdivision of � using � � �. Then for every � � � � 
,
� ��� is an integer.

Proof: Let � correspond to a column � in some color
scheme� . Then,

� ��� �
�

�

	�
���

������
��� �

�

�

	�
���

� � �Æ����
��� �

	�
���

�Æ����
���

Since �Æ� ��� is always integer, then � ��� is also integer.

We will define 	 � ����� ��� � � � � ����� �
�� � 	
 	 ��
 � �� � �� � � � �� ���� � �
 as be-
fore. Lemma 2.1 implies that for every vertex � of a
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�
 � ���simplex of the edgewise subdivision of � ,
� � 	. We will define �� � 	� � as follows:

����� � ���
�����
���� � � � �
 � ��
�����

and we will color every vertex � of the subdivision with
�����. Since it holds that for every � � 	 such that
����� � �, ���� � � � � � �, then the coloring is
a Sperner coloring, and according to Sperner’s lemma
there must exist in the subdivision a subsimplex �� such
that all its vertices’ colors are pairwise different.

Lemma 2.2 Let � be a ��simplex spanned by
���� ���� � � � � ���, such that for every � � � � �, ��� �
� � �Æ�. Let �� be a ��simplex of the edgewise subdi-
vision of � using the integer �, when �� is spanned by
�� �
� �

�� �
� � � � � �

�� �
� . Then �� �

� � �� �
� � � � � �� �

� � �� �
� is a

geodesic path with minimal changes.

Now we can prove the main theorem:

Theorem 2.3 For every EV system D with a symmetric
function � , �����������D� � 
�� �.

Proof: �� is defined over 	, which subdivides � us-
ing the edgewise subdivision (Lemma 2.1). We will use
�� to color the vertices in 	. According to Sperner’s
Lemma, there is a �
 � ���simplex in the subdivision
so that the colors of its vertices are pairwise different.
Let ������ � � � ��� � 	 be the vertices spanning � .

As shown above, for every �� �, it holds that ����� �
�, and for every � there exists �� such that ������ �
� � �, where ��� �� ��� for every �� �� ��. Without loss
of generality, we will assume ����� � �� �. Then ��
corresponds to the input vector �� � � � �
 � �����.

According to Lemma 2.2, �� � �� � � � �� �� � ��
is a geodesic path with minimal changes. Let �� the color
that change between�� and���� for every � � � � 
��,
and let �� � 
. Now, for every step � we start with an in-
put vector corresponding to �� ��	 � , and will switch an
input value �� ��	 � to ��� ��	 � � �� ��� 
, thus arriv-
ing to an input vector corresponding to �
���� ��	 � . We

can repeat these steps 
�� � times, for every input value
� �� ��, the original input vector holds ����� � �, and
also����� � ���. And since the colors of the vertices
are pairwise different, then the values of �� over the ver-
tices are pairwise different, and therefore the values of
� over the input vectors corresponding to the vertices are
pairwise different (between pairs corresponding to differ-
ent vertices), then this path yields 
� � � changes to the
consensus value.
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Abstract

The aim of this paper is to pose a challenge to the experts of (algebraic) topology techniques.
We present an early deciding algorithm that solves the set agreement problem, i.e., the problem
which triggered research on applying topology techniques to distributed computing. We conjec-
ture the algorithm to be optimal, and we discuss the need and challenges of applying topology
techniques to prove the lower bound.

1 Introduction

Results about the set agreement problem are intriguing, in the sense that they present an intrin-
sic trade-off between the number of processes in a system, the degree of coordination that these
processes can reach, and the number of failures that can be tolerated [3]. Set agreement is a gener-
alization of the widely studied consensus problem [4], in which each process is supposed to propose
a value, and eventually decide on some value that was initially proposed, such that every correct
eventually decides (just like in consensus). In contrast with consensus however, processes may not
decide on more than k distinct values. Hence set agreement is also referred to as k-set agreement.

K-set agreement was introduced in [2]. The paper also introduced k-set agreement algorithms
in the asynchronous model1 when less than k processes may crash. In [6], techniques borrowed from
algebraic topology were first used to prove the impossibility of k-set agreement in an asynchronous
model where k processes may crash. In [3, 5], tight lower bounds were derived for set agreement in
the synchronous model prone to process crash. The framework presented in [5] uses the tools from
algebraic topology introduced in [6] and allows for proving lower bounds in both the asynchronous
and the synchronous models.

Early deciding algorithms are those the efficiency of which depends on the effective number of
failures in a given run, rather than on the (total) number of failures that can be tolerated. The
effective number of failures is traditionally denoted by f , whereas the total number of failures that
are tolerated is denoted by t. In practice, failures rarely happen, and it makes sense to devise
algorithms that decide earlier when fewer failures occur. For uniform consensus, Charron-Bost and
Schiper [1] have shown that there is a significant improvement on the efficiency when considering
the effective number of failures. More precisely, they propose a uniform consensus algorithm in
which every process that decides, decides by round f + 2 in any run with f failures. This bound is
shown to be tight [1, 7].

To the best of our knowledge, no result for set agreement have been presented in the context of
early deciding algorithms. In the present paper, we give an early deciding set agreement algorithm.

1In the asynchronous model, there is no bound on process relative speed and message communication delay.
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We conjecture this algorithm to be optimal, and we discuss the need and challenges of applying
topology techniques to prove the lower bounds.

The rest of the paper is organized as follows. Section 2 gives our system model. Section 3
presents our early deciding algorithm. Section 4 discusses the optimality of this result.

2 Model

We consider a set of N = n + 1 processes Π = {p0, . . . , pn}. Processes communicate by message-
passing. We consider that communication channels are reliable. Processes execute in a synchronous,
round-based model [8]. A run is a sequence of rounds. Every round is composed of three phases.
In the first phase, every process broadcasts a message to all the other processes. In the second
phase, every process receives all the messages sent to it during the round. In the third phase, every
process may perform a local computation, before starting the next round. Processes may fail by
crashing. A process that crashes does not execute any step, and is said to be faulty. Processes that
do not crash are said to be correct. When process pi crashes in round r, a subset of the messages
that pi sends in round r (possibly the empty set) is received by the end of round r. A message
broadcast in round r by a process that does not crash in round r is received, at the end of round
r, by every process that reaches the end of round r. We consider that there are at most t < N
processes that may fail in any run.

3 An Algorithm

Figure 1 presents an early deciding k-set agreement algorithm. For t < N − k (or equivalently,
t ≤ n − k), this algorithm achieves the following bounds: (1) for 0 ≤ bf/kc ≤ bt/kc − 2, every
process that decides, decides by round bf/kc+2, and (2) for bf/kc ≥ bt/kc− 1, every process that
decides, decides by round bf/kc + 1. Note that this is a strict generalization of the tight lower
bounds on uniform consensus [1, 7].2

In the algorithm, every process pi sends its estimate value esti in every round. At the end of
every round, pi updates esti with the minimum estimate value received from any other process. The
intuition behind set agreement achieved by the algorithm is as follows. In round r, if pi observes
that k−1 processes, or less, crash in that round, then process pi knows all but at most k−1 values
among the smallest values remaining in the system. Process pi can thus safely decide on esti if pi

reaches the end of the next round.
We give an intuition of why the algorithm is faster when bf/kc = bt/kc − 1. Note that in this

case, every process that decides, decides by round bf/kc + 1. At the end of round bt/kc − 1, the
processes have more than k distinct estimate values only if there remain 2k − 1 processes or less
that are still allowed to crash. In round bt/kc − 1, every process that detects k − 1 or less new
crashes may safely decide at the end of round bt/kc. The reason is the following. First, if k − 1
or less processes crash in round bt/kc, then at most k − 1 distinct estimate values remain in the
system, and it is safe to decide for any process. In contrast, if more than k − 1 processes crash
in round bt/kc, then k − 1 or less processes may still crash. Denote by x the number of processes
that detect less than k − 1 process crashes in round bt/kc. These x processes decide at the end of
round bt/kc. Assume that they immediately crash after deciding. Thus there are at most k− 1−x
processes that may still crash in the last round bt/kc + 1. At the end of that round bt/kc + 1, at

2For uniform consensus, the tight lower bound is f + 2, for 0 ≤ f ≤ t− 2, and f + 1, for f ≥ t− 1 [1].
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At process pi:
1: halt := ∅ ; decided := deciding := false
2: Sr := ∅, 1 ≤ r ≤ bt/kc+ 1

3: procedure propose(vi)
4: esti := vi

5: for r from 1 to bt/kc+ 1 do
6: if decided or deciding then send (r,Dec, esti) to all
7: else send (r,Est, esti) to all
8: if deciding then
9: decide(esti) ; return

10: else if decided then
11: return
12: else if received any (r,Dec, estj) then
13: esti := estj ; deciding := true
14: else
15: Sr := {(estj , j) | (r,Est, estj) is received in round r from pj}
16: halt := Π\ ∪(estj ,j)∈Sr {j}
17: esti := min{estj |(estj , j) ∈ Sr}
18: if r = bt/kc and |Sr| ≥ N − kbt/kc+ 1 then
19: decided := true ; decide(esti)
20: else if |halt| < rk then
21: deciding := true
22: decide(esti)
23: return

Figure 1: An early deciding k-set agreement algorithm (code for process pi)

most k− x values may be decided (if k− 1− x processes crash). In total, processes decide at most
on x + (k − x) distinct values.

