sbuipaadoid 10, SOLIN :('Spd) 48|BOA 7 IuIpelo)  G-TO-SN SOldd

BRICS

Basic Research in Computer Science

Preliminary Proceedings of
the 2nd International Workshop on

Models for Time-Critical Systems
MTCS '01

Aalborg, Denmark, August 25, 2001

Flavio Corradini
Walter Vogler
(editors)

BRICS Notes Series NS-01-5
ISSN 0909-3206 August 2001




Copyright (© 2001, Flavio Corradini & Walter Vogler
(editors).
BRICS, Department of Computer Science
University of Aarhus. All rights reserved.

Reproduction of all or part of this work

is permitted for educational or research use
on condition that this copyright notice is
included in any copy.

See back inner page for a list of recent BRICS Notes Series publications.
Copies may be obtained by contacting:

BRICS

Department of Computer Science
University of Aarhus

Ny Munkegade, building 540
DK-8000 Aarhus C

Denmark

Telephone: +45 8942 3360
Telefax:  +45 8942 3255
Internet: BRICS@brics.dk

BRICS publications are in general accessible through the World Wide
Web and anonymous FTP through these URLSs:

http://www.brics.dk
ftp://ftp.brics.dk
This document in subdirectory NS/01/5/



Second International Workshop on
Models for Time-Critical Systems

MTCS 2001

Aalborg, Denmark
August 25, 2001

Editors:
Flavio Corradini, University of L’Aquila, Italy
Walter Vogler, University of Augsburg, Germany

This is a preliminary version.
The final version is considered for publication in
Electronic Notes in Theoretical Computer Science
http://www.elsevier.nl/locate /entcs






Table of Contents

Foreword . . ... v

Timed Process Algebras
Jos Baeten (Invited Speaker) ........ ..o 1

Timed Automata with Urgent Transitions
Roberto Barbuti and Luca TeSet ..........oo i 3

Petri Nets with Discrete Phase Type Timing:
A Bridge Between Stochastic and Functional Analysis

Andrea Bobbio and Andrds Horvdth .......... ... 0. 22

Extending Timed Automata for Compositional Modeling
Healthy Timed Systems

Victor Braberman and Alfredo Olivero........ ... ... ... .. cciiiiiiiii... 39

Non-determinism in Probabilistic Timed Systems with General Distributions
Mario Bravetti and Alessandro Aldini ....... . . . . . . 58

Towards a Process Algebra for Shared Processors

Mikael Buchholtz, Jacob Andersen and Hans Henrik Lgvengreen ......... 87

Privacy in Real-Time Systems

Ruggero Lanotte, Andrea Maggiolo-Schettini and Simone Tinit .......... 100

Characterizing Non-Zenoness on Real-Time Processes
Jitka Stribrnd and Insup Lee ... ... 111

iii



iv



Foreword

A large class of systems can be specified and verified by abstracting away
from the temporal aspects. This is the class of systems where time affects
the performance but not the functional behaviour. In time-critical systems,
instead, time issues become essential. Their correctness depends not only on
which actions a system can perform but also on their execution time. Due
to their importance, time-critical systems have attracted the attention of a
considerable number of computer scientists from various research areas.

This volume contains the preliminary proceedings of the 2nd International
Workshop on Models for Time-Critical Systems (MTCS 2001); MTCS 2001
was held on 25 August 2001 as one of five satellite workshops co-located with
the 12th International Conference on Concurrency Theory (CONCUR 2001),
held in Aalborg (Denmark) 21-24 August 2001.

The first workshop, MTCS 2000, was held in State College (Pennsylvania,
USA) on 26 August 2000, co-chaired by Flavio Corradini and Paola Inverardi.
As for MTCS 2000, the objectives of MTCS 2001 were (i) to validate the more
promising proposals on models for time-critical systems, ranging from theory
to practice and (ii) to promote interaction between different research areas in
the field of time-critical systems. Despite its focus on time-critical systems,
MTCS 2001 was also open for more general time-related issues.

The seven papers in this volume were selected for presentation by the Pro-
gram Committee from submissions received in response to a Call for Papers.
The final versions of these papers are considered for publication in Electronic
Notes in Theoretical Computer Science: http://www.elsevier.nl/locate/entcs.
The volume includes the contribution by the Invited Speaker Jos Baeten
(Eindhoven University of Technology).

We would like to thank Kim G. Larsen and Mogens Nielsen (CONCUR
2001 Conference Chairs) and Hans Hiittel (Satellite Workshops Chair) for the
opportunity they gave us to organize MTCS 2001 and for their support. Many
thanks are due to Jos Baeten (Invited Speaker), and to the members of the
Program Committee as well as their sub-referees for their accurate work. We
would also like to thank Michael Mislove for his help during the proceedings
editorial process and to BRICS for the publication of the preliminary proceed-
ings.

Flavio Corradini, University of [.’Aquila, Italy
Walter Vogler, University of Ausburg, Germany
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Timed Process Algebras?

Jos Baeten 2

Computing Science Department
Eindhoven University of Technology
P.O.Boz 513, 5600 MB
Eindhoven, The Netherlands

We present an integrated framework of several process algebras dealing
with timing. The timing of actions is either relative (to the time at which the
preceding action is performed) or absolute, the algebraic format can include
time-stamped actions or be two-phase (delays and actions separate), and the
time scale on which time is measured is either discrete or continuous.

The presented theories are all extensions of ACP with explicit termination.
All theories are given by operational rules and are axiomatized. We have an
integrated framework in the following sense. All theories are generalizations of
ACP without timing, and the theories with relative timing and absolute timing
in which time is measured on a continuous time scale are generalizations of the
theories with relative timing and absolute timing in which time is measured
on a discrete time scale. Besides, the theories with absolute timing can easily
be extended with a mechanism for parametric absolute timing which provides
an alternative way to deal with relative timing. That is, the extended theories
are generalizations of the corresponding theories with relative timing. In all
cases, time-stamped and two-phase versions are interdefinable.

If one theory is a generalization of another theory, this roughly means that
the processes considered in the former theory essentially include the processes
considered in the latter theory. That is the reason why abstraction from
timing is possible in a theory with timing and discretization is possible in a
theory with continuous timing. Abstraction from timing enables analysis of
systems without carrying the timing details wherever they are not needed,
discretization enables analysis of systems at a level where time is measured
with a finite precision wherever that is sufficient.

In this framework, we can define many relevant features: strong choice vs.
weak choice, maximal progress, time outs, state operator, process creation.

L Joint work with C.A. Middelburg and M.A. Reniers.

2 Email: jos@win.tue.nl
This is a preliminary version. The final version is considered for publication in

Electronic Notes in Theoretical Computer Science
L: wuw.elsevier.nl/locate/entcs



Jos BAETEN
References

[1] J.C.M. Baeten and C.A. Middelburg. Process algebra with timing: real time and
discrete time. In: Handbook of Process Algebra, eds. J.A. Bergstra, A. Ponse
and S.A. Smolka, North-Holland 2001, pp. 627-684.

[2] J.C.M. Baeten and M.A. Reniers. Termination in timed process algebra. Report
CSR 00-13, Dept. of Comp. Sci., Technische Universiteit Eindhoven 2000.



MTCS 2001 Preliminary Proceedings

Timed Automata with Urgent Transitions

Roberto Barbuti and Luca Tesei 12

Dipartimento di Informatica
Universita di Pisa
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Abstract

In this paper we propose an extension to the formalism of timed automata by
allowing urgent transitions. A urgent transition is a transition which must be taken
within a fixed time interval from its enabling time. We give a set of rules formally
describing the behaviour of urgent transitions and we show that, from a language
theoretic point of view, the addition of urgency does not improve the expressive
power of timed automata. However, from a specification point of view, the use of
urgent transitions is crucial, especially in modular specification of systems.

Keywords: real-time systems, timed automata, modular specification,
parallel composition.

1 Introduction

Timed automata are widely recognized as a standard model for describing
systems in which the time plays a fundamental role [6,7]. Since their in-
troduction, timed automata have been widely studied from different points of
view [4,5,8,9], in particular for their possible use in the verification of real-time
systems [1,2,3,10,19,20,22].

Usually the expressiveness of timed automata is given in terms of accepted
timed languages, but, because of their use as a specification formalism, also
the ease to describe real-time systems must be taken into account. For this
purpose many extensions to the basic model have been proposed (see for ex-
ample [11,16,17,18,21]). All these extensions have been discussed with respect
to the expressiveness of the original model.

In this paper we present a further extension: timed automata with urgent
transitions. The notion of urgency in timed automata was already introduced

! Email: barbuti@di.unipi.it
2 Email: tesei@di.unipi.it
This is a preliminary version. The final version is considered for publication in

Electronic Notes in Theoretical Computer Science
L: wuw.elsevier.nl/locate/entcs



BARBUTI AND TESEI

in [13,14,15], where the urgency of transitions outgoing from a state is induced
by the impossibility (due to the failure of a condition) to stay in the state
while the time elapses. In this paper we consider a slightly different notion of
urgency. Urgent transitions are transitions which must be performed within
a given time interval starting from their enabling.

From the expressiveness point of view, both the approaches are suitable for
specifying timed systems. The approach in [13,14,15] allows, in some cases,
more general urgency conditions, while, in other cases, such as “as soon as
possible” transitions, our approach allows more general time constraints.

In this preliminary version of the paper we impose that at most one urgent
transition can exit from a state. We precisely define such a behavior by means
of an operational semantics.

We show that, from the language theoretic point of view, timed automata
and timed automata with urgent transitions are equivalent. This is proved by
defining a transformation from a timed automaton with urgent transitions to
a timed automaton which accepts the same language. However, the transfor-
mation is not a congruence with respect to parallel composition, thus it cannot
be applied to a component which is supposed to be used in different environ-
ments. Thus, the use of urgent transitions is fundamental for the modular
specification of systems.

2 Timed automata

We recall the definition of timed automata [7]. In the following, R is the set
of real numbers and R" the set of non-negative real numbers. Q is the set
of rational numbers and Q" is the set of positive rational numbers. A clock
takes values from RT. Given a set X of clocks, a clock valuation over X is
a function assigning a non-negative real number to every clock. The set of
valuations of X', denoted Vy, is the set of total function from X to RT. Given
v € Vy and § € R, with v + 4 (resp. v — d) we denote the valuation that
maps each clock = € X into v(z)+¢ (resp. v(x)—0). Note that if there exists
x € X such that v(x) — 0 < 0, v(z) — ¢ is not a clock evaluation.

Given a set X of clocks, a reset v is a subset of X'. The set of all resets of
X is denoted by I'y. Given a valuation v € Vy and a reset v, with v\y we
denote the valuation

0 ifxey
viz)ife &~y

Given a set X of clocks, the set Wy of clock constraints over X are defined
by the following grammar:

() =

W = true | false | Y N | x#t
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where x,y € X, t € N is a natural number, and # is a binary operator in
{<,>,<,>,=}. Note that the negation operator is not needed because the
negation of an atomic constraint x#t (# different from =) can be expressed
as another constraint of the same kind. The negation of a constraint x = ¢ can
be expressed by © < ¢tV x > t. The disjunction can be simulated, as usual, by
duplicating the edges in the automaton. Actually, in this version of the work,
we do not allow more than one urgent action outgoing from a state, thus we
have a restriction on the constraints of such actions.

Clock constraints are evaluated over clock valuations. The satisfaction by
a valuation v € Vy of the clock constraint ¢ € Uy, denoted v |= 1, is defined
as follows:

v | true and v £~ false

viE A iff v =g Av s
v | x#t iff v(x)#t

Definition 2.1 [Timed automaton] A timed automaton T is a tuple
(Q,%,E,1,R,X), where: @ is a finite set of states, ¥ is a finite alphabet of
actions, £ is a finite set of edges, I C () is the set of initial states, R C Q) is
the set of repeated states, X is a finite set of clocks. Each edge e € £ is a
tuple in Q X Uy x 'y X X X Q).

If e = (q,¢,v,0,q) is an edge, ¢ is the source, ¢’ is the target, ¢ is the
constraint, o is the label, v is the reset.

The semantics of a timed automaton 7' is given in terms of accepted timed
language. The definition of such a language is based on an infinite transition
system S(T') = (S,—), where S is a set of states and — is the transition
relation. The states S of S(T) are pairs (¢, v), where ¢ € @ is a state of T,
and v is a valuation. An initial state of S(7T) is a state (¢,v), where ¢ € [
is an initial state of 7" and v is the valuation which assigns 0 to every clock
in X. At any state ¢, given a valuation v, T can stay idle or it can perform
an action labeling an outgoing edge e. If T' stays idle, a transition is possible
to a state of S(T') where the state of T' is the same, but the valuation has
been modified according to the elapsed time. If 7" moves along an outgoing
edge e = (q,,7,0,q'), this corresponds to a transition, labeled by o, of S(T')
from the state (g, v) to the state ¢’, v\y. This transition is possible only if the
current clock valuation respects the constraint v of e. The rules to derive the
transitions of S(T) are the following:

6 € RT (¢, ¢0,7,0,¢) €&, v =Y
2.
(q,v) > (q, v+ 0) (q.v) (¢, v\7)

1.

Rule 1. represents the case in which T stays idle in a state and the time
passes, while Rule 2. corresponds to the occurrence of an action.
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Definition 2.2 [run, action sequence] Given a timed automaton
T=(Q,%,&,1,R,X), a run of the automaton is an infinite sequence of states
and transitions of S(7T')

So l—0> S1 L} TN

where

- sp = (q,v) where ¢ € I and v(z) = 0 for every x € X

- a state ¢ € R exists such that ¢ occurs infinitely often in the pairs of the
sequence {s;}

Note that, given a run s, —% s; % ..., for each i, [; € (SURY). Let r be
a run.

- The time sequence t; of the time elapsed from state sy to state s; in r is
defined as follows:
t() =0
0ifl; e ¥
ti—l—l - tz +
[; otherwise

- The event sequence of the events occurring during r, including the elapsed
times, is defined as follows:

(loyto)(l1,t1) - ..
- The action sequence of r is the projection of the event sequence of r on the
pairs {(,t)|l € ¥}

Definition 2.3 [timed word, timed language| Let ¥ be an alphabet. A timed
word over ¥ is an infinite sequence of pairs (0, ty)(o1,¢1) ... such that o; € 3,
and t; € R™, t; <t; + 1, for all 7.