In the following proofs, we denote the local copy of a variable var at process pi by vari, and the
value of vari at the end of round r by varr

i . crashedr denotes the set of processes that crash before
completing round r, estsr denotes the set of estimate values of every process at the end of round
r. By definition, round 0 ends when the algorithm starts. No process decides by round 0. We first
prove three general claims about the algorithm of Figure 1.

Claim 1 estsr ⊆ estsr−1.

Proof: The proof of the claim is straightforward: for any process pi, estri ∈ estsr−1. �

Claim 2 If at the end of round 0 ≤ r ≤ bt/kc no process has decided, and at most l processes crash
in round r + 1, then |estsr+1| ≤ l + 1.

Proof: Consider that the conditions of the claim hold and assume by contradiction that |estsr+1| ≥
l + 2. By assumption, there are l + 2 processes with distinct estimate values at the end of round
r+1. Denote by q0, . . . , ql+1 these processes, such that estr+1

qi
≤ estr+1

qi+1
, for 0 ≤ i ≤ l+1. Processes

q0, . . . , ql do not send estr+1
q0

, . . . , estr+1
ql

in round r + 1; otherwise, ql+1 receives one of the smallest
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l+1 estimate values in round r+1. Thus there are l+1 processes which send values corresponding
to estr+1

q0
, . . . , estr+1

ql
in round r + 1 and which crash in round r + 1; otherwise, ql+1 receives one of

the smallest l + 1 estimate value in round r + 1. This contradicts our assumption that at most l
processes crash in round r + 1. �

Claim 3 If, at the end of round 1 ≤ r ≤ bt/kc, no process has decided, and |estsr| ≥ k + 1, then
|crashedr| ≥ rk.

Proof: We prove the claim by induction. For the base case r = 1, assume that the conditions of
the claim hold. That is, at the end of round 1, there exist k + 1 distinct processes q0, . . . , qk with
distinct estimate values. By Claim 2, |crashed1| ≥ k. Assume the claim for round r−1, and assume
the conditions of the claim hold at round r. We prove the claim for round r. By assumption, there
are k +1 processes q0, . . . , qk at the end of round r with k +1 distinct estimates. By Claim 1, k +1
processes necessarily reach the end of round r−1 with k+1 distinct estimates. Thus Claim 3 holds
at round r − 1 (induction hypothesis), and thus, |crashedr−1| ≥ (r − 1)k. By Claim 2, at least k
processes crash in round r. Thus |crashedr| ≥ k + |crashedr−1| ≥ rk. �

The next proposition asserts the correctness of the algorithm.

Proposition 4 The algorithm in Fig. 1 solves k-set agreement.

Proof: Validity and Termination are obvious. To prove k-ket agreement, we consider the lowest
round r in which some process decides. Let pi be one of the processes that decides in round r. We
consider three mutually exclusive cases: (1) pi decides in round 2 ≤ r ≤ bt/kc− 1, (2) pi decides in
round r = bt/kc, and (3) pi decides in round r = bt/kc + 1. (In the algorithm, no process decides
before round 2.)

Case 1. pi necessarily decides at line 9, and thus executes line 21 in round r−1, where deciding
is set to true. (Because no process decides before pi, pi may not receive any dec message before
deciding; and because r ≤ bt/kc − 1, pi may not decide at line 19.) In round r − 1, pi executes
line 21 only if pi evaluates |crashedr−1| < rk at line 20. Thus, from Claim 3, there are at most k
distinct estimates at the end of round r − 1, which ensures agreement.

Case 2. There are two cases to consider: (1) pi decides at line 9, after executing line 21 at
the end of round r − 1, or (2) pi decides at line 19. (Because no process decides before pi, pi

may not receive any dec message before deciding.) In case (1), pi executes line 21 in round r − 1
only if pi evaluates |crashedr−1| < rk at line 20. Thus, from Claim 3, there are at most k distinct
estimates at the end of round r − 1, which ensures agreement. In case (2), we consider estsr−1. If
|estsr−1| ≤ k, agreement is ensured thereafter. Thus consider that |estsr−1| ≥ k + 1. By Claim 3,
there exist k + 1 distinct processes with different estimates at the end of round r − 1 only if
|crashedr−1| ≥ k(r−1) = k(bt/kc−1) ≥ t−2k+1, or, equivalently, only if at most 2k−1 processes
may crash in the two subsequent rounds (rounds bt/kc and bt/kc + 1). In round bt/kc, pi decides
at line 19 only if pi receives at least n− kbt/kc+ 1 messages. Thus, by Claim 2, the processes that
decide at the end of round bt/kc, including pi, decide on at most k distinct values. Denote by x the
number of processes that effectively crash in round bt/kc, and by y the number of processes that
decide at the end of round bt/kc. We distinguish two cases: (a) x ≤ k − 1, and (b) x ≥ k. In case
(a), by Claim 2, k − 1 values or less remain in the system at the end of round bt/kc; agreement is
then ensured. In case (b), at most 2k − 1 − x ≤ k − 1 processes may crash among the processes
that decide at the end of round bt/kc and the processes that take part to round bt/kc + 1. We
claim that the total number of distinct decision values is at most k. Indeed, denote by ycrash the
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number of processes that decide at the end of round bt/kc and then immediately crash. In round
bt/kc+ 1, at most k− 1− ycrash may crash. By Claim 2 processes that decide at the end of round
bt/kc+ 1 may decide on at most k− ycrash distinct estimate values. Hence the maximum number
of decided values is (k − ycrash) + ycrash = k.

Case 3. By contradiction, consider that, at the end of round bt/kc+1, there exist k+1 distinct
processes q0, . . . , qk with different estimates, and which decide on their estimates. By Claim 1, there
exist k + 1 processes with distinct estimates at the end of round r − 1. By Claim 3 and because
r = bt/kc + 1, |crashedr−1| > k(r − 1) = kbt/kc > t − k. By Claim 2, there exist k processes that
crash in round bt/kc+ 1. Thus |crashedr| ≥ k + |crashedr−1| = k + kbt/kc > t. A contradiction. �

The next proposition asserts the efficiency of the algorithm.

Proposition 5 In any run with 0 ≤ f ≤ t failures, any process that decides, decides

1. by round bf/kc+ 2, if 0 ≤ bf/kc ≤ bt/kc − 2, and

2. by round bf/kc+ 1, if bf/kc ≥ bt/kc − 1.

Proof: We proceed by separating both cases.
Case 1. Assume a run with f failures, such that bf/kc ≤ bt/kc − 2. By contradiction, assume

that there exists a process pi for which |haltri | ≥ rk, for r = bf/kc + 1. (If |haltri | < rk, then pi

decides at line 9 in the next round.) Process pi does not decide in round r; in particular, pi does
not receive any dec message in round r. We have |haltri | ≥ rk = (bf/kc + 1)k = bf/kck + k > f .
A contradiction.

Case 2. Assume a run with f failures, such that bf/kc ≥ bt/kc − 1. First assume that
bf/kc = bt/kc− 1, and assume by contradiction that there exists a process pi that does not decide
by round r = bf/kc + 1. Thus pi does not receive any dec message in round r. Assume by
contradiction that pi does not decide at line 19. Thus |Sr| < N − kbt/kc+ 1, and f > kbt/kc − 1.
This implies in turn that bf/kc > bt/kc − 1. A contradiction. When bf/kc = bt/kc, then any
process that decides, decides by round bf/kc+ 1 = bt/kc+ 1. �

4 Discussion

We conjecture our early deciding set agreement algorithm to be tight. For the case k = 1, we fall
back on uniform consensus, for which the lower bound of f + 2, for 0 ≤ f ≤ t − 2, and f + 1, for
f ≥ t− 1, is known to be tight [1, 7]. For k > 1, we envisage a proof based on notions of algebraic
topology, along the lines of [6, 5]. We discuss here why the techniques presented in [6, 5] do not
apply, and we propose a possible line of research to address this open question.

The principle behind the proofs in [6, 5] is (1) to associate a so-called protocol complex to the set
of all executions of the processes of a full-information protocol in a given model, and (2) to observe
that such a protocol complex presents a topological obstruction that prevents it to be mapped
onto the output complex of k-set agreement.3 The obstruction that is used is (k − 1)-connectivity.
Indeed, Theorem 6 in [5] relates the (k− 1)-connectivity of a protocol complex for k-set agreement
in any model, with the impossibility of solving k-set agreement in that model.