A timed language over ¥ is a subset of the set of all timed words over Y.

Definition 2.4 [acceptance| Given a timed automaton 7' = (Q, %, &, I, R, X),
a timed word w over ¥ is accepted by T if a run r of T exists such that w = v,
where v is the action sequence of r. The set of timed words accepted by 7' is
called the accepted language of T

Note that we use the Biichi acceptance condition for the runs.
A parallel composition is defined on timed automata. Here we recall the
definition given in [7].

Definition 2.5 [Product] Let T} = (Q1, X1, &1, I1, X7) and
Ty = (Q2, %3, &, I3, Xs) be two timed transition tables with X3 N X, = (). The
product of T} and T3, denoted by T} || T3, is given as follows:

Ti|To = (Q1 X Q2,51 U9, E, 11 x I, R, X U Xy)
where £ is defined by:
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(i) Synchronization actions
Vo € 1N, Vg1, ¥1,m,0,41) € E1,Y(q2, V2,72, 0, ¢5) € &
£ contains ((¢1,q2), Y1 A2, 1 Ua, 0, (41, q3))

(ii) 7} actions
Vo € ¥1\%2,V(q, ¢, 7v,0,q") € E1,¥s € Qo
& contains ((q, s),¥,v,0,(q, s))

(iii) T, actions
Vo € Yo\X1,V(q, ¥, v,0,q") € E,Vs € Qy
& contains ((s,q),¥,v,0,(s,q"))

This definition shows what we expect in parallel behaviors:

* Common symbols of the alphabets are synchronization actions. A synchro-
nization action can be executed if and only if all the component automata
involved can execute it. The action must be executed synchronously by all
of them.

* Other symbols can be executed by each component independently according
to its original specification.

Defining the set of repeated states, R', of a parallel composition according
to the Biichi acceptance condition requires a slight different construction with
a lot of details. We refer to [7] for this.

3 Timed automata with urgent transitions

In this section we extend the model of timed automata with a new feature
which is useful in the specification of a real-time systems. The idea is to
provide, in each state of the automaton, the possibility of labeling one of
the outgoing edges as urgent. Intuitively the labeled edge must be taken
with higher priority with respect to the others, provided that its constraint is
satisfied by the current clock valuation.

To be more precise, we introduce a constant ¢ € Q" which represents the
length of a time interval in which an enabled urgent action must be executed.
The time interval is [t,t + ¢) where ¢ is the instant in which the constraint
associated to the urgent transition becomes satisfied by the current clock val-
uation.

Choosing this notion of urgency allow us to define precisely the behavior of
urgent actions. The intuitive idea “urgent transitions must be taken as soon
as possible” introduces some problems when applied in a model with a dense
time domain. Consider a state of a timed automaton in which the current
value of clock x is in [0, 1] and there is an outgoing urgent transition with a
clock constraint z > 1. Letting the time to elapse, at which time would the
urgent transition be executed? It is not possible to answer precisely to this
question since the time domain is dense. To avoid this problem we introduced
the constant ¢ and the interval [0, £) the action must be executed within. The

7
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choice of a right-open interval is also related to the denseness. Suppose, now,
¢ = 1. If we chose an interval [0, /] the upper bound of the interval within
the urgent transition must be executed would not be precisely defined. This is
because the lower bound is not precisely defined. The right-open interval allow
us to express the upper bound as x < 2. If the transition has a constraint in
the form of z > 1 then the upper bound is expressed by < 2. The denseness
also imposes the constant ¢ be greater than 0. The choice ¢ = 0 could be
interpreted as “immediately”, but this leads to the problem discussed above.
However, since ¢ € Q" it can be chosen as small as we want. In other words,
the “as soon as possible” limit behavior can be approximated with arbitrary
precision.

If the constraint of the urgent transition is already satisfied when a state
is entered then the interval starts at the instant in which the state is entered.
We have chosen this approach for a uniform treatment of urgent transitions.

Note that the specification of ¢ could be local to each urgent transition.
For the sake of simplicity we discuss the case in which / is a global parameter.
The case of local specification can be caught by a slight modification of the
definition, the semantics and the transformation.

If a state has no urgent outgoing edges then the behavior is the usual one
of timed automata. This also happens when a state is entered and the urgent
transition is not enabled.

Moreover, when an urgent transition is enabled in a state, the unique way
to continue the run is to execute it, both while the associated constraint is
satisfied and within the interval specified above.

Definition 3.1 [Timed automaton with urgent transitions] Let ¢ € Q" be a
constant. A timed automaton with urgent transitions T is a tuple
(Q,%,E,U,I, R, X), where: @ is a finite set of states, 3 is a finite alphabet of
actions, £ and U are finite sets of edges, the non-urgent and the urgent ones,
I C @ is the set of initial states, R C @ is the set of repeated states, X is a
finite set of clocks. Each edge e € EUU isatuplein Q X Uy x Ty x X x Q. U
is the set of urgent transitions. To impose that at most one urgent transition
can exit from a state we require that (g1, Y1, 71, 01,4}), (G2, Yo, Y2, 02, ¢5) € U
iff g1 7# ¢o.

The class of all timed automata with urgent transitions will be denoted by

T

In the following the superscript £ could be omitted and, when this happens,
it should be considered implicitly defined.

For timed automata with urgent transitions 7 we define an infinite transi-
tion system S(TY) = (S,, —) as for timed automata. The states S, are triples
(¢,v,8,) such that ¢ € Q is the current state of the automata T, v is the
current clock valuation and ¢, € Rt U {0} is a number recording the time
elapsed since the state ¢ has been entered. The rules to derive the transitions
of S(TY) are the following:
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JeRF

(Time) 3
(q,v,84) —(q, v + 6,04 + 9)

(¢, U, v,0,¢) €&, vIEY, (=g, Yu, Yu, 0us €,) EU)
(¢,v,0,) (¢, v\, 0)

(¢, 0,7,0,¢) €&, viEY
(Non-Urgent 2) (¢, Yu;Vus 0us @) €U, (236 0< 6 <6y AV —0 =)
(¢, v,04) (¢, v\, 0)
(qawuaf)/uao.uaql) € u; v ): 1/)1“(1/—6 b& 1/)u\/5q < é)
(¢,v,84) =(q", ¥\, 0)

(Non-Urgent 1)

(Urgent)

Rule (Time) lets the time elapse in a state and updates both the clock
valuation and the time elapsed in the state.

Rule (Non-Urgent 1) is used when 7, is in a state without outgoing
urgent edges. In this case the behavior is the same as timed automata. Note
that when a new state is entered the time elapsed is set to 0.

Rule (Non-Urgent 2) manages the case in which T, is in a state with
a (unique by definition) urgent transition. The “=3” condition in the rule
requires that the urgent transition has never been enabled since the current
state was entered. If this is false the rule is not applicable.

Rule (Urgent) executes an urgent action o. The condition (v — ¢
1V 0, < {) ensures that an urgent transition is taken either before a time ¢
is elapsed after its enabling time, or the time elapsed in the state is less than
¢. Without this guard an urgent transition could be fired after the expiry
time expressed by ¢. This would not be sound with respect to the notion of
urgency.

Note that if S(7},) is in a state in which an urgent transition can be ex-
ecuted by the rule (Urgent) it cannot be postponed until its constraint be-
comes false. This because the “~3” condition of rule (Non-Urgent 2) will
never be true and the run could not proceed.

The notion of run for a timed automata with urgent transitions is defined
in the same way as for timed automata using the transition system S(7,).
Similarly for the accepted timed language.

Example 3.2 Figure 1 shows an example of a timed automaton with a urgent
transition, indicated by the letter u. In this example we consider £ = 1. The
automaton can execute the action b when the value of the clock = is in the
interval (0,1]. When the value of x becomes greater than 1, b cannot be
performed any longer and the urgent action ¢ must be executed. Moreover,
because of the urgency, a must be performed while the value of x is in the

9
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interval (1,2].

X >0, X>1,
L ().
{x} {x}
Fig. 1. An automaton with urgent transitions, T}

4 The expressive power of timed automata with urgent
transitions

In this section we show that, from a language theoretic point of view, the
expressive power of timed automata with urgent transitions is equivalent to
the one of timed automata. This is shown by providing a transformation which
preserves the accepted language. Because timed automata are special cases
of timed automata with urgent transitions, the transformation is only given
starting from the latter ones.

In the next section we show that the transformation is not compositional,
thus, for specification purposes, the use of urgent transitions is fundamental.

4.1 The region form of a timed automata

Let T! be a timed automaton with urgent transitions. We give a transforma-
tion that builds a timed automata accepting the same timed language.
a

Note that if £ = § with a and b natural numbers, it is always possible to

transform a Tu% automaton to an isomorphic one 7;* by multiplying all the
constants in the clock constraints by b. So we can assume without loss of
generality that ¢ is a positive natural number. For the sake of simplicity we
assume in this section that ¢ = 1, but the transformation can be easily defined
for any positive natural number.

Given a set of clocks X, a clock region, as defined in [7], is an equivalence
class of clock evaluations such that, given two clock evaluations v and v/
belonging to it, for every clock constraint ¢, v | ¢ iff v/ = 1. Note that,
given a timed automaton 7" and a set of clocks X', the clock regions are finite.
Let us denote such a set by Reg(7, X’). We denote the equivalence class of
a clock evaluation v as [v]. A clock region o € Reg(T, X') can be uniquely
identified by specifying, for every clock = € X, one clock constraint of the set
Co={r=clc=0,1,...,c,}U{c—1<z<cle=1,2,...c,} U{z > ¢, }
where ¢, is the greatest constant to which x is compared in the constraints of T'.
Moreover, for every pair of clocks x and y such that we specified c—1 < x < ¢
and d — 1 < y < d, for some ¢, d, an inequality of type fract(z)#fract(y)

10
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where # € {<,=, >} must be specified. Here fract(z) is the fractional part
of the value of clock x.

Given a clock region o € Reg(T, X') and x € X we denote by Rr(«a, ) the
unique clock constraint in C, specifying a.

In [7] it is shown how to construct, given a clock region o € Reg(T, X),
the ordered set of clock regions that are time successors of a. We denote such
set by succ(a). The order <, of the clock regions in the set succ(a) is total
and such that o <, o iff @ is a time successor of .

Given a clock region a € Reg(T,X) and a reset v C X, we denote by
[v — 0]a the clock region such that, for all € v, the constraint in « for z is
substituted by z = 0.

In the following we need a transformation of clock constraints ¢ which gives
a logically equivalent constraint min(t)) such that it does not contain redun-
dancies. Essentially the transformation drop from ¢ the atomic constraints
which are implied by others, yielding a minimal conjunction of constraints. In
other words, for each clock # € X, there is only one constraint in min(¢) of
the forms x = ¢, z#tc, c#a#'d or c#x, where #,#' € {<, <}. Let us denote
by select(min(1)),z) such unique constraint.

The following definition describes a first transformation, in region form,
of a timed automaton with urgent transitions. To this purpose a state of
the transformed automaton records both the state of the original one and
the equivalence class (clock region) of the values of clocks when the state is
entered.

Definition 4.1 Let T, = (Q,%,E,U,I, R, X) be a timed automaton with

urgent transitions.

The corresponding timed automaton in region form,

Tr=(Q, %, U, I",R", X)

is defined as follows:

- the states in Q" and R" are of the form (g, &) where ¢ € @ and « is a clock
region,

- the states in I" are of the form (g, [p]) where ¢ € I and vy(z) = 0 for all
reX

- ({q, 0),min() A N\ cr R, (2", 2),7,0,(¢, [y = 0]a")) € £ (resp. U") iff
(q,%,7,0,¢") € € (resp. U), a € Reg(T,, X), and " € succ(a).

Note that the new states are built exactly as the ones of the region au-
tomaton as defined in [7].

This construction differs from the one for region automata because con-
straints and resets are maintained on the edges. These constraints are modified
in order to force the corresponding edge to enter only one of the time succes-
sor clock regions (in the sense that for other regions the constraint is always
false).

It is important to note that a timed automaton with urgent actions in
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region form may not meet the requirement that at most one urgent transition
can exit form the same state. This is not a problem because this automaton
is intended as an intermediate state in the transformation.

Example 4.2 In Figure 2 it is shown the automaton of Figure 1 in region
form, denoted by T.'". Note that the constraints explicitly shows the time
successor clock region to which they refer. Note that all the edges with a false
constraint have been removed and, in the states, there is only the [x = 0]
region because both the original edges reset x.

x>1,b,{x}
O0<x<1, d 1<x,
b, {x} a {x}
x=1,b,{x}

Fig. 2. Automaton T.\"

4.2 Making the urgent transitions £ consistent

The second step of the transformation will adapt the constraints of the urgent
transitions of 7, making them consistent with the semantics we gave in Sec-
tion 3. More precisely clock constraints are adapted according to the behavior
expressed by the rule (Urgent). In this step we consider only the urgent
actions and neglect the other ones which remain unchanged. The third step
will adapt these according to the semantics.

Let (g,a) be a state of T such that in state ¢ of T, there was an out-
going urgent transition e, = (q,%,7,0,q'). The latter became, in 7}, a set
of transitions £¢ = {((¢, a),min(y)) A \,cx Br, (0", 2),7v,0,(¢, [y = 0]a")) €
U™ | o" € succ(a)}. Note that « is the clock region when (g, «) is entered
by T and all the outgoing urgent transitions EZ are labeled by the same ac-
tion. We adapt the clock constraints of these to handle the expiration time
expressed by /, i.e. to force the action to be executed within ¢ time units from
the instant it becomes enabled.

There are three possible cases.

- First, min(¢)) is implied by «, that is, if v € a then v = ¢. In other words
the urgent action is already enabled when the state is entered. Here we
simply add to each transition in E? a new constraint imposing that the
time elapsed in the state be less than ¢ = 1. To do this we add in 7] a new
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clock variable for each state. Whenever a state is entered the correspondent
clock is reset, so it can be used in the constraints of outgoing edges as a
measure of the time elapsed in the state.

- Second, min(t)) is equivalent to false or it is consistent, but it will never
be true letting the time to elapse from «. For the latter case consider, for
instance, « =[x = 1Ay =2] and Y =z < 1 Ay > 2. In this case we do
nothing.

- Third, min(¢)) is not implied by « and will be implied by a time successor
of a.. In this case we have to ensure that, starting from the instant in which
min(¢) will become true, the transition will be taken within ¢ time units.
This case requires some new notation and definitions. Using the total order
<, defined in the set succ(a) we can determine, as the time elapses, the
first clock region in which min(¢)) will be true. Let us denote this clock
region by fst_succ(a,min(1))) = mingecsucc(a) (¢’ = min(¢y)). Moreover
we can establish the immediate predecessor, according to the total order, of
a clock region ' in the set succ(a). Let use denote this by prec(a’). Note
that if o/ is the minimum in succ(a), then its predecessor is c.

Definition 4.3 [Set of Crucial Clocks] The set

cruc(a,min(¢))) = X — {z € X | Rr,(prec(fst_succ(a,min(¢)))),z) =
select(min(¢),z)} contains the only clocks that determine the truth of the
constraint min(¢) in the region fst_succ(o, min(¢))).

Let us explain the concept of “crucial” by an example.

Example 4.4 Let min(¢)) be 0 < 2 < 2A1 <y <3. Ifais[z =0A0<
y < 1] then fst_succ(a,min(¢))) = [1 <y < 2A0 < z < 1,fract(y) >
fract(z)] and prec(fst_succ(a,min(¢)))) = [y = 1A0 < z < 1]. In
prec(fst_succ(a,min(¢))), the value of clock x implies the atomic constraint
select(min(¢)),z) = 0 < x < 2, so x is not crucial for min(¢)) becomes true.
Thus, we have cruc(«,min(y))) = {y}.

If wis [y =1Ax =0] then fst_succ(a,min(y))) =[1 <y<2A0<z <
1,fract(y) = fract(z)] and prec(fst_succ(w,min(1)))) is «v itself. Here both
x and y are crucial clocks.

Note that the set of crucial clocks always contains at least one element. If
this were not true, the clock region prec(fst_succ(a,min(¢)))) would implies
min(¢). But, by definition, fst_succ(a,min(¢)) is the minimum clock region
that implies min(¢) and prec(fst_succ(a,min(¢)))) is strictly less than it
using the order defined in succ(a) U {a}. A contradiction.

The constraint select(min(¢), z), given any crucial clock z, can be used
to determine a constraint that force the urgent action to be executed within
¢ =1 time units from it became enabled. To do this we add to any transition
in E? the additional constraint add(«,min(¢)))) constructed as follows. Given
a crucial clock x (we can choose any one):
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 add(a,min())) is (r < ¢+ 1) if select(min(¢)),x) is either (z = ¢) or
(¢ < x#td) or (x > ¢). Here ¢ < d and # € {<, <}.
e add(a,min(v)))) is (z < ¢+ 1) if
select(min(¢),x) is either (¢ < x#d) or (¢ < x). Here ¢ < d and
#e{<, <}
Adding add(c,min(t))) to all transitions in E? we ensures that the urgent
action will be executed according to its semantics.

Definition 4.5 Let 7 = (Q",%,E",U",I",R",X) be a timed automaton
with urgent transitions in region form. The ¢-consistent version of it, (1, is
the timed automaton (Q",X,E", U}, I", R", X") where X" = X U {z,|q¢ € Q"}
and U" is constructed as follows:

¢ (<Qa C¥>, YA Tigay < 677 U {x<qua’>}7 g, <qla al>) € & iff
(g, @), ¥,7,0,{(¢,a')) € U" and (a = 1),

* ({¢, ), min(min(Y)AN,cr Br, (o, v)Aadd(a, min(v)))), yU{z (g1}, 0, (¢, ')
e & iff
(¢, a),min(p)A N, cx B, (0", 2),7,0,(¢, [y = 0]a”)) e U", o € Reg(T,, X),
" € succ(a) and (o 7 )

4.3 The quiet version of a timed automaton with urgent transitions

Now, in order to achieve the desired behavior, in each state of /1, we have to
turn off all the originally non-urgent outgoing transitions when at least one of
the edges obtained by the originally urgent transition is enabled. This is the
third transformation step.

Let e = ({q, ), 1,7, 0,(¢, ') be a non-urgent outgoing transition from a
state in ¢7,,. We map e in some transitions ¢/ = ((¢, @), ) A 0,7,0,{(¢,a')) of
the new automaton where 6 is the constraint that will become false when at
least one of the outgoing urgent transitions of a state in ¢, becomes true.

Definition 4.6 Let ¢) be a constraint without redundancies over a set of
clocks X'. The upper opening O (1)) of ¢ is obtained by deleting from 1) all the
constraints of the form x < cand x < ¢, and by substituting all the constraints
of the form x = ¢ by © > ¢, for all € X. Clearly this definition requires
constraints of the form c#a#d, # € {<, <}, to be considered as c#x A x#d.

The upper opening of the disjunction of all urgent edges constraints (with-
out redundancies), outgoing from a state in 7, describes a right-infinite
time interval to the beginning of which a urgent transition must be taken.
The negation of this disjunction must be added to all the constraints of non-
urgent edges of 7, outgoing from the same state.

The negation of a complex formula can introduce disjunction of constraints.
We denote by DNFT an operation that, given a constraint which contains nega-
tions, push the negation operator inside, using the logical axioms for —, A, V,
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until it is applied to atomic constraints. Then it transforms the negations of
these constraints to the correspondent positive ones ( z = ¢ will be translated
into x < ¢V ¢ < z). Finally, it transforms the formula in disjunctive nor-
mal form. It returns the set containing all the conjunctive components of the
formula.

Definition 4.7 Let (1] = (Q",X,E",U;, 1", R", X") be the (-consistent ver-
sion of a timed automaton with urgent transitions in region form 7). The
quiet version of it, 77, is the timed automaton (Q", %, =U; UE', I",R", X7)
where £’ is constructed as follows:

(<qa CY>, YAP,yU {‘T<q',a'>}7 g, <q,7 CY’>) €& iff
(g, @), ¥,7,0,(¢,a)) € E", and
¢ € DNFT(=(\/, O(min(¢yy,))) for all ((g, @), Yu, Yu, ou, (¢", ")) € U].

Example 4.8 Figure 3 shows the automaton 7'" which is the quieted version
of the automaton T of Figure 1. Note that the constraint z > 1 on the edge
for b has been modified to 1 < x A x < 1 by the last transformation. Thus,
being always false has been removed. In figure, the clock x, ,—q is omitted
because it is useless in this case.

O<x<1], l1<x<=2,
b, {x} a, {x}
x=1,b,{x}

Fig. 3. Automaton T''"
The transformation allows to state the following result.

Proposition 4.9 Let T, be a timed automaton with urgent transitions, T)
the corresponding timed automata in region form and T" its quiet version. T,
and T" accept the same timed language.

5 Using timed automata with urgent transitions as a
specification formalism

In the previous section we defined a new feature for the timed automata spec-
ification formalism. After that we showed how to compile a timed automaton
with urgent transition into a standard timed automaton.

Indeed, a specification formalism needs a way to define systems as a com-
position of components. For timed automata this mechanism is the parallel
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composition of Definition 2.5. The parallel composition of timed automata
with urgent transitions is defined in the same way, but the following remarks:

* the urgency of a transition of a component with a synchronization action o
extends to the transition obtained using the rule (i) of Definition 2.5 even
if the transition of the partner was not urgent

* the urgency of a transition of a component extends to the transition obtained
by the rules (ii) and (iii) of Definition 2.5

* if the interleaving of actions leads to a reachable state with more than one
outgoing urgent transition, then the composition is not possible.

The latter restriction follows from the limitation we gave in Definition 3.1.
We plan to extend our definition to manage multiple outgoing urgent transi-
tions. Most of the future work will concern the definition of a precise behavior
in that case.

It is easy to see that the transformation defined in the previous section is
not a congruence with respect to parallel composition. In other words if we
have two timed automata, T and T?, with urgent transition the automaton
T! || T2, when defined, is not equivalent, in general, to T7 || Ty (the standard
parallel composition of the quiet version of them).

This fact makes the transformation not feasible for modular specifications,
i.e. it must be applied to the whole system (the parallel composition of all
components).

X>2,
@ {j}

Fig. 4. Automaton T}

Consider the automaton T)' of Figure 4, the automaton T, of Figure 1
and the parallel composition T! || T!'. The action a, being a synchronization
action, can be performed only when the value of the clock x is greater than
2. Thus b can be performed when the value of x is in (0, 2]. Using the quiet
version of T'! (Figure 3) in the parallel composition leads to a wrong behavior:
T' || T!" cannot perform the action a.

5.1 An example

In this last section we show a simple example. In Figure 5 is given the specifi-
cation of a scheduler. The scheduler assigns resources to two processes, P1 and
P2, alternatively. To each process the resources are assigned for 2 time units.
If, during the elaboration of a process, an interruption occurs, it must be han-
dled immediately. This is specified by considering the interruption handling a
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urgent action. It is important to note that, because of urgent transitions, the
scheduler behaves in the correct way independently from the environment in
which will be introduced. The interruption handling will preempt all the non-
urgent transitions of the environment thus preserving the intended behavior
of the scheduler.

X =2, switch, {x}

X =2, switch, {x}

X<2,
done, done,

X<2,

true, true,
int, {} {} int,
{} {}

Fig. 5. A simple scheduler

6 Related works

The notion of urgency for timed formalisms has been studied in the past.

In [12] the urgency of actions has been investigated in the process algebra
field with the concept of discrete time.

A closer approach to ours can be found in [13,14,15]. There the states of a
timed automaton are associated with time progress conditions (T'PC). TPC
are state conditions which specify that the time can progress at a state by o
only if all the intermediate times ¢’, 0 < 0" < ¢, satisfy it.

T PC are computed from deadlines. Deadlines are clock constraints associ-
ated to transitions in addition to the usual constraints (which, in this setting,
are called guards). The defined class of timed automata is called Timed Au-
tomata with Deadlines (T AD).

Given a state g, its T PC' is intuitively computed as follows. Consider the
set I = {i | t; is a transition outgoing from ¢} of indexes of transitions from
q¢. The TPC of g, ¢4, is obtained as the negation of the disjunction of the
deadlines, d;, of all the transitions from ¢, ¢, = =\/,.; d;. In a state of a run,
(q,v), the time can progress by 4, (¢, v) i>(q, v+90),if Vo <ov+9d Ec,

Given a transition in a TAD, with guard ¢ and deadline d, we can found
in [14] the following remark.

“The relative position of d with respect to & determines the urgency of the
action. For a given 0, the corresponding d may take two extreme values: first,
d = 0, meaning that the action is eager and, second, d = false, meaning that

17



BARBUTI AND TESEI

the action is lazy. A particularly interesting case is the one of a delayable
action where d is the falling edge of a right-closed guard ¢ (cannot be disabled
without enforcing its execution).

The condition d = § guarantees that if time cannot progress at some state,
then at least one action is enabled from this state. Restriction to right-open
TPC guarantees that deadlines can be reached by continuous time trajectories
and permits to avoid deadlock situations in the case of eager transitions. For
instance, consider the case where d = § = x > 2, implying the TPC © < 2,
which is not right-open. Then, if x is initially 2, time cannot progress by any
delay 6, according to above definition. The guard 1 is not satisfied either,
thus, the system is deadlocked.”

This limitation is very intuitive: if the eager transition has a left-open
guard, the time at which it can be fired is undefined. Using our concept of
urgent transition we avoid this problem because the transition can be fired in
the interval [0, ¢). On the other hand to fire “as soon as possible” a transition
with a left-closed guard, say 2 < x, we have only to change it in 2 = .

Example 6.1 Let us use our notion of urgency to model a producer-consumer
system that is considered in [15]. The partners are supposed to communicate
with a zero-length buffer. Figure 6(a) and 6(b) show the producer and the
consumer respectively.

The producer in state 1 is producing a new item. This process requires a
time that is between [, and u, time units. When in state 3, the producer can
communicate with a handshake in the time interval I/, u;] to send an item.
Conversely the consumer in state 2 can communicate with a handshake in
the time interval [/, u.] to receive an item. When in state 4 the consumer is
consuming the item needing a time between [. and u. time units. Note that
actions produce and consume represent the end of the correspondent processes.
Also note that handshake is a urgent action for both the components. The
parallel composition is shown in Figure 7. In [15] authors use both different
notions of compositions of guards and deadlines to obtain different behaviors
of the whole system. Here we study how these behaviors can be simulated in
our model varying the constraint ) for the handshake action in Figure 7 and
the urgency parameter /.

The first behavior to consider is the usual one coming from standard par-
allel composition. The constraint @ is the conjunction of the components
handshake-transition constraints. The parameter £ in this case is max((u, —
I), (u,—I.)), i.e. the length of the largest interval expressed in the components
behavior. The system can execute the handshake only if both clock x and y are
in the intervals expressed in the specification of components. This behavior,
as observed in [15], could be too restrictive since it may cause deadlock.

To relax this condition we can set the constraint i of Figure 7 to z >
I, Ny > [.. Now the upper bounds are not considered and, starting from the
instant in which the constraint becomes satisfied, the action has to be executed
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Ip=x=uj, Ib=x=uj, lcSY<u, lcSY=uy
produce handshake consume handshake
u u
@) (b)

Fig. 6. A Producer-Consumer system: the components

<y < IE

<y <
Ip_x_up Ip_x_up
<y<
produce le=YSue produce
consume
{x} {x}

(3’2) u > (114)

W, handshake, {X, y}

Fig. 7. A Producer-Consumer system: parallel composition

within £ time units. We set £ to min((u;, —[), (u — [.)). This ensures that at
most one of the upper bounds can be violated. This behavior is similar to the
one specified in [15] by a deadline x = u;, Ay > u, V y = u, Ax > u;,. There
the handshake can be postponed as long as one of the intervals is not violated,
but when the end of this interval is reached the action becomes urgent and
must be executed. Clearly, since in the current approach we can specify only
one outgoing action for each state, our model is a slight more restrictive. As a
matter of fact, if the shortest interval is the one associated to clock y and the
clock values are such that the first constraint satisfied is y > [/, then, when
the constraint ¢ becomes true (i.e. x > I becomes true), the action must be
executed before the upper bound associated to y (actually it should wait until
x = u;,) because we definitely chose £ = (u;, —[). A similar remark can be
done considering the choice of £ = (u;, —[).