Connectivity leads to impossibility because we assume that the processes all need to decide at
the end of the same round. Indeed, one can applies Sperner’s lemma to show that there exists at

3The output complex represents the set of all possible final states of the processes, according to the specification
of k-set agreement.
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least one execution where more than k values are decided, when the protocol complex is (k − 1)-
connected [6, 5]. On the other hand, in the algorithm presented in this paper, the processes may
actually decide faster than bt/kc+1, the tight lower bound for k-set agreement [3, 5].4 Why is that
possible? Is there any contradiction?

In fact, there is no contradiction. Processes may actually decide faster than the lower bound of
bt/kc+ 1, because, in the early deciding case, the processes are not forced to necessarily decide all
at the end of the same round. In other word, even so the protocol complex is still (k−1)-connected
after, say, round r < bt/kc + 1, some processes may already decide, provided that these processes
span a subcomplex within the full protocol complex that is, at least, not (k − 1)-connected.

The lower bound proof we envisage is (1) to consider, inductively on f and within the proto-
col complex of a full-information protocol in the synchronous model prone to process crash, the
subcomplex spanned by those processes which see f failures, or less, after (bf/kc+ 1) rounds, and
(2) to show that these processes still cannot decide at that round. For the latter point, it is not
clear whether (k − 1)-connectivity is a strong enough condition, or if a stronger (more restrictive)
property on protocol complexes is required.
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CONTEXT FOR MODELS OF CONCURRENCY

PETER BUBENIK

Abstract. Many categories have been used to model concurrency. Us-

ing any of these, the challenge is to reduce a given model to a smaller rep-

resentation which nevertheless preserves the relevant computer-scientific

information. That is, one wants to replace a given model with a simpler

model with the same dihomotopy-type. Unfortunately, the obvious def-

inition of dihomotopy equivalence is too coarse. This paper introduces

the notion of context to refine the notion of dihomotopy equivalence.

1. introduction

Various algebraic topological models are being used for studying concur-
rency. Among them are precubical complexes [Gou95], d-spaces [Gra03,
Gra02], local pospaces [FGR99], and FLOW [Gau03]. For a given concur-
rent system, each of these categories provides a model which captures the
relevant computer-scientific properties of the system.

These categories are large in two senses. They are large ‘locally’ in that
a given model contains many paths which correspond to executions which
are essentially equivalent. They are also large ‘globally’ in that a given
concurrent system has a large number of models within the category. The
size of these categories is a strength in terms of their descriptive power.
However, for calculational purposes one would like to reduce these models
to a smaller, possibly even discrete, representation.

A major goal of current research in this area is to introduce equivalences
to obtain such smaller representations, which nevertheless still retain the
relevant computer-scientific properties.

On the local front progress has been made in reducing the path space of
a given model using dihomotopy equivalences of paths and the fundamental
category [Gra03]. One global approach is to pass to the component cate-
gory [FRGH04, Rau03]. In this paper we introduce another global approach,
which is perhaps more geometric and which is compatible with the model
categoric approach of [Bub04].

In the classical (undirected) topological case, the solution to this ‘global’
problem is well-understood. The equivalent spaces are the homotopy equiv-
alent ones, or perhaps the weak-homotopy equivalent ones. So for example,
all of the contractible spaces (those homotopy equivalent to a point) are
equivalent.

In the directed case there is a similar notion of dihomotopy equivalence
(which will be defined in the next section). However this notion is too coarse.

Date: August 19, 2004.
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Figure 1. ~I, ~I × ~I, ~X , and ~O

Example 1.1. Let ~I be the unit interval [0, 1] with a direction given by

the usual ordering of the real numbers. Let ~I × ~I be [0, 1] × [0, 1] with the

ordering (x, y) ≤ (x′, y′) if and only if x ≤ x′ and y ≤ y′. Let ~X be the

space in Figure 1 given by attaching two copies of ~I at their centers. Then

as will be shown explicitly in Example 2.6, ~I, ~I×~I and ~X are all dihomotopy

equivalent to a point. However ~I models an execution with one initial state

and one final state while ~X models an execution with two initial states and
two final states.

Clearly a stronger notion of equivalence is needed. Since ~I and ~I × ~I
both have one initial state and one final state and all execution paths seem
to be essentially equivalent it seems natural that we should look for a def-
inition of equivalence under which these are equivalent. However even this
‘equivalence’ has a pitfall.

For a notion of equivalence to be practical it should continue to hold
under certain ‘pastings’. Roughly speaking, if we make the same addition
to equivalent models we should still have equivalent models (This will be
made precise in the next section).

�

�

x

y

∼ ?

�

�

x′
y′

Figure 2. A hypothetical equivalence

Example 1.2. Assume we have an equivalence ~I × ~I → ~I as in Figure 2.

Consider the following pasting on ~I × ~I. Let ~O be the space in Figure 1
constructed by attaching two copies of ~I at their initial points and at the

final points.1 Let ~O1 and ~O2 be two copies of ~O. For i = 1, 2 let ai, bi ∈ ~Oi
denote the initial and final points of ~Oi. Now choose two points x, y ∈ ~I × ~I
such that neither x ≤ y nor y ≤ x. Let x′, y′ ∈ ~I be the images of x and y
under the assumed equivalence (Figure 2). Then either x′ ≤ y′ or y′ ≤ x′,

since ~I is totally ordered.
If x′ ≤ y′ then identify b1 and x and identify a2 and y. Call this space

B and denote C the space obtained by collapsing ~I × ~I ⊂ B to ~I using the
given equivalence (Figure 3). Then there is an execution path from a1 to b2
in C but not in B. So the models B and C are not equivalent. A similar

1This is M.Grandis’ ordered circle ↑ O
1 [Gra03, Section 1.2].
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�

�

�a1

b2

�

�

�a1

� b2

Figure 3. A map B → C which should not be an equivalence

construction is possible if y′ ≤ x′. Thus from this point of view ~I × ~I and ~I
should not be equivalent.

This gives a good indication of the current state of affairs for determining

a global notion equivalence. We don’t even know whether or not ~I × ~I and
~I should be equivalent.

In this paper we introduce the idea of context. Whether or not ~I and ~I×~I
are equivalent depends on the context. If we permit pastings as in Exam-
ple 1.2, then they are not equivalent. However if we only permit pastings to

the initial and final points of ~I and ~I × ~I then they are equivalent. Again,
we will make this precise in the next section. From the computer-scientific
point of view this can be interpreted as follows. We cannot expect equiv-
alent concurrent systems to still be equivalent after arbitrary (but equal)
changes. However, if equal additions are made in a suitably modular way,
then the resulting systems should still be equivalent.

2. Context for dihomotopy equivalences

In this section we make precise the intuitive ideas presented in the intro-
duction.

Definition 2.1. • A partial order on a topological space U is a reflex-
ive, transitive, anti-symmetric relation ≤. If U has a partial order ≤
which is a closed subset of U × U under the product topology, then
call U a pospace.
• A dimap f : (U1,≤1) → (U2,≤2) is a continuous map f : U1 → U2

such that x ≤1 y implies that f(x) ≤2 f(y).
• A product of pospaces (U1,≤1) and (U2,≤2) is a pospace whose

underlying topological space is U1 ×U2 and whose order relations is
given by (x, y) ≤ (x′, y′) if and only if x ≤1 x

′ and y ≤2 y
′.

• A subspace A of a pospace U inherits a pospace structure under the
definition x ≤A y if and only if x ≤U y. This is called a sub-pospace.

Definition 2.2. Let Pospace be the the category whose object are pospaces
and whose morphisms are dimaps.

For the sake of simplicity we will work with pospaces but one should be
able to easily extend or adapt the constructions presented here for other
models of concurrency.
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4 PETER BUBENIK

Let ~I = ([0, 1],≤) where ≤ is the usual ordering of R. A dipath in a

pospace B is a dimap ~I → B. If ~I1 and ~I2 are two copies of ~I , then let
~X = (~I1 q ~I2)/ ∼ where ( 1

2 )1 ∼ (1
2)2 (see Figure 1).

Definition 2.3. • Given dimaps f, g : B → C ∈ Pospace, φ is a

dihomotopy2 from f to g if φ : B × ~I → C ∈ Pospace, φ|B×{0} = f
and φ|B×{1} = g. In this case write φ : f → g.
• Write f ' g if there is a chain of dihomotopies f → f1 ← f2 →
. . .← fn → g. This is an equivalence relation.
• A dimap f : B → C is a dihomotopy equivalence if there is a dimap
g : C → B such that g ◦ f ' IdB and f ◦ g ' IdC . In this case write
B ' C.

Our explicit dihomotopies will often be of the following form.

Definition 2.4. Let f, g : B → C be two dimaps. If such a map exists let

the linear interpolation between f and g be the map H : B × ~I → C given
by H(b, t) = (1− t)f(b) + tg(b).