There is another synchronization scheme for this example that authors in
[15] call “best-effort”, that is “either no upper bound is violated if possible,
or the transition is executed as soon as possible”. To express a similar scheme
we use the constraint ¢ = x > [, Ay > [, as above and a constant ¢ as small
as we want to precisely approximate the “as soon as possible” behavior. In
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this example this is precisely definite since the constraint ¢ =2 > [, Ay > [,
uses the operator >. Indeed, the action should be executed when =z = l;) or
y = l! (depending on which one becomes true after). In this version of the
work we always have to consider the approximation, even for precisely definite
behaviors (i.e. those with operators “>” and “="). However, note that by
using the approximation we can manage also the constraints in which is used
the operator > in place of >.

7 Conclusion

In this paper we introduce a notion of urgency for timed automata. We com-
pare it with other approaches to urgency, in particular the one of [13,14,15].

In this version of the paper we introduce the limitation that no more than
one urgent transition can exit from a state. We plan to remove this limitation
in future works.
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Abstract

The addition of timing specification in Petri Nets (PN) has followed two main
lines: intervals for functional analysis or stochastic durations for performance and
dependability analysis. The present paper proposes a novel technique to analyze
time or stochastic PN models based on discretization. This technique can be seen
as a bridge between the world of functional analysis and the world of stochastic
analysis. The proposed discretization technique is based on the definition of a new
construct called Discrete Phase Type Timing - DPT that can represent a discrete
cumulative density function (cdf) over a finite support (or a deterministic cdf)
as well as an interval with non-deterministic choice (or a deterministic duration).
In both views, a preemption policy can be assigned and a strong (the transition
must fire when the interval expires) or a weak (the transition can fire when the
interval expires) firing semantics. The paper introduces the DPT construct and
shows how the expanded state space can be built up resorting to a compositional
approach based on Kronecker algebra. With this technique a functional model
can be quantified by adding probability measures over the firing intervals without
modifying the (compositional) structure of the PN model.

1 Introduction

The inclusion of timing specification in Petri net models has followed two main
streams of research. In the first one time is assigned as a deterministic value
(constant or interval) while in the second stream, the activities are assumed
to have a random duration. We will refer to the first class of models as Time
Petri Nets (TPN) and to the second class as Stochastic Petri Nets (SPN).
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TPN are devoted to specify and verify properties of systems where timing is
a critical parameter that may affect the behavior of the system. In this line
of research [18], time is assigned as a constant value or as an interval defined
by a min (earliest firing time - EFT) and a max (latest firing time - LFT)
value. The firing semantics is interleaving and with non-determinism (no
weight is assigned to the action of atomic firing inside the allowed interval or
for resolving conflicts). Further developments along this line are documented
in [4,9]. In [15] a modified firing semantics is introduced: time is assigned as
intervals, and firing may be forced when the maximum time expires (strong
firing semantics) or firing may be not mandatory when the maximum time
expires (weak firing semantics). Analysis of TPN models involves the search
for reachable conditions through the exploration of firing zones [4,22].

Since the initial work in [20,19], SPN have found a sound theoretical base
and consolidated applications when the firing time assigned to timed transi-
tions is an exponentially distributed random variable, so that the evolution
of the system throughout its reachability graph is mapped into a continuous
time Markov chain (CTMC). A number of tools exploit this paradigm and the
most extensive applications are in the area of performance and dependability
modeling and analysis [2]. However, reality is not always exponential and
attempts have been made to include in SPN generally distributed transitions
[1,7]. Particular emphasis has been devoted to models in which determinis-
tic times [3,17] are combined with exponential random variables. In order to
completely specify the non-Markovian stochastic process underlying the be-
havior of a SPN with generally distributed transition times, each transition
is assigned an age variable. The way in which the age variable accounts for
the time in which the transition has been enabled is governed by three mem-
ory policies [7]. In the preemptive repeat different (prd) policy (also called
enabling memory) the age variable is reset each time the transition is disabled
or fires; in the preemptive repeat identical (pri) policy [6], when the transition
is disabled its age variable is reset, but when the transition is enabled again
an identical firing time must be completed. Finally, in the preemptive resume
(prs) policy the age variable maintains its value when the transition is disabled
and then re-enabled, and is reset only when the transition fires.

Under the restriction that the marking process arising from these SPN is
a Markov regenerative process [11,7], an analytical solution can be envisaged.
Otherwise, an approximate solution can be obtained through a “Markovian-
ization”, by assigning to each transition a continuous Phase type distributions
8].

More recently, a new class of SPN has been explored, namely the one
obtained by assigning to each timed transition a Discrete phase type (DPH)
distribution [12,23,21,16]. DPH distributions are distributions arising from the
time to absorption in discrete-time Markov chains with absorbing states and
have been extensively explored in [5], where a fitting algorithm has been also
provided. The peculiarity of the class of DPH distributions, is that it contains
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cdf with finite support like the deterministic or the (discrete) uniform. The
use of DPH in Petri net models, allows to include cdf with finite support
and any mixture of preemption policies. Moreover the transition matrix over
the expanded state space may be expressed in a compositional way by means
of Kronecker algebra [21], without the need of generating and storing the
complete matrix. Hence, the cost of storing the model is of the same order as
the cost of storing the reachability graph of the untimed PN and the solution
may exploit efficient algorithms [10] for block matrices in Kronecker form.

This paper shows that the discretization technique, up to now adopted in
SPN, can be seen as a bridge between the world of the functional analysis
and the world of the stochastic analysis. To this end, we define an extended
construct, called Discrete Phase Type Timing (DPT), that encompasses the
features of the DPH distributions and of the intervals (or constants) with non-
determinism. By assigning to each timed transition of a PN a DPT we can
build up both a functional model, in the line of those discussed in [18,4,15]
and a stochastic model in the line of those discussed in [21,16]. One goal of
this paper is to show that a functional model can be quantified by adding
probability measures over the firing intervals without modifying the structure
of the underlying PN model. Since the DPT class inherits the properties of
DPH random variables and non-deterministic intervals, the DPT-PN model
shares the same characteristics examined in [21,16] for DPH stochastic PN. In
particular, the compositional structure of the expanded state space [21] can
be exploited also for the functional model. Moreover, we can associate to any
DPT a preemption policy, so that functional analysis can be carried out taking
into account interruption and restart mechanisms that were not covered by
previous models, and, furthermore, we can accommodate in the model both
weak and strong firing semantics as defined in [15].

Discretization implies a state expansion and incurs in the state space ex-
plosion problems. The compositional approach via Kronecker algebra may
alleviate this problem, and we can benefit from efficient storage techniques as
those presented in [13]. Moreover, where DPT are used for functional analysis,
the PN model may be interfaced with efficient discrete model-checking tools
[14].

The paper is organized as follows. Section 2 introduces the Discrete Phase
Type Timing structures that will be used to describe the local evolution of
the transitions of the model. Section 3 describes the global evolution of the
process. In Section 4 two demonstrative examples are given. Conclusions are
drawn in Section 5.

2 Structures and matrices to describe local evolution
of transitions

This section is organized as follows. Section 2.1 and Section 2.2 introduces
the DPT structures and corresponding matrices for functional and stochastic
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Fig. 1. A: Local evolution of a transition with interval firing [a, b] in case of strong
time semantics and prd or prs policy. B: Local evolution of a transition with interval
firing [a, 0o] in case of either weak or strong time semantics and prd or prs policy

analysis, respectively. These structures describe how the local descriptor of a
transition evolves in a step if the transition is enabled. The applied structures
depend on the adopted memory policy as well.

Throughout the paper we assume that minimal and maximal firing times
are integer values and the minimal firing time is strictly positive. Note that a
model in which all minimal and maximal firing times are integer multiples of
a common time unit can be handled the same way. Zero minimal firing time
can be handled as well by properly supplementing the model by immediate
transitions.

2.1 Functional analysis

Transitions with prd or prs preemption policy

The structure used to represent the local evolution of an enabled transition
with strong time semantics and firing interval [a, b] is depicted in Figure 1A.
When the initial phase of the structure is chosen the process may enter any
of the phases signed with 1. The arrows represent the possible state-jumps;
having more than one outgoing arc from a phase indicates a non-deterministic
choice. The transition fires if a state-jump to the filled state occurs. In every
step, if the transition is enabled, the process steps to the next phase. This
structure ensures that the firing time of the transition will be in the interval
la,b] and the transition fires for certain when it reaches the upper limit of
its firing interval. The structure is represented by the row vector to that
describes the possible initial phases, the square matrix T that describes the
possible state-jumps and the column vector ¢y that gives the phases of which
firing may happen. These vectors and matrices, which will describe the local
evolution of an enabled transition, are

01 0 ... r oA

0
001 0 ... .
to=1[1,...,1,0,...,0], T = L te= |
bratl o=l 0 ...0 1
1
0 0 -
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In case of firing interval [a, oo] (still with strong time semantics) the struc-
ture depicted in Figure 1B is applied. Having been enabled for a time units the
transition may either fire or remain in the last phase. Observing the structure
one can easily write its descriptors £o, T and ;.

Assuming weak time semantics, the local evolution of an enabled transition
with firing interval [a, b] is followed using the structure shown in Figure 2A.
When the transition is enabled for b time units it either fires or the process
steps to the phase signed by the circle with thicker line from which there is
no outgoing arc. This structure guarantees that the firing time will be in the
interval [a,b] and makes it possible that the transition does not fire in the
interval. If the firing interval is [a, o], there is no difference between strong
and weak time semantics. Hence the structure depicted in Figure 1B is used.

3

—b

DRONOSE

Fig. 2. A: Local evolution of a transition with interval firing [a,b] in case of weak
time semantics and prd or prs policy. B: Local evolution of a transition with interval
firing [a, b] in case of pri policy.

The above described structures are used in a different manner in case of
prd than in case of prs transitions. When a prs transition is preempted the
phase in which it was preempted is recorded; in case of re-enabling the process
enters this state. Instead, when a prd transition is re-enabled, the initial state
is chosen according to tg.

Transitions with pri policy
In case of pri transitions, the amount of time the transition spent enabled is
lost and we have to ensure that the firing time of the transition is the same
after it is re-enabled. This requirement can not be fulfilled with the structures
presented above. Instead, the structure of Figure 2B is used. When the
transition gets preempted the column in which the process was when the
preemption happened is recorded; in case of re-enabling the process enters the
first phase of this column. The realization of a transition with firing interval
[a, 00| would require an infinite state structure, and hence it is not considered.
When we adopt weak time semantics the gray phase drawn with thicker
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line is present as well. So that, it is possible that the transition does not fire in
the interval [a, b]. When the process is in this phase when getting preempted,
it returns to this phase in case of re-enabling.

2.2 Stochastic analysis

Transitions with prd or prs preemption policy

A discrete Phase type (DPH) distribution is the distribution of the time to
absorption in a discrete-time Markov chain. As a counterpart of the weak
time semantics in stochastic analysis, we introduce and make use of possibly
defective discrete Phase type (PDDPH) distributions (see Appendix A for the
definition of PDDPH distributions). A PDDPH distribution is associated to
every timed transition of the Petri net. A Markov chain describing a PDDPH
distribution may have two absorbing states. A jump to the absorbing phase
referred to as firing absorbing phase (drawn with a filled circle) causes the
transition to fire. A jump to the other absorbing phase, referred to as local
absorbing phase and drawn with a thicker line, means that the transition
can not fire anymore in its current sampling period (i.e. it can fire in the
future only if it gets disabled and then it is re-sampled again). Without
loss of generality we may assume that there are no other absorbing states or
absorbing group of states in the chain.

A simple example for PDDPH distribution is depicted in Figure 3A. When
the firing time of a transition is sampled the process enters one of the phases
according to the initial probabilities; initial probabilities are written next to
the phases. In Section 2.1 several outgoing arcs of a place represented a non-
probabilistic choice. Instead, during stochastic analysis, outgoing arcs of a
given phase represent a probabilistic choice among the arcs, i.e. a real value
from the interval [0, 1] is associated to each arc (these values are not depicted
in Figure 3A) which gives the probability that a given arc will be chosen
in the next step (the sum of the values associated to the outgoing arcs of a
given place is 1). While in functional analysis weak time semantics implies a
non-deterministic choice on whether the transition fires or not, using PDDPH
distributions leads to a probabilistic choice. By computing the steady state
probability of the two absorbing states one can determine how “defective” the
transition is.

Fig. 3. A: Possibly defective DPH distribution. B: Possibly defective DPH distri-
bution with finite support [a, b] for prd or prs transitions.
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A PDDPH distribution is described by its initial probability vector
tO = [p17p27 s 7pn7pdef]7

its transition matrix T" which governs the phase-jumps, and a column vector
ty which contains the probabilities of jumping to the firing absorbing state.
We make two comments at this point. First, it is not necessary to have local
absorbing state. Second, the row of T" that corresponds to the local absorbing
state contains a single non-zero value which is a 1 in the diagonal.

With PDDPH distributions one can realize a finite support distribution as
shown in Figure 3B, it can be either defective or not, depending on the actual
value of p,;. When not defective this structure is the stochastic counterpart
of the structure shown in Figure 1A, when defective it is the stochastic coun-
terpart of the structure shown in Figure 2A. In functional analysis, the only
knowledge we have is that the transition fires in the interval [a,b] in a non-
deterministic manner. Instead, in stochastic analysis, it is possible to define
the exact probability that the transition fires at a given time instant in the
interval [a, b].

Figure 4A depicts the possibility of having defective or non-defective DPH
distributions with support [a, oc]. The process enters either the local absorbing
state or the state on the left side of the figure after which it has to take at
least a steps before absorption.

Fig. 4. A: Possibly defective DPH distribution with support [a, oo] for prd or prs
transitions. B: Possibly defective DPH distribution with finite support [a, b] for pri
transitions.

The difference between handling prs and prd transitions in case of preemp-
tion is the same as when performing functional analysis.

Transitions with pri preemption policy

As for functional analysis a different structure is applied for transitions with pri
policy. This structure, which is the probabilistic counterpart of the structure
shown in Figure 2B, is depicted in Figure 4B.
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3 Global process

For describing the global evolution of the process the method presented in [21]
is followed with two important differences. First, we handle prs transitions
in a manner that corresponds exactly to the definition of the prs preemption
policy #. Second, we extend [21] with the possibility of having transitions
with pri preemption policy in the model.

In order to describe the global evolution of the process we need extended
knowledge on the reachable markings of the net. We call the graph we use
extended reachability graph (erg). A node of the erg carries the following
information:

e the number of tokens in the places of the net,

* the set of preempted transitions with memory (the phase in which these
transitions were preempted has to be recorded),

* the set of prs transitions that were candidates for firing but did not fire; these
transitions, because of the definition of prs memory policy, are candidates
for firing immediately when they get enabled.