Remark 2.5. Note that there is no guarantee that such a map exists. How-
ever one can check that it does for the cases we will consider.

Example 2.6. We will show that under Definition 2.3, ~I, ~I × ~I, and ~X are

dihomotopy equivalent to a point. Let f : ~I → ∗, g : ∗ → ~I be the constant

map and the inclusion of the point to 1 ∈ ~I. Then f ◦g = Id∗ and it remains

to show that Id~I ' g ◦ f . Let H : ~I × ~I → ~I be the linear interpolation
between Id~I and g ◦ f . That is,

H(x, t) = (1− t)x+ t

= x+ t(1− x)

Then H is a dimap and is the desired homotopy Id~I → g ◦ f .

In exactly the same way one can show that the constant map f : ~I×~I → ∗
is a dihomotopy equivalence with g : ∗ → ~I × ~I given by g(∗) = (1, 1).

To show that the constant map f : ~X → ∗ is a dihomotopy equivalence
with g(∗) = ( 1

2 )1 = (1
2 )2 is slightly more complicated. Again f ◦ g = Id∗. To

show Id ~X
' g ◦ f we will construct a chain of dihomotopies Id ~X

H1−−→ h
H2←−−

g ◦ f . Let h : ~X → ~X be given by

x 7→






1

2
if x <

1

2
x otherwise

Let H1 be the linear interpolation between Id ~X
and h and let H2 be the

linear interpolation between g ◦ f and h. Then H1 and H2 are dimaps and
are the desired dihomotopies.

We will show that in the right context it is no longer true that ~I, ~I × ~I,
and ~X are dihomotopy equivalent to a point.

2This is the notion of dihomotopy in [Gra03] which is stronger than the notion of

dihomotopy in [FGR99] (which uses I instead of ~I).
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CONTEXT FOR MODELS OF CONCURRENCY 5

Definition 2.7. Let the context be an object A ∈ Pospace. Instead of
working in the category Pospace we will work in the category A ↓ Pospace

of pospaces under A. The objects of A ↓ Pospace are dimaps A
ιB−→ B

where B ∈ ObPospace. The morphisms in A ↓ Pospace are dimaps

A
ιB

��~~
~~

~~
~

ιC

��
@@

@@
@@

@

B
f

// C

such that f ◦ ιB = ιC .

Example 2.8. For example if A = S0 = {a, b} then B ∈ ObA ↓ Pospace

is a pospace with two marked points. An important example is ~I with
ι~I(a) = 0 and ι~I(b) = 1.

Definition 2.9. • Given dimaps f, g : B → C ∈ A ↓ Pospace, φ is a

dihomotopy from f to g if φ : B × ~I → B ∈ Pospace, φ|B×{0} = f ,
φ|B×{1} = g, and for all a ∈ A, φ(ιB(a), t) = ιC(a). In this case
write φ : f → g.
• Write f ' g if there is a chain of dihomotopies f → f1 ← f2 →
. . .← fn → g. This is an equivalence relation.
• A dimap f : B → C is a dihomotopy equivalence if there is a dimap
g : C → B such that g ◦ f ' IdB and f ◦ g ' IdC . In this case write
B ' C.

We can think of this as dihomotopy rel A. In case the context A is one
point or two points we get pointed and bipointed dihomotopies. However
we will see that this notion is useful for more general contexts.

Example 2.10. Let us return to the example above. In the context of its

end points ~I is no longer dihomotopic to a point. There is a dimap

S0

ι~I

����
��

��
�� ι∗

��
>>

>>
>>

>>

~I
f

// ∗

making the diagram commute, but there is no map g : ∗ → ~I making the

diagram commute. The same statement is true for ~I × ~I and ~X .

Example 2.11. In the context of S0 = {a, b} let ι~I(a) = 0, ι~I(b) = 1,

ι~I×~I(a) = (0, 0), and ι~I×~I(b) = (1, 1). We claim that in this context ~I and
~I × ~I are dihomotopy equivalent. Let f : ~I × ~I → ~I and g : ~I → ~I × ~I
be given by f(x, y) = max(x, y) and g(x) = (x, x). Then f and g are both
dimaps, f ◦ g = Id~I and g ◦ f(x, y) = (max(x, y),max(x, y)). It remains to

construct a dihomotopy rel S0 from Id~I×~I to g ◦ f .

Let φ be the linear interpolation (see Definition 2.4) of Id~I×~I and g ◦ f .
That is,

φ(x, y, t) = (1− t)(x, y) + t(max(x, y),max(x, y))

= (x+ t(max(x, y)− x), y + t(max(x, y)− y)).
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6 PETER BUBENIK

Then φ is the desired dihomotopy rel {a, b}.

Hence ~I × ~I and ~I are dihomotopy equivalent in the given context.

We will now introduce some definitions and prove some lemmas that will
allow us to relate dihomotopy rel A to the fundamental category. Further-
more it will enable us to quickly see that certain spaces are not dihomotopy
equivalent in a given context.

Definition 2.12. Let B ∈ Pospace and let x, y ∈ B.

• Recall that a dipath is a dimap γ : ~I → B.

• Given dipaths γ1, γ2 : ~I → B such that γ1(0) = γ2(0) = x and
γ1(1) = γ2(2) = y. Then γ1 and γ2 are dihomotopy equivalent if
γ1 ' γ2 in S0 ↓ Pospace where ι~I(a) = 0, ι~I(b) = 1, ιB(a) = x, and
ιB(b) = y. In this case write γ1 ' γ2.
• Let ~π1(B)(x, y) be the set of dihomotopy equivalence classes of dimaps

from x to y. The fundamental category of B is the category ~π1(B)
which has the same objects as B but the morphisms between x and
y are the elements of ~π1(B)(x, y).3

Lemma 2.13. Given dihomotopic dipaths γ ' γ ′ : ~I → B and a dimap
f : B → C, then f ◦ γ ' f ◦ γ ′ are dihomotopic dipaths.

Proof. Since γ ' γ ′ there is a chain of dihomotopies γ
H1−−→ γ1

H2←−− γ2
H3−−→

. . .
Hn←−− γn

Hn+1

−−−→ γ′. Then f ◦ γ
f◦H1

−−−→ f ◦ γ1
f◦H2

←−−− f ◦ γ2
f◦H3

−−−→ . . .
f◦Hn

←−−−

f ◦ γn
f◦Hn+1

−−−−−→ f ◦ γ ′ is a chain of dihomotopies from f ◦ γ to f ◦ γ ′. �

Corollary 2.14. For a dimap f : B → C and x, y ∈ B there is an induced
map ~π1(f) : ~π1(B)(x, y) → ~π1(C)(f(x), f(y)) mapping [γ] 7→ [f ◦ γ]. That
is, a dimap f : B → C induces a functor ~π1(f) : ~π1(B)→ ~π1(C).

Lemma 2.15. Given dihomotopy equivalent dimaps f ' g : B → C ∈
A ↓ Pospace and a dipath γ : ~I → B such that γ(0) = ιB(a) and γ(1) =
ιB(b) where a, b ∈ A then f ◦ γ ' g ◦ γ are dihomotopy equivalent dipaths.

Proof. Since f ' g there is a chain of dihomotopies f
H1−−→ f1

H2←−− f2
H3−−→

. . .
Hn←−− fn

Hn+1

−−−→ g. For 1 ≤ i ≤ n + 1, let H ′
i = Hi ◦ (γ × ~I). Then

f ◦ γ
H′

1−−→ f1 ◦ γ
H′

2←−− f2 ◦ γ
H′

3−−→ . . .
H′

n←−− fn ◦ γ
Hn+1

−−−→ g ◦ γ is a chain of
dihomotopies of dipaths. �

Proposition 2.16. If f : B → C ∈ A ↓ Pospace is a dihomotopy equiva-
lence then for all a, b ∈ A the induced map ~π1(f)(a, b) : ~π1(B)(ιB(a), ιB(b))→
~π1(C)(ιC(a), ιC (b)) is an isomorphism.

Proof. Let a, b ∈ A and let γ, γ ′ : ~I → B be dipaths such that γ(0) =
γ′(0) = ιB(a) and γ(1) = γ ′(1) = ιB(b). Assume that f : B → C ∈
A ↓ Pospace is a dihomotopy equivalence. Then there is a dimap g : C →
B ∈ A ↓ Pospace such that g ◦ f ' IdB and f ◦ g ' IdC .

Assume that f ◦ γ ' f ◦ γ ′. Using Lemma 2.13 γ = IdB ◦γ ' g ◦ f ◦ γ '
g ◦ f ◦ γ′ ' IdB ◦γ

′ = γ′. Therefore ~π1(f)(a, b) is injective.