The last entry of the above list requires some further explanation. In the con-

sidered model (either functional or stochastic) it can happen that two or more

transitions have the same firing time instant. These transitions are called can-
didates for firing. Having a set of candidates the resulting marking depends on
the order of firings and it can happen that a transition firing prevents another
candidate from firing. The set of possible orders (in case of functional analy-
sis) or the probability of a given order (in case of probabilistic analysis) can be
determined based on priority considerations; this issue is not in the scope of
this paper. Not having additional priority information on the transitions, one
can assume that all orders of the candidates are possible (functional analysis)

or all orders have equal probability (probabilistic analysis) [21].

A simplest example of erg is shown in Figure 5. Even if the net has
two reachable markings, still the erg has four nodes. In marking P; three
situations have to be distinguished: the marking was reached by the firing of
T, the marking was reached by the firing of 7, and 77 was not candidate for
firing, the marking was reached by the firing of 75 and 77 was candidate for
firing.

The following notations are used to describe the procedure. We assume
that the number of nodes in the erg is finite and denoted by N. The ith
node of the erg will be denoted by m;. The set of prs and pri transitions are
denoted by S and Z, respectively. The firing interval of a pri transition 7; is
denoted by [a®), b)]. The set of transitions that are enabled in m; is denoted
by A;. The set of transitions that are disabled but have memory in m; is
denoted by B;. The set of transitions that were candidates but did not fire
when the process entered extended marking m; is denoted by C;. The number

3 A prs transition that was candidate for firing but did not fire has to be candidate for
firing immediately when it gets enabled again. This fact was not considered in [21].
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|P3, leith marmry|

Tgy T1 was candidate for firing

|P3, T1 i medi at e candi dat e|

Fig. 5. In marking P transition 77 may either have or not have memory

of transitions in the net is M. The transitions are ordered and the ith one is
denoted by T;.

The local evolution of a transition is described by the vectors and matrix
introduced in Section 2.1 for functional and in Section 2.2 for stochastic anal-
ysis. The descriptors of transition T;, 1 < i < M are denoted by ¢, T
and ;).

3.1 Global descriptor

During the analysis, the transient descriptors of the system are stored in the
vectors p;, 1 < < N. In a vector p; every position corresponds to a combi-
nation of local descriptors of the transitions that are enabled or are disabled
but have memory in the extended marking m,;. In case of functional analysis
the vector p, contains Os and 1s. An entry 1 in p, means that it is possible
that the process is in m; with descriptors corresponding to the position of
the entry. Instead, when performing stochastic analysis, p, may contain any
real value in [0, 1]. In this case, an entry of p, gives the probability that the
process is in m; with descriptors corresponding to the position of the entry.

Let us denote the number of phases of the structure representing transi-
tion 7; by n; and the local descriptor of T; by ;. The vector [l1,1ls,. .., 5],
which contains the descriptors of all the transitions, together with the index of
extended marking defines a state of the process. If a transition 77 is disabled
and does not have memory its descriptor equals 1. When 7; is enabled in an
extended marking we have 1 < [; < n;. The phase in which a prs transition
gets disabled has to be recorded; for a prs transition 7; that is disabled but has
memory in m; 1 <[; < n;. In case of a pri transition 7; with firing interval
la,b] that is disabled but has memory in m; only the column in which it got
disabled is recorded (Figure 2B and 4B), hence 1 <[; <b—a+ 1.

In the following we describe how to find a given combination of the local
descriptors in the vector p,. We use a so-called mixed-based numbering scheme
which is closely related to the Kronecker product operator. Let us use the
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notation
(
1 if 7, ¢ A, UB;
M :
. . n.; it T; € ./4',
n® = HSE]), where s = { ! '
j=k n; ifT; € B;NS,
|09 —aD +1if Tj € BiNT,
ie. sz(-j ) is the number of different values the descriptor [; may have in extended

marking m,;. Then, in the state space spanned by the local descriptors, the
possibility or the probability that the process is in discrete marking m; and
the local descriptors are [l1, s, ..., [y] is given by the mth entry of p, with

M
m= (. (=1 + (1= 1)s® )™ + 1y — 1= (1 — n*Y,
k=1
where n™ ™ = 1.

i
Let us assume that the initial extended marking is m;. Then, initially

Db, = ® tO(k)a

k,T.€A;

where ® denotes the Kronecker-product operator (see Appendix B for the
definition of the operator).

Note that none of the disabled transitions can have memory in the initial
marking. All entries of all the other transient vectors are set to 0 at the
beginning of the analysis.

3.2  Global evolution

In the following we show how to build the matrix P that describes the global
evolution of the process.

For functional analysis the resulting matrix is the incidence matrix of the
model, i.e. a 1 or a0 in position (i, j) means that macrostate j is reachable or
not in one step from macrostate 7, respectively. The evolution of the process is
followed by successive multiplication of the transient vector [p,, ps, ..., x| by
P. This way we are given the set of possible macrostates at time 17,27, 3%, ... |
i.e. right after integer multiples of the chosen time unit.

In case of stochastic analysis a probabilistic choice is defined in the intervals
assigned to the transitions with a given common step-size 6. The matrix P
is the transition matrix of the underlying discrete-time Markov chain of the
process, i.e. the value in position (7,j) gives the one step probability from
macrostate ¢ to macrostate 7. Once again, the evolution of the process is
followed by successive multiplication of the transient vector [p,, p, ..., Px] by
P. This way we are given the probability of macrostates at time 6, 24, 30, ... .

The matrix P is built as an N x N block-matrix in which each block is
expressed as the sum of Kronecker-products of suitable matrices. The diagonal
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blocks P;;, 1 < ¢ < N are square matrices describing the evolution of the
process inside the macrostate corresponding to m,;. The off-diagonal blocks
P;;, 1 <i,j < N describe the jumps from any state of macrostate m; to
any state of macrostate m;. First we consider the case when none of the
transitions fire.

FEvolution when no firing happens

When none of the transitions fire in a step the process remains in the same
macrostate. Hence, this case contributes to the diagonal entries Py;, 1 < i <
N of P. A diagonal block is expressed by the following Kronecker-product

M
(1) Pii:®Qj

where
Q= T if T; € A;, i.e. Tj is enabled in m; and its evolution is described
by T(j);

* @, is an identity matrix, its size is n; x n; if T; € B; NS and b — ol +
1 x b —al) 41 if T; € BiNZ, i.e. the descriptor of a disabled transition
having memory is kept;

cQ; =1ifT; ¢ A; UB;, i.e. the transition does not contribute to the
evolution of the macrostate and has no influence on the Kronecker-product.

FEvolution in case of firings
Firing of a set of transitions is considered by the expression

M
(2) Pyt = Y Wi(£) Q) QL)
LES(A;) k=1

where the function S(e) gives the set of non-empty subsets of its argument,

and W;;(£) has the following meaning:

* In case of functional analysis its value is 1 if from extended marking m;
having the transitions in £ as candidates the next extended marking can be
m;; it is 0 otherwise. W;;(L) can be determined by considering all possible
orders of L.

* In case of stochastic analysis the value of W;;(L£) is the probability that
being in m;, having the transitions in £ as candidates the next extended
marking is m;. The value of W;;(£) may be determined by assigning a
probability to all possible orders of £. The choice when all ordering has the
same probability is discussed in [21].

During the calculation of W;;(L) the set C; has to be considered as well.

In (2) instead of = we use + = because if a sequence of firings leads back to
the same extended marking (it can easily happen in the presence of immediate
transitions) the quantity of the right hand side is added to the quantity defined
in (1). The term Q(L) is determined according to the following situations:
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e If T}, € L, ie. if Ty is one of the candidates the following cases has to
distinguished:

- if T}, is neither enabled nor it has memory in m; (i.e. T}, ¢ A; UB;), then
Qk: = t.f(k)a

- if T}, is re-enabled in m; (i.e. Ty € A;), then Q,, = t;Fty*),

- if T; is not enabled but has memory in m; (i.e. T} € B;) which can
happen as a result of a sequence of firing, then Q, = tf(k)to(k).

o If T, € (Ai/L) N (A; U B;j), i.e Ty is enabled in m;, it does not fire and is
enabled or has memory in m;, then Q, = T®*).

o If T}, € (A;/L) and T, ¢ A; U B;, i.e. T gets disabled and does not have
memory in my;, then Q, = elk) — tf(k) (where e®) is a vector of size n; with
all entries equal to one).

« If T}, € (B, N B;) , i.e. it is not enabled but has memory in both m,; and
m;, then Q, is the identity matrix of proper size (its size is ny x ny, if Tj,
is of prs size, while its size is b*) — ¢® + 1 x b — ¢*®) 4 1 if T}, is of pri
type).

o If T} is of prs type and T}, € (B;N.A;) , i.e. it is not enabled but has memory
in m; and gets enabled in m, then @), is the identity matrix of size nj x n.

o If T}, is of pri type and T, € (B;N.A,) , i.e. it is not enabled but has memory
in m,; and gets enabled in m;, then Q, is of size b®) —a®) 41 x ny and
defined as

1,if j = (i — 1)a® +1,
[Qk]ij =

0, otherwise.

This matrix insures that being re-enabled the local descriptor of the pri
transition corresponds to the first phase of the proper column.
o If T, ¢ (A; N B;) and T}, € (A; N B;j), i.e. it is neither enabled nor has
memory in m; and either enabled or has memory in m;, then Q, = to®.
* If T} is neither enabled nor has memory in both in m; and m;, then Q,, = 1,
and hence does not have any influence on the Kronecker-product.

3.3 Complexity

The complexity of the proposed procedure is different for functional than for

stochastic analysis for two reasons.

* The structure that describes the local evolution of the process is usually
larger in case of stochastic analysis. In case of functional analysis, a tran-
sition with firing interval [1 : 2] is represented by a two phase structure. In
case of probabilistic analysis a discrete probability mass function is placed
in the interval. If it is done with step-size 0.2 (which means that the firing
time may be 1,1.2,1.4,...,2.0) 10 phases are needed.

* In case of functional analysis, a state described by a global descriptor is
possible or not in a given time instant. So that the transient vectors contain
0s and 1s which can be stored efficiently using binary decision diagrams. In
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case of probabilistic analysis the transient vectors contain real values whose
storage requires more memory.

The length of the transient vector describing an extended marking is the
product of the number of different values that the local descriptors may have in
that marking. This product can be very large if many transitions are enabled
or have memory in an extended marking.

The matrix describing the global evolution of the process is stored in a
memory-efficient manner by using Kronecker-expressions. Different algorithms
can be implemented to perform Kronecker-products, a comparison of the com-
plexity of these algorithm is found in [10].

4 Examples

Two examples are given in this section. The first, simple one is presented to
show that a net may have different functional behavior for different preemption
policies. On the second example both functional and stochastic analysis are
performed.

Fig. 6. A: Different reachable markings in case of adopting different preemption
policies for T7. B: Producer-consumer model.

The time Petri net depicted in Figure 6A has different reachable markings
when adopting different preemption policies for transition 7;. We assume
strong time semantics. Whichever policy is chosen, it is possible that T} fires
before Ty (if the firing time of 7 is chosen lower than 15); in this case the net
ends up in marking (P, Ps). If T; fires before T} the behavior depends on the
memory policy of T:

* prd policy: Tj either fires or does not fire in marking (Py, Pr) (it fires if its
rechosen firing time is less than 12),

 prs policy: Tj fires in marking (Py, Pr) since its “clock” starts from 15
entering this marking and its maximal firing time is 20,
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e pri policy: T does not fire in marking (P, P;) since its firing time is not
rechosen and it is greater than 15.

The second example, which is a simple producer-consumer model, is de-
picted in Figure 6B. Production, represented by deterministic transition 75,
may get preempted. The preemption is modeled by transitions 75 and 7}, and
places Py and Ps. Transition 75 is of prs type, i.e. the work done is not lost
in case of preemption. Production restarts after a time units (represented by
transition 7). Consumption consists of two steps represented by transitions
Ts and Tg. The first phase of consumption may get preempted which feature
is modeled by the subnet P, P, Ty and T,. For transition Ty prd or prs
memory policy is considered. The aim of the analysis is to determine if the
consumer finishes its two-phase job before the arrival of the next one. A token
in place Py, indicates an error (i.e. another job arrived before the consumer
finished the previous one), while a token in place Py indicates that one cy-
cle of production-consumption was successful. The model is evaluated with
strong time semantics.

From the functional point of view possible questions are: “Is it possi-
ble that a token appears in place P5?” or “What is the shortest, longest
cycle-time?”. From the stochastic point of view one could ask: “What is the
probability that a token appears in place Pi2?” or “What is the probability of
successfully finishing a cycle before time ¢7”. In case of performing stochastic
analysis a discrete probability distribution is defined on the interval. For all
non-deterministic transitions we assumed to have discrete uniform distribu-
tion with step-size 0.1 (for example the firing time of transition 73 may be
2.0,2.1,2.2,...,2.9 or 3.0 with equal probability of 1/11).

1 T T T T T T T T

prd,a=20, failure
prd,a=20, success ------ !
prd,a=8, failure ------- ;
0.8 |- prd,a=8, success - i
prs, success ———- |
1

0.6 |- !

Probability

Time

Fig. 7. Probability of failure or correctly finished cycle as a function of time

The example was evaluated, using a preliminary implementation of the
presented Kronecker-based description, with a = 8, a = 20 and with either prd
or prs memory policy for transition T5. From the point of view of functional
analysis the results are the following. For both values of a: if the adopted
memory policy is prd consumption may either terminate in time or may not,
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Analysis prd, a =8 | prd, a = 20 | prs, a =8 | prs, a = 20

Functional 2133 3645 3249 5625

Stochastic 14696100 24236100 16964100 | 46052100
Table 1

Size of the discretized state space

while for prs policy it terminates always before the next production. The
earliest possible time to finish correctly the production and consumption is
9 time units for all the cases. As a probabilistic result, Figure 7 depicts the
probability of having a correct or erroneous outcome as a function of time (in
case of prs policy for transition 7%, erroneous outcome is not possible and for
both values of a we have the same curve).

The size of the discretized state space for the different cases are given in
Table 1. As one could observe functional analysis requires much smaller state
space.