3This differs from the definition of fundamental category in [FRGH04] where the equiv-

alence classes of dimaps use I and not ~I.
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CONTEXT FOR MODELS OF CONCURRENCY 7

Also let φ : ~I → C be a dipath in C with φ(0) = ιC(a) and φ(1) = ιC(b).
Then g ◦ φ is a dimap in B with g ◦ φ(0) = ιB(a) and g ◦ φ(1) = ιB(b). By
Lemma 2.15 φ = IdC ◦φ ' f ◦g ◦φ. Therefore ~π1(f)(a, b) is surjective. Thus
~π1(f)(a, b) is an isomorphism as claimed. �

Example 2.17. Let A = S0 = {a, b} and choose any points x, y ∈ ~I × ~I

such that x � y and y � x. Then ~π1(~I × ~I)(x, y) and ~π1(~I × ~I)(y, x)

are empty. However for any dimap f : ~I × ~I → ~I (see Figure 2), either
f(x) ≤ f(y) or f(y) ≤ f(x) since I is totally ordered. Therefore one of

~π1(~I)(f(x), f(y)) and ~π1(~I)(f(y), f(y)) is nonempty. So in the context of

ι~I×~I(a) = x and ι~I×~I(b) = y, ~I × ~I is not dihomotopy equivalent to ~I since

there can be no dihomotopy equivalence f : ~I × ~I → ~I such that ~π1(f)(a, b)
is an isomorphism.

Example 2.18. Let ~X be the space defined earlier (see Figure 1). In the

context of its four endpoints (0)1, (0)2, (1)1, and (1)2, ~X is not dihomotopy

equivalent to ~I since there are no dipaths from (0)1 to (0)2 and from (1)1 to
(1)2.

Figure 4. ~I × ~I with a square removed

Example 2.19. In this example we show that in the context of the points

(0, 0) and (1, 1), ~I× ~I with a square removed from its interior is dihomotopy
equivalent to its boundary.

Let A = S0 = {a, b}. Let B be the sub-pospace of ~I × ~I in Figure 4

given by {(x, y) ∈ ~I × ~I | it is not true that 1
3 < x < 2

3 ,
1
3 < y < 2

3}. Let

ιB(a) = (0, 0) and let ιB(b) = (1, 1). Let C be the boundary of ~I × ~I with
ιC(a) = (0, 0) and ιC(b) = (1, 1).

0

1
3

2
3

1

1
3

2
3 1

�
�

�
�
�
�

F1
















F2

�
�
�
�
�
��

Figure 5. The graphs of F1, F2, and F2 ◦ F1.
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Let F1 : [0, 1]→ [0, 1] be given by the mapping

x 7→






x if x <
1

3

2x−
1

3
if

1

3
≤ x ≤

2

3

1 if x >
2

3

Let F2 : [0, 1] → [0, 1] be given by the mapping

x 7→






0 if x <
1

3
3

2
x−

1

2
if

1

3
≤ x ≤ 1

See Figure 5 for graphs of F1, F2, and F2 ◦ F1.
Let f : B → C and g : C → B be given by f(x, y) = (F2 ◦ F1(x), F2 ◦

F1(y)) and g(x, y) = (x, y). Also let h : B → B be given by h(x, y) =
(F1(x), F1(x)). One can check that f , g, and h are dimaps.

We will now give explicit dihomotopies rel A showing that g ◦ f ' IdB rel
A and f ◦ g ' IdC rel A. Let

H1(x, y, t) = (1− t)(x, y) + t(F1(x), F1(y)).

Then H1 : IdB
'
−→ h is a dihomotopy rel A. Similarly let

H2(x, y, t) = (1− t)(F2 ◦ F1(x), F2 ◦ F1(y)) + t(F1(x), F1(y)).

Then H2 : g ◦ f
'
−→ h is a dihomotopy rel A. Therefore g ◦ f ' IdB rel A as

claimed. Furthermore since C is a sub-pospace of B and f ◦ g = f = g ◦ f ,
the above dihomotopies restrict to C showing that f ◦ g ' IdC rel A.

We remark that using Definition 2.4, H1 is a linear interpolation between
IdB and h, and H2 is a linear interpolation between g ◦ f and h.

�

�

�

�

a

b

c d

Figure 6. The swiss flag with labeled points {a, b, c, d}

Example 2.20. The swiss flag.
In this example we give an explicit dihomotopy between the famous swiss

flag pospace in Figure 6 and the one-dimensional sub-pospace in Figure 7
in the context of four points.

Let A be the discrete pospace {a, b, c, d}. Let B be the sub-pospace of ~I×~I
given in Figure 6 with the cross removed and ιB(a) = (0, 0), ιB(b) = (1, 1),
ιB(c) = (2

5 ,
2
5 ), and ιB(d) = (3

5 ,
3
5 ). Let C be the subspace of B given in

Figure 7 with the same marked points.
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�

�

�

�

a

b

c d

Figure 7. A sub-pospace of the swiss flag with the same
labeled points {a, b, c, d}

Let g : C → B be the dimap given by g(x, y) = (x, y). Let f : B → C
be the dimap given by f(x, y) = f4 ◦ f3 ◦ f2 ◦ f1(x, y) where f1, f2, f3, and
f4 are defined below. As in the previous example we will give a chain of
dihomotopies rel A to show that IdB ' g ◦ f . Since C is a subspace of B
and g ◦f = f = f ◦g this will restrict to a chain of dihomotopies rel A which
show that IdC ' f ◦ g. As a result we will have that B ' C.

f1(x, y) =






(max(x, y),max(x, y)) if 0 ≤ x ≤
1

5
, 0 ≤ y ≤

1

5

(
1

5
, y) if 0 ≤ x ≤

1

5
,
1

5
< y

(x,
1

5
) if 0 ≤ y ≤

1

5
,
1

5
< x

(x, y) otherwise

f2(x, y) =






(min(x, y),min(x, y)) if
4

5
≤ x ≤ 1,

4

5
≤ y ≤ 1

(
4

5
, y) if

4

5
≤ x ≤ 1, y <

4

5

(x,
4

5
) if

4

5
≤ y ≤ 1, x <

4

5
(x, y) otherwise

f3(x, y) =






(max(x, y −
2

5
),max(x+

2

5
, y)) if

1

5
≤ x ≤

2

5
,
3

5
≤ y ≤

4

5

(max(x, y +
2

5
),max(x−

2

5
, y)) if

1

5
≤ y ≤

2

5
,
3

5
≤ x ≤

4

5

(max(x, y),max(x, y)) if
3

5
≤ x ≤

4

5
,
3

5
≤ y ≤

4

5

(
2

5
+ 2(x−

2

5
), y) if

2

5
≤ x ≤

3

5
, y =

4

5

(x,
2

5
+ 2(y −

2

5
), y) if

2

5
≤ y ≤

3

5
, x =

4

5
(x, y) otherwise
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f4(x, y) =






(min(x, y),min(x, y)) if
1

5
≤ x ≤

2

5
,
1

5
≤ y ≤

2

5

(
3

5
− 2(

3

5
− x), y) if

2

5
≤ x ≤

3

5
, y =

1

5

(x,
3

5
− 2(

3

5
− y)) if

2

5
≤ y ≤

3

5
, x =

1

5
(x, y) otherwise

Let H1, H2, H3, and H4 be the linear interpolations (see Definition 2.4)
between IdB and f1, f2 ◦ f1 and f1, f2 ◦ f1 and f3 ◦ f2 ◦ f1, and f and
f3 ◦ f2 ◦ f1. Then these give a chain of dihomotopies

IdB
H1−−→ f1

H2←−− f2 ◦ f1
H3−−→ f3 ◦ f2 ◦ f1

H4←−− f = g ◦ f.

Therefore IdB ' g ◦ f . Restricting to C gives a chain of dihomotopies
showing IdC ' f = f ◦ g. Hence B is dihomotopy equivalent to C rel
{a, b, c, d}.

3. Pushouts of dihomotopy equivalences

In this section we elaborate on the statement made in the introduction
that dihomotopy equivalences should be preserved by ‘pastings’. In fact we
discuss the construction of a homotopy theory for concurrency. In order that
we do not lose focus from the main ideas of this paper, we will defer the
details of the definitions and constructions of this section to the appendix.

An excellent framework for a homotopy theory on a category is given
by a model structure on the category [Hov99]. A category with a model
structure and all small limits and colimits is called a model category. A model
structure has three special classes of morphisms: fibrations, cofibrations, and
weak equivalences which satisfy certain axioms (see Appendix A for the full
definition).

The category Pospace has all small limits and colimits. However it is
too restrictive to model many concurrent systems (for example pospaces
cannot contain loops). Though all of our examples are in Pospace a better
framework for concurrency is the category LoPospc of local pospaces. A
local pospace is a topological space such that each point has a neighborhood
which is a pospace and that these local orders are compatible (for a precise
definition see Appendix B).

Figure 8. The local pospace ~S1

Example 3.1. An example of a local pospaces is the directed circle ~S1 in

Figure 8 obtained by identifying the endpoints of ~I. While ~S1 does not have
a transitive, anti-symmetric order, locally it has the structure of the pospace
~I.