5 Conclusion

The paper has introduced a new construct called Discrete Phase Type Timing
- DPT that can represent probabilistic or non-deterministic choice over an
interval. For both cases it gives the possibility of assigning preemption policy
to the transitions of the system. Both weak and strong time semantics can be
handled (or even mixed in the same model).

A compositional approach, based on Kronecker algebra, was given to build
the matrix that describes the evolution of the expanded state space. This
description is similar to the one given in [21] with the differences that it
follows the behavior of a prs transition in an exact manner and provides the
possibility of having pri transitions in the model. It was shown as well that the
same compositional description can be utilized for functional and for stochastic
analysis.

Through a simple example the possibility of performing both functional
and probabilistic analysis of the same model has been demonstrated.
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Appendix A: Discrete phase type distributions

Possibly defective discrete phase type (PDDPH) distributions are defined in
terms of discrete-time Markov chains (DTMC) with absorbing states. A dis-
crete random variable X is PDDPH distributed if and only if there exists a
DTMC {Z;,i > 0} with n+ 1 states of which the (n +1)™" is absorbing (there
can be other absorbing states as well) and Pr{X < i} = Pr{Z; =n+1}, i.e.
X is the time to reach state n + 1. If state n + 1 is not the only absorbing
state the distribution can be defective. A PDDPH distribution is given by the
initial probability vector of its DTMC (%) and the one-step transition matrix
(T) that governs the evolution among the states excluding state n + 1. Then
the distribution of X is given by Pr{X < i} =1 —t,T"e, where e is a vector
with all entries equal to 1.

Appendix B: Kronecker-product operator

The Kronecker-product C = A ® B of matrix A of size (a, X a.) and matrix
B of size (b, X b.) is of size (a,b, X a.b.) and is defined by

Ci,j = Aiz,ngil,jla where 7 = 220, +121,) = J20¢ + J1-
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Abstract

We introduce the notion of Timed I/O Components as Timed Automata “a la”
Alur & Dill where an “admissible” I/O interface is declared. That notion has, what
we consider, a key modeling property: non-zeno preservation under syntactically-
checkable “I/O compatibility” among interacting components. Also a reduced par-
allel composition is possible based on the ability of statically detect influence of
behavior between components [8,10]. On the other hand, with some simple extra
conditions, modular assume-guarantee style of reasoning like [13,16] is valid in our
model.

1 Introduction: on Non-Zeno and Non-Blocking Mod-
els

Well-defined models of timed systems usually are required to be “non-zeno”.
Roughly speaking, non-zenoness means that any finite run can be extended to
a time-divergent infinite run (i.e., no “black-alleys”, time can always progress).
On the one hand, zenoness is usually a symptom of ill-modeling, on the other
hand non-zenoness is required to perform some verification procedures when
semantics is restricted to divergent runs.
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Unfortunately, non-zenoness is not preserved by parallel composition. Non-
Zeno systems may produce time-locks when connected.

I/O Timed Components (I/O TCs) are compositional models developed for
expressing non-zeno timed behavior built on top of Timed Automata (TAs) [8].
They impose a modeling discipline for guaranteeing that parallel composition
among “compatible” I/O TCs is a natural way to constrain the behavior of
individual components without introducing zeno behavior. Let us pinpoint
some interesting aspects of I/O TCs:

 I/O interfaces allow simple syntactic checks that ensure non-zeno preserva-
tion under parallel composition.

» By using I/O interfaces it is possible to calculate, in a quite precise way,
the influence of a component on the behavior of another component (see
[8,10]). As far as we know, this is a completely new goal for I/O interfaces.

* Since I/O TCs are built on top of a simple notion of TAs “a la” Alur-
Dill -with a communication based on label sharing- they are immediately
supported by several checking tools like Kronos [12], Uppaar [6],etc.

* I/O TCs are defined without resorting to “receptiveness games” like in
live I/O Timed Automata [13], Reactive Modules [5], etc. Conditions for
checking good I/0O label division are easy to automate.

* We believe that they are suitable to compactly model high-level non-blocking
abstractions (see discussion in [8] and Sect. 3).

« With some extra constraints on I/O TCs, it is possible to apply “assume-
guarantee”-style rules (e.g.,[16]) for refinement checking. Like in [16] those
constraints are not based on more general but complicated receptiveness
games [13,5]). Those constraints are not basic properties for I/O TCs (which
are mainly inspired in non-zeno preservation). We think that this separation
has theoretical and practical interest.

 1/O notions are rather independent of the underlying timed (or untimed ®)
formalism used to describe the dynamics.

It is worth mentioning related work on preserving “reactivity and activ-
ity” of components. In [7], an algebraic framework based on the temporal
properties of synchronization operation is presented (they aim at getting high
level synchronization facilities). Our point of view is a functional classification
of transitions. In that line of research, authors of [16] present non-blocking
Timed Processes to get a family of automata where they can apply an as-
sume/guarantee style of reasoning. Communication between components is
based on signal change instead of label sharing and it is suited to circuit mod-
eling. Differently from our approach, output changes are constrained to be

5 We believe that this I/O model can be adapted to the untimed framework by chang-

ing timed divergence conditions with fairness constraints [11,13], an usual way to specify
progress in the untimed framework.
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non-transient and the update of inputs is independent from the update of out-
puts. Since that model is focused on breaking circularity of assume-guarantee
rules, the underlying notion of non-zenoness does not need to rule out black-
alleys; instead definitions rule out forcing infinitely many transitions within a
finite interval.

Liveness and I/O interfaces have been considered in a general setting for
simulation proof methods “a la” Lynch-Vaandrager [13] geared towards the-
orem provers. In that work, Live Timed I/O automata using a notion of
“responsiveness” is defined based on games which embeds several proposals
for fair I/O timed systems [17,21], etc. A closer model are the Reactive Mod-
ules of [5]. Unlike our notions, it is based on receptiveness games to define
non-blocking and I/O variables to communicate modules.

In next section we recall Timed Automata. In Sect. 3, we formally present
I/O Timed Components. Some applications are mentioned in Sect. 4. Con-
ditions to get assume-guarantee rule are discussed in Sect. 5. Finally, we
summarize the results and mention some future work.

2 Timed Automata

Timed Automata (TA) is one of the most widely used formalism to model
and analyze timed systems and is supported by several tools (e.g., [12,6,15],
etc.). This presentation partially follows [23]. Given a finite set of clocks (non-
negative real variables) X = {z1,zo,...,2,}, a valuation is a total function

v: X % R>o where v(z;) is the value associated with clock x;. We define Vx as

the set [X Lof R>o] of total functions mapping X to Rsy. 0 € Vx denotes the
function that evaluates to 0 all clocks. Given v € Vx and ¢t € Ry, v+t denotes
the valuation that assigns to each clock z € X the value v(z)+¢. Given a set of
clocks X, a subset & C X and a valuation v we define Reset,(v) as a valuation
that assigns zero to clocks in « and keeps the same value than v for the
remaining clocks. Given a set of clocks X we define the sets of clock constraints
Uy according to the grammar: ¥x > ¢ u=x ~ clx — 2’ ~ c|¢p AV ),
where z, 2" € X, ~€ {<,<,=,> >}and c€ N.

A valuation v € V satisfies ¢ € Ux (v | 1) iff the expression evaluates
true when each clock is replaced with its current value specified in v.

Definition 2.1 [Timed Automata] A timed automaton (TA) is a tuple A =
(S, X,%, E, I, so) where S is a finite set of locations, X is a finite set of clocks,
Y is a set of labels, E is a finite set of edges, (each edge e € F is a tuple
(s,a,1,a,s’) where: s € S is the source location, s’ € S is the target location,
a € ¥ is the label, ¢ € Uy is the guard, a C X is the subset of clocks reset
at the edge), I : S Y ¥ is a total function associating with each location a
clock constraint called location’s Invariant, and sq € S is the initial location.

Given a TA A = (S, X, X, E, I, so) we define Locs(A) = S, Clocks(A) =
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X, Labels(A) = X, Edges(A) = E, Inv(A) = I, Init(A) = sg, and given an
edge e = (s,a,v,q, s') € E we define src(e) = s, Label(e) = a, Guard(e) = 1),
Rst(e) = a, tgt(e) = s'. The State Space Q4 of a TA A is the set of states
(s,v) € S x Vx for which v = I(s) and ¢y = (Init(A),0) is its initial state.
Given a state ¢ = (s,v) we denote: g+t = (s,v+t), ¢® = s, and q(z;) = v(z;).
The semantics of a TA A can be given in terms of the Labeled Transition
System (LTS) of A, denoted G4 = (Qa,q,—,2). The relation — is the
set of (time or discrete) transitions between states. Let ¢ € Ry; the state
(s,v) has a time transition to (s,v +t) denoted (s,v) —} (s,v + t) if for all
t" <t v+t | I(s), where X is a fictitius label. Let ¥* denote ¥ U {\}.
Let e € E be an edge; the state (src(e),v) has a discrete transition to the
state (tgt(e),v') denoted (src(e),v) HULabel(e) (tgt(e),v') if v = Guard(e) and
v' = Resetpge)(v).

We write ¢ —} (the label [ € ¥ is enable at the state ¢ € Q) if ¢ =} ¢
for some ¢' € Q4. Given a subset ¥/ C %, we write ¢ —y (all labels [ € ¥
are enable at the state ¢ € Q) if ¢ =), for all [ € &',

A finite run r of A starting at ¢ is a finite sequence q —° ¢ ¢! ... ")
¢y of states and transitions in G4. The time of occurrence of the k' (k < n—1)
transition is equal to S2¥='#; and is denoted as 7.(k). The time length of the
run (denoted as 7,) is equal to 7.(n). An infinite run is just an infinit sequence

of states and transitions in GG4. The set of finite and infinite runs starting at
q is denoted as R4(q). We call Lab(r) the set of all labels in the run 7.

A divergent run is an infinite run such that » ° ¢ = co. The set of
divergent runs of a TA A starting at state ¢ is denoted R¥(q). A TA is non-
zeno when any finite run starting at the initial state can be extended to a
divergent run, that is, the set of finite runs is equal to the set of finite prefixes
of divergent runs. We say that the state ¢ is reachable if there is a finite run
starting at the initial state which ends at ¢; we denote the set of all reachable
states in a TA A as Reach(A).

Given a run r = ¢ =7 q =7 .. =) o ... € Ra(g), the exhibited
timed-event sequence of r, is a sequence ry« = (ag, 7,(0)), (a1, 7,-(1)), (a2, 7-(2)),
wi(an_1,7(n — 1)), ... of pairs ([,1) € (£*) x Rxg.

Given arun r € R4(q) and a set of labels L C ¥, the exhibited timed-event
sequence over L, denoted as rp,, is the maximum subsequence of rg- containing
pairs ([, t) such that [ € L. (the sequence r7, shows the L-labeled transitions
and their time stamps). Given a timed-event sequence over L named ry, its
length is denoted as #rp, its k-th pair (with k& < #r) is denoted as r,[k] and
its prefix up to the k-th pair (with k& < #ry) is denoted as r[0...k]. Given a
pair p = (I,t) in 7, we define lab(p) = [ and time(p) = t.

Given two TAs A and A’ and a set of labels L C ¥ N X', we say that
A <y A" (A is a refinement of A" w.r.t L) iff for all finite run r € R4(qo)
there exists a run ' € Ra/(g)) such that 7, = 7,» and rp, = 7.

The parallel composition of TAs is defined over classical synchronous prod-
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uct of automata.

Definition 2.2 [Parallel composition] Given two TA A; = (S, X1, ¥4, Fy, I, s, ),
and Ay = (S, Xo, 39, Fa, I, so,) where X1N X, = (). Let E’ be the set of edges
defined over the S; x Sy as follows:

((s1,52), 0,0, 0, (5, 55)) € B <=
(51,0,9,0,57) € By Na & X)) A sy = s, or
(52,0,1,0,55) € Ey Na & X A sy = s, or

(8iya,vi,05,8;) € BiNa € Sy A= (Y1 Apo) AN = aq U
where EH = 21 N 22.
The parallel composition A;||A; is defined as: A = (S, X; U Xo,%; U
Yo, B, 1, (50,, 50,)) where S C Sy xS is the set of locations reachable traversing

the edges of E' from the initial location (s, , So,), F C E’ is the subset of edges
with source and target in S, and for all (s, s9) € E, I((s1,52)) = I(s1) AI(s2).

The || operator is commutative and associative. We will denote ||;c; A; the
parallel composition of an indexed set of TA. If ¢ is a state of that parallel
composition IT;(¢) will denote the local state of TA A; (locations and local-
clock values).

3 I/0 Timed Components

In this section we define I/O concepts formally.

Given a TA A, we will divide Labels(A) (its set of labels) into three sets:
In, (input-labels), Out, (output-labels) and €4 (internal-labels), such that
{Ina,Outa,es} € Part(Labels(A)), where Part(S) is the set of all partitions
of the set S. We define the set Exp, of exported labels (or interface labels) of
Aas Exps =IngUOuty.

A set of input selections of Ais a set [ = {I}M I} ... I} € Part(Iny),
a set of output selections of A is a set O = {O1,04,..., 0"} € Part(Out,).
Note that I* U O U {ea} € Part(Labels(A)).

Let us define what is a correct I/O (uncontrollable/controllable) interface
labels for a TA.

Definition 3.1 [Admissible Input/Output interface for a TA] Given a non-
zeno TA A, and the sets 4, O4 of input and output selections of A, the
pair (I4,04) is an admissible input/output interface for A iff the following
conditions hold:

For any state ¢ € Reach(A)

(i) for any input selection I € I there exists a label i € I such that
q —b. That is, given any input selection I € I, the TA can always
synchronize using some of the labels of I (there is always at least one
alternative of every input selection enabled at each state).
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(ii) there exists a run r € R¥(q) such that Lab(r) N Ins = 0. Input is not
mandatory and thus non-zenoness must be guaranteed without them®© .

(iii) for any output selection O} € O4, if there exists a label 0 € O;3 such that

q —{ then ¢ r—>00’él. All labels of an output selection are simultaneously
enabled or disabled.

(iv) for any run r € R4(q), if a label o € Out4 appears an infinite number of
times in 7, then necessarily r € RY(q) (non-transientness of outputs”).

In the Appendix A.1 we show how to check I/O admissibility.

Definition 3.2 [I[/O TCs] An I/O Timed Component (or I/O TC) is a tuple
(A, (I*,0%)) where A is a non-zeno TA and (I4,04) is an admissible I/O
interface for A.

An output selection of size greater than one models alternative behaviors
of the component according to the state of the component exporting those
labels as input selection (similar to an external non-deterministic choice in
Process Algebra-like notations, see example 3.4).

Given an I/O TC C = (4, (I*,0%)), C may also denote the underlying
TA A when it can be deduced from the context. Thus, operations performed
on I/O TCs should be understood as operations on its underlying TAs.

Definition 3.3 [Compatible Components] Given two I/O TCs C} = (A,
(It, O41)) and Cy = (Ay, (I42,042)), they are compatible components if and
only if:

(i) Labels(Ay) N Labels(Az) C Expa, N Expa, (i.e., all common labels are
exported by both A; and As),

(ii) forall It € I and I7}2 € T2 if #1 > 1 and #1242 > 1 then I N[22 =
() (intersection of input selections of size greater than one must be empty).
(iii) Outa, N Outa, = O (the components don’t share output labels).

(iv) for all I € I** U T2 and O € O U O then either INO =0 or I C O
(output selection covers all input alternatives).

We refer to a set of pair-wise compatible components as a compatible set
of components. 1/O compatibility means that underlying TAs can not block
each other and moreover, we will show that the composition of compatible
components is itself a component and therefore a non-zeno automata.

6 Note that this property is stronger than non-zenoness since it also requires time divergence
avoiding input-labeled transitions. It is similar to progressiveness in [19] and feasibility in
[21].

7 This requirement together with the previous divergence property (item (ii) of Def. 3.1)
and non-zenoness of the underlying TA are closely related to the notion of Strong I/0
Feasibility of [21].
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Example 3.4 CSMA/CD (Carrier Sense, Multiple Access with Collision De-
tection) is widely used protocol on LANs on the MAC sublayer. It solves the
problem of sharing a single channel in a broadcast network (a multi-access
channel). When a station has data to send it first listens to the channel to
check whether it is idle or busy. If the bus seems idle it begins sending the
message, else it waits a random amount of time and then repeats the sensing
operation. When a collision occurs, the transmission is aborted simultaneously
in all the stations that were transmitting and they wait a random time to start
all over again. We formally model the timing aspects of the protocol using I/0O
timed components (see Fig.1) based on the model presented in [18]. Sender
components share a bus component. We suppose that the bus is a 10Mbps
Ethernet with worst case propagation delay o of 26 ms. Messages have a fixed
length of 1024 bytes, and so the time A to send a complete messages, includ-
ing the propagation delay, is 808 ms. The bus is error-free, no buffering of
incoming messages is allowed. Note that {SendOK;, SendBusy;} is an output
selection of sender 7 and the selection depend on the input actually enabled
in the bus state. In fact, SendBusy; is enabled when the head of a message
has already propagated. It takes at most o to propagate the collision signal
to all the senders. The sender stays at most ¢ in the transmission location.
Note also that the sender non-deterministically makes a new attempt to send
before 20 elapsed since the last attempt. In models like Timed Process [16], it
would be necessary for the sender component to issue a signal standing for the
sensing of the bus state, and then wait for the status answer of the bus com-
ponent (which can not arrive at zero time due to a “non-immediate response”
constraint in that model). That two phase modeling idiom, common in soft-
ware models, can be reduced in our modeling framework using appropriate
Input and Output selections.

In [8], the reader can found how several examples taken from the literature
are modeled as I/O TCs.

3.1 1I/0 Components: Composition and Non-Zenoness

Let us state some results that help to prove that a TA-model is non-zeno.
Firstly, we will see how an admissible interface can be derived for the parallel
composition of two compatible I/O TCs. This is a rather strong result which
implies the following fact: given two compatible I/O TCs C and Cy then the
composition, which turns out to be non-zeno, is also a I/O TC (i.e., A, || Ag is
non-zeno and moreover it can be given an admissible I/O interface). Briefly,
the new input interface is constituted by the original input selections that
do not loose “selectivity property” of item (i) of Def. 3.1. That property
is preserved for any input selection whenever there is no matching output
selection and it is not properly included into another input selection.
Something similar can be done to build the new output interface. Since
output selections that intersect with input selections of size greater than one
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SENDER 1

collision

1={{ collision}}
O={{ sendlok,send1busy}, {end1}}

BUS

1={{ send1ok,send1busy} { end1} {end2}, { send2ok,send2busy}}}
O={{collision}}

Fig. 1. I/O Components of the CSMA/CD Protocol

may loose the simultaneous availability property (item (iii) of Def. 3.1), they
are not part of the new output selections. However, all the labels of those
“lost” output selections can be safely added as output selections of size 1
(singletons trivially satisfy item (iii) of Def. 3.1). Thus, all exported labels of
the components are exported in the composition. This fact is important to
prove that this construction can be generalized to the parallel composition of
n, components:

Theorem 3.5 Given an indezed set S = {(A;, (I",0%)}1<i<cn of n I/O TCs
such that they are pair-wise compatible, we define the sets Iy = J,<;, T4,
Iay, = Ulgign{f €TN/#I>1}, 04 = U1§ign O,

(A, (I*,0%) is a component where:

A =|lici<n A

IA={Iely/VI' €ly: I ¢ T AVO' €0,4:IN0O" =0} and,

OAr={0 €04/l €la,: TTNO=0}U{{0}Jo€ O € OsNTI' € I, :
I'nO # 0}

Proof. See Appendix A. The basic idea is that, from the point of view of
a component, its partners do not block its outputs: they just select them
(items (i) and (iii) of Def. 3.1), also it does not require inputs to allow time
elapse (item (ii) of Def. 3.1). On the other hand, a subset of I/O TCs can not

engage themselves in an infinite activity in a finite interval of time since this
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is ruled out by item (iv of Def. 3.1). O

In the example 3.4 the resulting interface of the parallel composition A =9/
SENDER, || BUS is I* = {{Send20k, Send2Busy}, {end2}}, 04 = {{end1},
{Sendlok}, {SendlBusy}, {collision}}. Note that since simultaneous avail-
ability of output selection {Sendlok, Sendl Busy} is lost, they became single-
ton output-selections.

4 Applications of I/O TCs

Non Zeno Models:

Compatibility is a syntactical condition that ensures non-zenoness of the
resulting parallel composition. As was already said, non-zenoness is a property
required to perform some verification procedures. In [8,9] we model Real-Time
System execution architectures by means of I/O TCs. We use I/O compati-
bility to ensure that I/O TCs modeling the connectors and the environment
do not block the rest of the system (the tasks). As was already explained,
I/O selections may be an useful mechanism to model in a single transition
action/result on software entities.

Reduction:

Safety requirements are commonly modeled by means of virtual compo-
nents (Observers) which are composed in parallel with the system under ana-
lysis (SUA) (e.g., [1,9]). In [8,10] we present a technique that, given the SUA
and an observer, builds a smaller parallel composition equivalent to the origi-
nal one up to the branching structure of the LTS. In a few words, we develop
a technique that calculates the components that may be forgotten at each ob-
server location since their future behavior do not influence the future evolution
of the SUA up to the observer. Under some reasonable assumptions on the
topology of the observers, those remaining sets (the relevant components) are
proper subsets of the set of all components. The time needed for verification
is drastically reduced in some cases. The core of that technique is a notion of
potential “direct influence” of an automaton behavior over another automaton
behavior. A naive solution would say that an automaton A potentially influ-
ences another automaton B iff they share a label. Unfortunately, this would
lead to a rather large symmetrical overestimation. Then, by using the I/0O
interface attached to TAs, we are able to define an asymmetrical condition of
behavioral influence that could be statically checked. That is, we provide a
better overestimation of potential influence than simple label sharing. It is
worth mentioning that the technique presented in [10] is based on a simpler
notion of I/O interface than the one presented in this article. The details of
that “relevance calculus” using the definitions of this paper can be found in

8]
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5 On Breaking Circularity in Assume-Guarantee Rules

The authors of [16] present a simple modularity principle for abstraction rela-
tions in Timed Processes. Assume-guarantee rule has an apparent circularity:
to prove that A || B is a refinement of A’ || B’ it suffices to prove that (1) A is
a refinement of A" assuming that the environment behaves like B', and (2) B
is a refinement of B’ assuming that the environment behaves like A’. For this
rule to be true in our setting, we have to add a couple of conditions. Firstly,
let us define when an state is non urgent from the point of view of outputs.

Definition 5.1 [Non-Urgent state] Given a 1/O TC C = (A4, (I4,0%)), a
state ¢ is not output urgent (denoted as NU(q)) iff there exists a run r € R4(q)
such that 0 < 7, and Lab(r) C €4.

Definition 5.2 [Non-Blocking Extra Conditions] We say that an I/O TC
satisfies the Non-Blocking Extra Conditions if and only if:

(i) Guards and Invariants are closed predicates (i.e., its binary relations are
only <, = or >).

(ii) Inputs do not disable nor enable urgent outputs: given a state ¢ €
Reach(A) and a label i € Iny, if ¢ =% ¢’ then NU(q) iff NU(¢')®.

It is easy to see that those properties are preserved by parallel composition
A =||jes A;. Firstly note that guards and invariants of A are inherited from
the components A;. For the item (ii) of Def. 5.2, if ¢ —} ¢’ then i is an
unmatched input of one component, namely &, and thus ¢ and ¢’ just differ
in the local state of k. Also, NU(q) if and only if for all j € J NU(II;(q))
(since the set of internal labels of the composition A is the union of internal
labels of components A;). Therefore, NU(q) iff NU(¢') since NU(II;(q)) iff
NU(IIx(¢")) and the rest of the components remain the same.

Theorem 5.3 (Assume/Guarantee) Given the I/O TCs A, B, A", B" sat-
isfying the non-blocking extra conditions such that A and B are I/O com-
patible, and A’ and B’ have the same I/O interface that A and B resp. If
EA |||| B’; <gap, A" and (A" || B) <gup, B' imply that (A || B) <pgup,uEaps
Al B).

Proof. See appendix. O

6 Conclusions and Future Work

We present I/O Timed Components, a simple compositional notion that ex-
tends Timed Automata “a la” Alur-Dill to get live non-zeno models [8], also
providing some important methodological advantages like influence detection

8 This property can be checked, for instance, using the verification engine of KRONOS
tool[12].
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[10]. Assume-guarantee modular reasoning like [16] is obtained by adding a
couple of constraints to I/O TCs without resorting to games. In our opin-
ion, keeping non-zeno preservation conditions apart from the ones that break
circularity in assume guarantee has practical and theoretical value.

We believe that admissible interfaces of a TA could be ordered according
to the information it provides about availability of labels. That is, (I;,0;) <
(I3, Oy) iff the admissibility of the interface (I;,0;) for a TA A implies the
admisibility of (I, Oz) for A. We would like to study if this relationship
between interfaces could be a declarative way to define the I/O interface of
the composition.

Conditions for assume-guarantee could be weakened, for instance: it is
sufficient for A and B to satisfy that inputs do not enable urgent outputs, and
for A" and B’ to satisfy that inputs do not disable urgent outputs.
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Appendix
A On I/O Timed Components

Lemma A.1 Given two I/O-compatible components C, = (A, (I't,041))
and Cy = (Ag, (I"2,0M)), we define the sets Iy = It U T, T4, ={I €
Ii/#1 > 1}, O4 = O U O™,
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C = (A, (I*,04) is a component where:

A =|lici<n A

A={lel VI el :1¢ T'AVO' €0,4: 1IN0 =0} and,

Or={0 €0,/ V'€, : I'NO=0}U{{o}/o€ O € OANIT' € I, :
I'nO # 0}

Proof. The most difficult point is the proof that A; || A is indeed non-zeno
regardless input transitions (item (ii), Def. 3.1). We will see that any state
reachable by a finite run is not a timelock. Moreover, time can elapse avoiding
input transitions. Let ¢ be a reachable state by a finite run of A; || Ay then
q' =TI, (q) and ¢*> = T14,(q) are reachable states (by finite runs) of A; and
Ay resp. Let k € Rsg be a constant. From the definition of component, there
must be runs ry, 7y starting in ¢' and ¢? resp. of time length equal to k& such
that r; does not contain any In,, transition and ry does not contain any
Iny, transition (thus they do not contain any label in I4). Now, we show
a procedure to obtain a run r of A; || Ay from r; and r5. To obtain such a
run, we would need to merge r; and ry. If the discrete transitions of r; and
ro are sorted according to the time of occurrence, it is easy to combine them
obtaining r till the first output-labeled transition which shared by the other
automaton is found. To outline the merge, lets r, = ¢! r—>i11 qi »—>g gl
and ry = ¢? |—>il,11 q »—>2 ..q%. Now, suppose that ¢t; < #; (the other case
is symmetrical) and [; is not shared by Ay (or it is A). Then - thanks to
the parallel composition interleaving semantics - the resulting run r can be
build as follows: r = ¢ +—>i11 (q1,q? + 1) concatenated with the run obtained
using the same procedure from (gi,q¢> +#;) with r; = ¢} =2 ..., and ry =

@+t r—>? 4 q r—)il? ...ql,. Clearly this procedure can be iterated finitely till
1 2

we reach the end of both runs (the variant is sum of the number of transitions

of both runs), thus obtaining a run of A of time length &, or till a shared label

is found.?

Without loss of generality, let us suppose that the earliest still non syn-
chronized shared output-transition g; —§ ¢;+1 belongs to ry and o € O € oA,
Let I € I42, I C O be the corresponding matching input selection (i.e., o € I)
by compatibility (item (iv), Def. 3.3). By definition of input selection, there
is a transition labeled " € I enabled in A, at the time of occurrence of that
4t transition. By definition of output selection, at g; there must be also a
discrete transition g; r—>g s. By applying this procedure, we can fix up both
runs to get a finite run starting at ¢ such that either it has time length & or
it ends with an output transition into an intermediate state ¢'. Therefore,
since both TA are non-transient for output labeled transitions (item (iv) of
I/O interface admissibility), by repeating the whole procedure from those in-

% Note that if one of the runs is empty then it just remains a set of discrete (0 time)
transitions in the other run (both have originally the same time length) and therefore we
can omit that suffix since we have already built a run of time length k.

ol



BRABERMAN & OLIVERO

termediate states (i.e., obtaining new 7y, r9, etc.), a run of time length % is
eventually built (if not, either the projection of that infinite run on A; or A,
would show an infinite number of output-labeled transitions, and since there is
a finite number of labels at least one output label would be repeated infinitely
often thus violating item iv of I/O interface admissibility). The rest of the
items of I/O interface are proven as follows:

the new input and output labels are disjoint (input selections intersecting
with an output selections are not part of the new interface).