Unfortunately, unlike Pospace, LoPospc does not contain all small col-
imits. However there is a formal method of enlarging a category to one
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with all small limits and colimits.4 Furthermore this larger category has a
canonical model structure! [Dug01] For details on how this theory can be
applied to LoPospc see the appendix and [Bub04]. In the appendix we
give a more precise version of the following theorem (Theorem B.4) which
is proved in [Bub04].

Theorem 3.2. Let C = LoPospc. Then C is a subcategory of a model cate-
gory UC. The morphisms in C that are cofibrations are the monomorphisms
and the morphisms in C that are weak equivalences are the isomorphisms.

From the point of view of just C , this model structure is almost trivial.
However one can localize UC with respect to a set M of morphisms in C to
obtain a new category UC/M. UC/M has the same objects and cofibra-
tions as UC but the morphisms in M are now weak equivalences [Dug01].
The problem is to choose a good set of morphisms M . For example, we can
take M to be the set of dihomotopy equivalences in C.

One of the key properties of UC and UC/M is that they are left proper.
That is, the pushout of a weak equivalence over a cofibration is a weak
equivalence.

G
f

∼
//

��
j

��

C
��

��

D g

∼
// E

In particular in UC/M if f ∈M then g is a weak equivalence.

Example 3.3. Recall the dihomotopy equivalence f : ~I × ~I → ~I of Exam-

ple 2.11. Also recall the inclusions of ~I×~I and ~I into B and C (see Figure 3)

given in Example 1.2 where attachments are made at the points x, y ∈ ~I× ~I
and x′, y′ ∈ ~I (see Figure 2). We have the following pushout diagram.

~I × ~I
f

∼
//

��
j

��

~I
��

��

B g
// C

Since the inclusion j is a cofibration, we get a weak equivalence between B
and C. However as discussed in Example 1.2, from a certain point of view
B should not be equivalent to C.

The solution to this problem is to work with A ↓ LoPospc instead of
LoPospc where the choice of context A ∈ ObLoPospc depends on the
pushouts that one would like to consider.

In the example above the right context is clearly the points x, y ∈ ~I × ~I

and x′, y′ ∈ ~I. So A = {a, b}, ι~I×~I(a) = x, ι~I×~I(b) = y, ι~I(a) = x′, and

ι~I(b) = y′. As discussed in Example 2.17 the map f is not a dihomotopy
equivalence rel A. So we are not forced to conclude that there is a weak
equivalence between B and C.

4Again more details in the appendix (one passes to the category of simplicial

presheaves [Dug01]).

43



12 PETER BUBENIK

a b c d e

� ����� �

a b c d e

� ����� �

Figure 9. The spaces B and B ′. Subspaces of ~I × ~I with a
square removed and labelled points {a, b, c, d, e}

a b c d e
� ����� �

a b c d e
� ����� �

Figure 10. The spaces C and C ′. Subspaces of ~I × ~I with
a square removed and labelled points {a, b, c, d, e}

In the following two examples we examine the ‘pastings’ of two copies of
~I×~I with a square removed. We show how choosing the right context allows
us to find a one-dimensional sub-pospace which is dihomotopy equivalent to
the pushout.

Unlike the previous section, we will not give explicit dihomotopy equiva-
lences in these two examples.

Example 3.4. Let A be the discrete space {a, b, c, d, e}. Let B be the

subspace of ~I×~I in Figure 9 with the square {(x, y) | 1
5 < x < 2

5 ,
2
5 < y < 3

5}

removed. Let ιB(a) = (0, 0), ιB(b) = ( 3
10 , 0), ιB(c) = (1

2 , 0), ιB(d) = ( 7
10 , 0),

and ιB(e) = (1, 0).

Let C be the subspace of ~I × ~I in Figure 10 with the square {(x, y) | 3
5 <

x < 4
5 ,

2
5 < y < 3

5} removed. Let ιB(a) = (0, 1), ιB(b) = ( 3
10 , 1), ιB(c) =

(1
2 , 1), ιB(d) = ( 7

10 , 1), and ιB(e) = (1, 1).

Let B′ be the subspace of ~I×~I in Figure 9 with the square {(x, y) | 0 < x <
1
2 , 0 < y < 1} removed. Then there is a dihomotopy equivalence f : B

'
−→ B′

rel A. One can construct the required dihomotopies by stretching the region
2
5 ≤ y ≤ 3

5 first to y = 1 and then to y = 0. Next one stretches the region
1
5 ≤ x ≤ 2

5 first to x = 1
2 and then to x = 0. All this is done while leaving

the five marked points fixed.

Similarly there is a dihomotopy equivalence g : C
'
−→ C ′ rel A where C ′

is the subspace of ~I × ~I in Figure 10 with the square {(x, y)| 12 < x < 1, 0 <
y < 1} removed.

Let D be the space obtained by attaching B along its bottom edge to
the top edge of C. Notice that D ∈ ObA ↓ Pospace and the inclusions
i : B → D and j : C → D are dimaps in A ↓ Pospace.
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��������� ���������

Figure 11. The pospaces F and F ′

�

�

�

�

�

a

b
c
d

e

� ���	� �
a b c

d e

Figure 12. The pospaces G and G′

Now take the following pushout.

B
f

∼
//

��

i
��

B′

��

��

D
f ′

∼
// E

Then E is the pospace obtained by attaching the bottom edge of B ′ to the
top edge of C. Since C includes into E we can take the following pushout.

C g

∼
//

��

i
��

C ′

��

��

E
f ′′

∼
// F

Now F is the pospace in Figure 11 obtained by attaching the bottom edge
of B′ to the top edge of C ′.

Finally F is dihomotopy equivalent rel A to the space G in Figure 12. Con-

sider F and G as sub-pospaces of ~I× ~I. The dihomotopy is obtained by first
collapsing the square [ 12 , 1]× [12 , 1] using (x, y) 7→ (max(x, y),max(x, y)), and

then collapsing the square [0, 1
2 ]× [0, 1

2 ] using (x, y) 7→ (min(x, y),min(x, y))
Thus in the context of A, D is equivalent to G.

Example 3.5. Let A, B, C, B ′ and C ′ be as in the previous example,
except that the marked points on B and B ′ are taken to be on the top edge,
and the marked points on C and C ′ are taken to be on the bottom edge.
Let D′ be the space obtained by attaching C along its bottom edge to the
top edge of B.

Then as in the previous example D′ is weak equivalent to F ′ where F ′ is
the pospace in Figure 11 obtained by attaching the bottom edge of C ′ to
the top edge of B ′.

Finally F ′ is dihomotopy equivalent rel A to the following space G′ in

Figure 12. Consider F ′ and G′ as sub-pospaces of ~I × ~I. The dihomotopy
is obtained by collapsing the regions [ 1

2 , 1]× [0, 1
2 ] using (x, y) 7→ (x, 1

2), and

then collapsing the square [0, 1
2 ]× [12 , 1] using (x, y) 7→ (x, 1

2).
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Thus in the context of A, D′ is equivalent to G′.

Example 3.6. Finally we give an example which requires a non-discrete

context. Let X = ~I× ~I. We will show that if we want to use X to construct
a certain space Z then the appropriate context is the undirected unit interval
I.

Figure 13. X and Y with the images of I marked

Let ϕ : I → X be the inclusion of the anti-diagonal, given by t 7→ (t, 1−t)

(see Figure 13). Let Y = I × ~I and let ψ : I → Y be the inclusion of
the central line, given by t 7→ (t, 1

2) (see Figure 13). Define the pospace
Z obtained by gluing X and Y together along the images of I, using the
following pushout.

I
ϕ

//

ψ

��

X

ιX

��

Y ιY
// Z

We claim that if we want to consider this pushout then the proper context
is A = I with ϕ : A→ X as given above.

For α ∈ I let pα = ιX(ϕ(α)), p0
α = ιY (α, 0) and p1

α = ιY (α, 1). Notice
that for s 6= t ∈ I there does not exist a path in Z from p0

s to p1
t .

Now let A be some context and let f : X → X ′ be some dihomotopy rel
A. Let Z ′ be defined by the following pushout.

X
f

//

ιX

��

X ′

��

Z g
// Z ′

Assume there exists s 6= t ∈ I such that f(ps) = f(pt). We claim that there
is a path from g(p0

s) to g(p1
t ). In Y (and hence in Z) there is a path from

p0
s to ps and a path from pt to p1

t . The concatenation of the images of these
paths under g gives the desired path in Z ′.

Therefore the map g should not be an equivalence, and thus there should
not have been an equivalence f such that f(ps) = f(pt) for some s 6= t ∈ I.
We can prevent this difficulty if we use the context A = I together with
ϕ : A→ X.
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Appendix A. Model Categories

In this section we define model categories, and show how a given small
category can be embedded into a universal model category. For more details
see [Dug01, Bub04].

Definition A.1. A model category is a category C with three distinguished
classes of morphisms: weak equivalences, cofibrations, and fibrations satis-
fying the following conditions:

(1) C contains all small limits and colimits.
(2) If there exist morphisms f , g and g ◦ f and two of them are weak

equivalences then so is the third.
(3) Weak equivalences, cofibrations, and fibrations are closed under re-

tracts.
(4) Given any commutative diagram

A //

i

��

X

p

��

B // Y

such that i is a cofibration and p is a fibration, then if either i or p
is also a weak equivalence then there exists a map B → X making
the diagram commute.

(5) Any map may be factored as a cofibration followed by a fibration
which is a weak equivalence, and as a cofibration which is a weak
equivalence followed by a fibration.

Next we define the category of simplicial presheaves.

Definition A.2. • The simplicial category ∆ is the category whose
objects are [n] = {0, 1, . . . , n} for n ≥ 0 and whose morphisms are
maps f : [n]→ [k] such that x ≤ y implies that f(x) ≤ f(y).
• The category of simplicial sets sSet is the category Set∆op

whose
objects are contravariant functors from ∆ to the category of sets
Set and whose morphisms are natural transformations.
• Let C be a small category. Then sPre(C) is the category sSetCop

whose objects are the contravariant functors from C to sSet and
whose morphisms are natural transformations.

Remark A.3. An important fact is that there is an embedding C→ sPre(C).

The category sSet has a model structure in which the cofibrations are
the monomorphisms and the weak equivalences are the morphisms f such
that |f | the geometric realization of f is a weak equivalence in the category
of topological spaces (that is, it induces isomorphisms between homotopy
groups). For more details see [Hov99].

The category of simplicial presheaves has a canonical model structure,
called the cofibrant model structure, where the weak equivalences and the
cofibrations are defined objectwise. That is, a morphism f in sPre(C) is
a weak equivalence or cofibration if and only if for each X ∈ ObC the
morphism f(X) is a weak equivalence or cofibration in sSet.
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Now one can localize this model category with respect some set of mor-
phisms M to get a new model category sPre(C)/M. This model category
has the same objects, but in addition to the previous weak equivalences, the
morphisms in M are now weak equivalences. For example if C = LoPospc
then one could localize with respect to all dihomotopy equivalences (it makes
sense to say this because of the embedding of C in sPre(C)).

Appendix B. Local pospaces

In this section we give a precise definition of the category LoPospc of
local pospaces and use it to give a more precise version of Theorem 3.2.
Local pospaces are defined in [FGR99, Bub04]. Here we follow [Bub04].

Definition B.1. • Given a topological space M , an order atlas on
M is an open cover5 U = {Ui} indexed by a set I such that each
Ui is a pospace and that the orders are compatible. That is, given
x, y ∈ Ui ∩ Uj , x ≤i y if and only if x ≤j y.
• Let U = {Ui} and V = {Vj} be two order atlases. Then V is said to

be a refinement of U if for any Ui and any x ∈ Ui there exists a Vj
containing x which is a sub-pospace of Ui.
• Two order atlases are said to be equivalent if they have a common

refinement. One can check that this defines an equivalence relation.
• Define a local pospace to be a topological space together with an

equivalence class of order atlases.
• Define a dimap of local pospaces f : (M, Ū ) → (N, V̄ ) to be a con-

tinuous map f : M → N such that for any choice of V = {Vj} ∈ V̄
there is some choice of U = {Ui} ∈ Ū such that for all i, j the partial
map f : Ui → Vj is a dimap of pospaces.

Definition B.2. Define LoPospc to be the category whose objects are local
pospaces whose underlying topological spaces are subsets of Rn for some n,
and whose morphisms are dimaps between local pospaces.

Remark B.3. Notice that we have restricted the class of local pospaces in
our category. This is done precisely so that LoPospc is a small category,
which is used to apply the machinery of Appendix A. For the purposes of
concurrency, this does not seem to be a significant limitation. Furthermore,
it may be possible that any local pospace can be ‘found’ in sPre(LoPospc).

Nevertheless, a consequence of this, is that the category Pospace in Def-
inition 2.2 is not a subcategory of LoPospc. Of course one could define a
new category Pospace′ whose objects are those pospaces whose underly-
ing topological spaces are subsets of Rn for some n. Then Pospace′ is a
subcategory of LoPospc. All of our examples are in Pospace′.

We can now give a more precise version of Theorem 3.2.

Theorem B.4 ([Bub04]). There exists a model structure on sPre(LoPospc)
such that cofibrations are the monomorphisms. Furthermore the morphisms
in LoPospc which are weak equivalences in sPre(LoPospc) are just the
isomorphisms.

5That is, each Ui is an open subset of M , and M = ∪i∈IUi.
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Abstract

We introduce a dihomotopy invariant of a po-space in dimension 2, its dihomotopy
double category. This is a generalisation both of the fundamental category of a po-
space, and of the double homotopy groupoid of a topological space. We conjecture
a van Kampen theorem for the dihomotopy double category, thus making available
a tool for calculations.

1 Introduction

The fundamental category, together with its component category, of a (lo-
cal) po-space is a fundamental tool in the “geometric” analysis of concurrent
systems, see [8,11,10,15,9,13] for some accounts of its uses.

In “ordinary” algebraic topology, as opposed to the “directed topology” of
local po-spaces, one has analogues of the fundamental group in all dimensions.
An analogue of the fundamental category in dimensions other than 1 has
hitherto been missing.

The search for higher dihomotopy invariants is complicated by the fact that
the proper counterpart to the fundamental category in ordinary topology is not
the fundamental group, but the fundamental groupoid, cf. [2], of a topological
space. Higher homotopy groupoids for topological spaces have been known
since [4,5], but these are defined for filtered spaces and seem to resist any
transfer to the directed setting.

Following up on a paper [12], Brown et.al. [3] define a notion of homotopy
double groupoid for a topological space without a presupposed filtration. The
present article constructs an analogue of this structure for directed topology.

2 The Singular Cubical Set of a Po-Space

A po-space is a partially ordered topological space such that the order is closed
in the product topology. The category of po-spaces and monotone continuous

This is a preliminary version. The final version will be published in
Electronic Notes in Theoretical Computer Science

URL: www.elsevier.nl/locate/entcs
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maps (dimaps) is denoted poTop. Note [14] that a po-space is Hausdorff.

The singular cubical set of a po-spaceX is the graded setRX = {RnX}n∈N,
where

RnX = poTop(~In, X)

together with face maps δν
i : RnX → Rn−1X (i = 1, . . . , n, ν = 0, 1), de-

generacies εi : RnX → Rn+1X (i = 1, . . . , n + 1), connections γν
i : RnX →

Rn+1X (n ≥ 1, i = 1, . . . , n, ν = 0, 1), and partially defined compositions

+i : RnX ×RnX → RnX (i = 1, . . . , n). Here ~I denotes the (totally) ordered

unit interval, ~In its n-fold product with the product order, and the natural
numbers include zero.

With this structure, RX is a cubical set with connections and compositions
in the sense of [4,1]. We will only need the cubical structure in dimensions
0 through 3, so we give an account of the definition of the structure only for
these dimensions. For a full account see [4,1].

We will in general denote points in R0X = X by x, y, dipaths in R1X by
a, b, disquares in R2X by u, v, and dicubes in R3X by α, β. The definition of
the structure maps in dimensions 0 to 3 is as follows:

δν
1a = a(ν) δν

1u(s) = u(ν, s) δν
2u(s) = u(s, ν)

δν
1α(s, t) = α(ν, s, t) δν

2α(s, t) = α(s, ν, t) δν
3α(s, t) = α(s, t, ν)

ε1x(s) = x ε1a(s, t) = a(t) ε2a(s, t) = a(s)

ε1u(r, s, t) = u(s, t) ε2u(r, s, t) = u(r, t) ε3u(r, s, t) = u(r, s)

γ0
1a(s, t) = a(max(s, t)) γ1

1a(s, t) = a(min(s, t))

γ0
1u(r, s, t) = u(max(r, s), t) γ1

1u(r, s, t) = u(min(r, s), t)

γ0
2u(r, s, t) = u(r,max(s, t)) γ1

2u(r, s, t) = u(r,min(s, t))

In that our n-cubes are directed, we miss the reflection maps, given by
reversing n-cubes in one or more variables, of the standard singular cubical
set [4]. This will have the effect that some relations defined by filling in n-cubes
which are equivalences in [3], are not symmetric in our setting.

3 The Dipath Category

The one-dimensional part of our dihomotopy double category consists of di-
paths modulo reparametrisation. Let a, b ∈ R1X, then we say that a and b
are thinly equivalent, a ∼T b, if there exist surjective dimaps φ, ψ : ~I → ~I
such that a ◦ φ = b ◦ ψ. That is, a and b are thinly equivalent if there are
reparametrisations of a and b that coincide.

Proposition 3.1 The relation ∼T is an equivalence on R1X and a congru-
ence with respect to +1. Also, ε1δ

0
1a +1 a ∼T a ∼T a +1 ε1δ

1
1a for any
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a ∈ R1X, and if a, b, c ∈ R1X are such that δ1
1a = δ0

1b and δ1
1b = δ0

1c, then
a+1 (b+1 c) ∼T (a+1 b) +1 c.

We denote ρ1X = R1X/∼T . As a ∼T b implies ∂a = ∂b, we can define face
maps δν

1 : ρ1X → R0X by δν
1 〈a〉 = 〈δν

1a〉, and concatenation of paths passes
to the quotient by 〈a〉+1 〈b〉 = 〈a+1 b〉, defined if and only if δ1

1〈a〉 = δ0
1〈b〉.

Composing the degeneracies ε1 : R0X → R1X with the quotient map
yields maps ε1 : R0X → ρ1X, and the operation +1 on ρ1X is associative
with units ε1〈x〉, x ∈ X. Hence the pair (ρ1X,R0X) is a category, the dipath
category of X. By abuse of notation, we shall also denote this category by
ρ1X; note that, contrary to usual (non-directed) paths, dipaths are in general
not reversible, hence ρ1X is in general not a groupoid.

If f : X → Y is a dimap, and a ∼T b in X, then also f ◦ a ∼T f ◦ b in Y ,
hence f induces a morphism of categories f ∗ : ρ1X → ρ1Y , and ρ1 is a functor
poTop → Cat.

4 The Dihomotopy Double Category

Before we can enter dimension 2, we need to express the relation ∼T in a more
“cubical” way. We say that a disquare u ∈ R2X is thin if it has a factorisation

u : ~I2 → ~I → X

If, in addition, δ0
2u and δ1

2u are degenerate, we call u a thin elementary diho-
motopy and write u : δ0

1u ∼e
T δ

1
1u or simply δ0

1u ∼e
T δ

1
1u.

Lemma 4.1 The relation ∼T is the transitive, symmetric closure of the rela-
tion ∼e

T .

We want to define an equivalence relation on R2X, relating disquares which
are dihomotopy equivalent relative to the boundary ∂I2. As we were quoti-
enting out reparametrisations in dimension 1 however, we need to take this
into account in defining our equivalence relation.

The equivalence relation ≡T to be defined on R2X will introduce a struc-
ture of edge-symmetric double category on the triple (R2X/≡T , ρ1X,R0X).
The following ought to be the shortest possible definition of edge-symmetric
double category: A double category is an internal category in the category of
small categories, and it is said to be edge-symmetric if the object set of the
morphisms object equals the morphism set of the objects object.

As all the double categories in this paper are edge-symmetric, we shall
henceforth omit the word “edge-symmetric.”

We say that a dicube α ∈ R3X has thin boundary if the four faces δν
2α,

δν
3α are thin elementary dihomotopies; note that this implies that the four

horizontal edges δν
2δ

µ
2α are degenerate. If α has thin boundary, we write

α : δ0
1α ≡e

T δ
1
1α or just δ0

1α ≡e
T δ

1
1α, and we let ≡T be the symmetric, transitive

closure of ≡e
T .

3
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Proposition 4.2 The relation ≡T is an equivalence on R2X and a congru-
ence with respect to +1 and +2. If u ≡T v, then δν

i u ∼T δν
i v, i = 1, 2, and if

a ∼T b, then εia ≡T εib, i = 1, 2.

We denote the quotient ρ2X = R2X/≡T and its elements by 〈u〉; by the
lemma we can introduce face maps and degeneracies δν

i : ρ2X → ρ1X, εi :
ρ1X → ρ2X by

δν
i 〈u〉 = 〈δν

i u〉 εi〈a〉 = 〈εia〉

The triple (ρ2X, ρ1X,R0X), which we by another abuse of notation also shall
denote ρ2X, is a cubical set with these mappings.

The following technical lemma will allow us to define compositions in ρ2X.

Lemma 4.3 Let u, v ∈ R2X such that u(s, t) = P (φ1(s), ψ1(t)), v(s, t) =

P (φ2(s), ψ2(t)) for some φ1, ψ1, φ2, ψ2 : ~I → ~I, P ∈ R2X, and assume that
φ1(ν) = φ2(ν), ψ1(ν) = ψ2(ν) for ν = 0, 1. Then u ≡T v.

Corollary 4.4 Given u, v ∈ R2X such that δ1
1u ∼T δ0

1v, then there exist
û ≡T u, v̂ ≡T v such that δ1

1û = δ0
1 v̂, and similarly with δν

1 replaced by δν
2

throughout.

Proof. By lemma 4.1 we have surjective reparametrisation φ, ψ : ~I → ~I such
that δ1

1u ◦ φ = δ0
1v ◦ ψ. Define û, v̂ by û(s, t) = u(s, φ(t)), v̂(s, t) = v(s, ψ(t)).

Then δ1
1û = δ0

1 v̂, and u ≡T û, v ≡T v̂ by lemma 4.3. For the statement with δν
1

replaced with δν
2 , û and v̂ are given by û(s, t) = u(φ(s), t), v̂(s, t) = v(ψ(s), t).2

We are ready to define operations +1, +2 on ρ2X. Let 〈u〉, 〈v〉 ∈ ρ2X,
and assume first that δ1

1〈u〉 = δ0
1〈v〉. Then δ1

1u ∼T δ
0
1v, hence by corollary 4.4

there are disquares û ≡T u, v̂ ≡T v such that δ1
1û = δ0

1 v̂, and we can define
〈u〉+1 〈v〉 = 〈û+1 v̂〉. If δ1

2〈u〉 = δ0
2〈v〉, we can apply the second statement of

corollary 4.4 similarly.

Proposition 4.5 The operations +1, +2 on ρ2X are well-defined and intro-
duce two category structures on the pair (ρ2X, ρ1X), with identities ε1〈a〉,
ε2〈a〉, 〈a〉 ∈ ρ1X, respectively. Also, the maps δν

i : ρ2X → ρ1X, εi : ρ1X →
ρ2X are morphisms of categories, and(

〈u〉+1 〈v〉
)

+2

(
〈w〉+1 〈z〉

)
=

(
〈u〉+2 〈w〉

)
+1

(
〈v〉+2 〈z〉

)
(1)

whenever both sides are defined.

In other words, the triple (ρ2X, ρ1X,R0X) forms a double category, the
dihomotopy double category of X. We shall again abuse notation and also
denote this double category by ρ2X; noting that a dimap f : X → Y maps
cubes with thin boundary to cubes with thin boundary, we see that f induces
a morphism of double categories f ∗ : ρ2X → ρ2Y .

4
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5 Ongoing and Future Work

We conjecture that the relation ≡T is related to dihomotopy in dimension 2
in the following way, where ∼ is dihomotopy, i.e. the equivalence generated
by the elementary relation “u ∼e v ∈ R2X iff there exists α ∈ R3X such that
u = δ0

1α, v = δ1
1α, and the four other faces of α are degenerate:”

Conjecture 5.1 Given u, v ∈ R2X such that δν
2u, δ

ν
2v are degenerate, then

u ∼ v if and only if u ≡T v.

This is analogous to the result in [12,3].

The connections γ0
1 , γ

1
1 : R1X → R2X induce mappings γ0

1 , γ
1
1 : ρ1X →

ρ2X, which are connections in the sense of [7] and hence introduce a thin
structure on ρ2X. We conjecture that thinness inR2X is equivalent to thinness
in ρ2X:

Conjecture 5.2 An element 〈u〉 ∈ ρ2X is thin if and only if there exists
v ∈ R2X such that v is thin and u ≡T v.

Conjecture 5.2 is the major stepping stone towards the following van Kam-
pen theorem for the dihomotopy double category, analogous to [6]:

Conjecture 5.3 Let X ∈ poTop, and let U be a covering of X by po-spaces,
i.e. such that

⋃
U∈U intU = X. For all U, V ∈ U , let aUV : U ∩ V ↪→ U ,

bUV : U ∩ V ↪→ V , cU : U ↪→ X be the inclusions, and consider the diagram
in the category of double categories⊔

U,V ∈U

ρ2(U ∩ V )
a∗

−→−→
b∗

⊔
U∈U

ρ2U
c∗−→ ρ2X

where a∗, b∗, c∗ are the disjoint unions of the induced mappings a∗UV , b∗UV , c∗U .
Then c∗ is the coequaliser of a∗ and b∗.

As to future directions of research, there are two obvious things to do.
One is to transfer the notion of components [9,13] to the dihomotopy double
category, which would then make it usable for actual computations.

The other is to generalise the dihomotopy double category to local po-
spaces. This is not a trivial task, as local po-spaces admit non-constant loops,
while po-spaces don’t, a fact we have made strategic use of in the above
considerations.
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