Input Selection Property (item (i)): given an state ¢ of A and an input
selection I of I, we know that I belongs either to 4 or to I42. Without
loose of generality, lets suppose that it belongs to I*. Then, there exists
i € I such that T1;(q) —% r. We also know that if i € Labels(Ay) then
{i} € I (input selection of size 1) and thus there exists s such that
II5(q) % s and then g — (r, s).

Output Selection Property (item (iii)): Similar to the previous one.

finally, a run containing an infinite number of internal or output-labeled
transitions is necessarily time-divergent (item (iv)). Indeed, since any run
of A can projected into a run of A; and a run of Ay and one of those
runs must exhibit an infinite number of outputs or internal transitions and
therefore diverge.

|

Theorem 3.5

Given an indexed set S = {(A;, (I, 0%)},<i<y of N I/O TCs such that

they are pair-wise compatible, we define the sets 14" = J,c,c, I, Ta.," =
Uicicall € TN/ > 1}, 04" = Ui<i<n o™,

C = (A, (I*,0%)) is a component where:

A= hcicn 4
IA={Iecl,N/VI'ecI,N: 1T /cI'A\VO' €04~ :INn0O" =0} and,
OA={0€0,N/VI'e L.,V :I'nO=0}U{{o}/oc OecON ATl €

I, N 'O # 0}

Proof. By induction. Base case is solved by the last lemma. Case n+1. By
inductive hypothesis we know that

C™ = (A", (I",0™)) is a component, where:

A" =|l1<i<n A
P={lel,"/YI'€," 1 ¢ I'AYO' € 04" : INO =P} and,
O"={0 €0,/ V' e I,,,": I'NO =0} U{{o}/oc O O,"ANTI' €

I,":I'n0 # 0}

We know that C,1 = (Ani1, (Ini1,Ont1)) is compatible with all C; =

(A;, (I',04)) for 1 < i < n. Let us show that is compatible with the
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interface for the n components but firstly let pinpoint some facts about the
interface (I",0") of C™.

(i) An exported label of C; (1 <i < n) is also exported by C™. This comes
from the following facts: (a) Input labels remain as input labels in the
biggest input selection containing it except in the case that the input
selection matches with an output selection (in that case, I C O), and (b)
Output labels remain in the interface.

(ii) Input selections of I™ are input selections of some of its constituent com-
ponents (i.e., If I € I"™ then there exists £ € N : 1 < k < n such that
I € I4)

(iii) If O is an output selection of O™, if there exist £ € N : 1 < k < n such that
O € O” and no Input selection of size greater than one intersects it or
there exists O’ € O and O = {a} C O, and there exists m: 1 <m < n
such that I' € I*m and I' C O'.

Therefore, suppose that A, has a common label with ||;<;<, A; then, for
instance, that label belongs to a k' automata and therefore belongs to the
interface of the components Cj and C, ;. If that label is an output label of
the C, 1 component, that label is exported by C™ due to the first observation.

The compatibility (item (ii) of Def. 3.3) I N I' # () then either #I =1 or
#I' = 1 is trivially true due to the observation that input selections of C™
are input selections of the original components and the pairwise compatibility.
Similarly, if an output selection O of O“»+! intersects with some input selection
I of I"™ then that input selection must be an input selection of some component
and therefore that input selection must be included in the output selection
(i.e., I C O). If an input selection I of I“»+! intersects with some output
selection of O™ namely O, then either it is an input selection of size one and it
is trivially included in O, or, by the last observation, we know that there exists
k such that O € O and thus I C O (that is, due to pairwise compatibility,
I must be the only input selection of size greater than 1 intersecting with O
and then by the last observation O must belong to O™).

Therefore, they are compatible components and by Lemma A.1:

such that (I""*', O"™*!) is a compatible interface, where:

't ={l e "It/ VI e I"UI4+ [ ¢ I'AVO' € O™ U Ont
[NO" =0} and,

O™+t = {0 € O"UOA+1 /YT € T"UTA+ AT > 1: I'NO = BYu{{o}/o €
OecO"UOM ATl e ["UTA L A#T >1:1T'N0O # 0}

It is not difficult to see that this interface is equivalent to: (I™*! O"*1)
where

I ={re "V eI,"™ T ¢ I' \VO' € 0,"" : INO' = B} and,

Ot = {0 € 0"/ VI € I,,,""" : I'n O = 0} U {{o})o € O €
O T"ATM € I1,,,"T:T'NO £ 0}

In fact, if we write I"*! in terms of I™ we need to add the input selections
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of I“4»+1 which are not strictly included in an Input Selection of other I4*
and do not match with an output selection. On the other hand, we have to
eliminate from I™ the input selections strictly included in an input selection
of I47+1 and the ones that match with an Output Selection of O4»+1. That is,
"= (I"—{Iel,"/3' e : I CT'VIO €O :INO #DU{I' €
IAwer /YT e I" I ¢ IAYO € O%: I'n 0 =0}

Let us show that the definition of I"*! specifies that manipulation: note
that, though I™ may contain less Input Selections than the union of them
(Uy<ic, I?), it is easy to see that (a) If an input selection of the union is
not present in I™ then, either it is included on another input selection of I,
or it intersects an output selection of O", and (b) 30 € O™ : INO # () iff
Jk < n,0 € O% : INO # O (all output label remains). Therefore, the set
{I' e I+ /NI € I, : ' ¢ ITAYO € O% : 'O = (} is equivalent to
{I'e I /NI eI : ' ¢ IAVYO € O" : 'O = ()}. This proves that
in I'"*! the same input selections of I47+1 filtered by the I™t! are present.
Finally, [" = {I € I,"/ A" e [+ : T C I'V3IO € O+ : INO # 0}

is equivalent to {I € I"/ VI' € 4+ : [ ¢ I' A\VYO € O4+ : INO = (0}
and we can conclude that I'""*1 = [+t

On the other hand, to write O™*! in terms of O", the output selections
of O4»+1 that do not match with input selections of size greater than one
must be added as well as the singletons for the ones that match. Besides, the
output selections of O™ must be checked against the input selections of I,
to eliminate and convert into singleton output selections the ones that match
with input selections of size greater than one. Again, this is specified by the
definition of O™+ O

A.1  Guaranteeing I/O Admissibility

For the sake of self containment we provide sufficient syntactic constraints and
checking-algorithms to guarantee that (A, (I4,04)) is indeed a component.

For example, to satisfy the property of input being non-blocking, we can
resort to the following syntactic property: VI' € I : VI € Locs(A) : Inv(l) =
V (e:ravel(e)c 1 nsre(e)=1y Guard(e). That is, while the invariant is valid at least
one [’-labeled transition is enable.

To check that any output selection is simultaneously enabled one of the
possible syntactic property is the following: VI € Locs(A),Vo,0' € O € O4:

\/ Guard(e) = \/ Guard(e')

{e€Edges(A):src(l)=eALabel(e)=0} {e/eEdges(A):src(l)=e ALabel(e')=0'}

To check non-zenoness we use an observer automaton with three locations:
location 1 is entered non-deterministically from initial location 0 and it is
left to go to a trap location 2 whenever input occurs. Then, we ask whether
A || Observer satisfies the following TCTL [14] formula : VO(@Q = 1 —
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Fig. A.1. Observer for Checking Non-Zeno Regardless Input

Jos1 @ = 1), i.e., whether time can elapse without traversing an input edge
(See Fig. A.1).

For non-transientness of outputs, it suffices to require that no pair of out-
puts or internal events can occur closer than one time unit. This can be done
by resorting to an observer TA or, alternatively, adding and checking some
syntactic constraints on output edges, for instance, having a minimum delay
guard on a clock reset in the potential previous events. Another alternative is
checking strong non-zenoness [20] for sequences containing an infinite number
of output labels.

B Assume Guarantee

Lemma B.1 (Extending event sequences) Given a TA A with closed pred-
icates (item (i), Def. 5.2) and a set L of labels, if r € Ra(qo) then there exists
r" € Ra(qo) such that,

(i) ro =7y,
(i) 7 < 7w, and
(i) 3k : 0 <k < #rg 2 7o — time(ry [k]) € N.

Proof. This can be done by following a procedure on r that, step by step,
shifts forward not visible transitions (i.e., not L-labeled transitions) to be at
integer distance of a visible transition. a

Theorem 5.3

Given the I/O TCs A, B, A, B' satisfying the non-blocking extra conditions
such that A and B are I/O compatible, and A" and B’ have the same I/O
interface that A and B resp. If (A || B') <gyp, A" and (A" || B) <gyp, B’
imply that (A || B) <gup, umps (A" || B').

Proof. This is the sketch of the proof. Let L = Exps U Expg. Let r €
R 8(q0) be a finite run such that there is no run in A’ || B’ of the same time
length exhibiting the sequence of timed events r. First note there exists a
maximum k < #ry, such that there exits ' € Ry p (qy) with 7[0..k] = 77.
There are two cases:
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(i) There exists 7’ € Rarp(qq) such that r1[0...k] = 77, and time(r} [k+1]) >
time(rp [k + 1]).

(ii) For all " € Rap(qp), 7 > time(rp[k + 1]) and r.[0...k] = r} implies
time(ry [k+1]) < time(rp[k+1]) (something urgent must happen before).

Before treating the cases, let 7 be arun in A || B, and " a run in A" || B’
such that r7[0...k] = r}. It is easy to see that we can project the run r into
a run of A and a run of B. On the other hand, run 7’ can be projected into
a run of A" and a run of B’. Due to the hypothesis on exported labels and
labeling, we can safely recombine those runs to get a run r4p of A || B and a
run r 45 of A" || B with the same time length of r'. Let ¢4 be the last state of
rap projected into A, gp the last state of r4 g projected into B, g4 the last

state of ra g projected into A’, and ¢p' the last state of r g projected into
B’

Case i:

Suppose that lab(rp[k+1]) = 0 € O (the other case is analogous). Then,
at the last state of rp it is possible to execute some o' € O,f,‘Z (at g4 A can
perform any output in O4 and B’ is receptive to at least one of them). From
the fact that (A || B') <gg, A', we can show the existence of a run r4 of
A" such that 7y g,y ,, is equal to r7[0...k + 1] projected into Expa (= Expa).
Due to the fact that O = O’ is simultaneously enabled, there is a run 7',
of A" exhibiting r.[0...k + 1] projected into Ezpa. On the other hand, r
shows that o is enabled at gg. We can replace the original projection of r /g
on A" by the run r’;,. Then, from the fact that (A’ | B) <pgup, B’ we can
conclude that there is a run rp in B’ exhibiting r7[0...k + 1] projected into
Expp. Combining the new runs 7, and rp for A" and B’ resp., we conclude
that there is a run 7* in R p(qp) such that its exhibited sequence over L
r3[0...k + 1] is equal to r1[0...k + 1], a contradiction.

Case ii:

Let v € Rap(qq) such that 7, > time(ry[k+1]) and r7[0...k] = r1[0...k],
let " be the prefix run of 7’ such that r7 = r.[0...k]. By the previous lemma
and the assumptions of this case, there exists another run p in A’ || B’ such
that pr, = 7 = rp[0...k], 7 < 7, < time(rp[k + 1]), and 3s : 0 < s <
k : 71, — time(ry[s]) € N. This means that, when runs show that in A’ || B’
something urgent must happen before time time(ry[k + 1]), there must exist
a maximum value for its ocurrence. As shown, this follows from the fact
that, for any r” such that 7 = r;[0...k] there exists a longer p such that
pr. =7 =ry]0...k] and there are a finite number of those p (p ends at integer
time distance of some event and before time(ry [k + 1]) ). We will show that
any such p ends at a state where time can ellapse arriving to an absurd.

We know that NU(q4) and NU(gg). From the fact that ¢ —' p implies
NU(q) = NU(p) (item (ii), Def. 5.2), A can wait, and any finite number
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of inputs of A (outputs of B’) can not change this fact (an infinite number
of outputs of B’ would also imply time-divergence). Then, there exists w €
R/ ((g4,¢p)) such that 7, > 0 and Lab(w) N Outs = 0. Since p = rap ow
(rap prolonged with w) is a run of A || B’ there exists a run r4 of A’ such
that 7,,, = 7y and Tarpey,, = p'pep,,- Thus, rar can be split as 1y o 17y,
such that T, = Tu and 7'}, Bapy = WEapy- Then from the last state of 7/,
(denoted ¢;/) there exists a non-transient run (r'},) such that it exhibits no
Output label. Then, there exists a state s in the run r’}, such that NU(s).
Using Def. 5.1 and item (ii) of Def. 5.2 (¢ —' p implies NU(p) = NU(q)) we
can conclude NU(q'y,). Analogously, NU (¢ ). Therefore, the combination of
those runs shows the possibility of A" || B’ to exhibit ¢’ plus a positive time
increment (the minimum possible increment between A’ and B’). Thus, we
arrive to an absurd.

O
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Abstract

In this paper we address the problem of adequately handling non-deterministic
choices in Generalised Semi-Markov Processes (GSMPs), i.e. probabilistic timed
systems where durations of delays are expressed by means of random variables with
a general probability distribution. In particular we want the probabilistic duration
of a delay not to be decided all at once when the delay starts, but step by step
in each system state (in the theory of GSMPs this corresponds to recording spent
lifetimes instead of residual lifetimes of delays). In this way an adversary cannot take
decisions a priori, based on the knowledge he may get about the future behavior
of the system. In order to accomplish this, we consider Interactive Generalised
Semi-Markov Processes (IGSMPs). We start by formalizing the class of well-named
IGSMP models and the class of Interactive Stochastic Timed Transition Systems
(ISTTSs) which are both closed under CSP parallel composition and hiding. Then,
we introduce a semantics for IGSMPs which maps well-named IGSMP models onto
ISTTSs by recording spent lifetimes of delays. Finally, we show that two weakly
bisimilar IGSMPs give rise to two weakly bisimilar semantic models and that our
semantic mapping is compositional with respect to both CSP parallel composition
and hiding.

1 Introduction

The importance of modeling the behavior of concurrent systems with respect
to time has been widely recognized [18,17,3,10,5]. Moreover due to the fact
that either systems are frequently described at a high level of abstraction,
or the temporal behavior of some system component is inherently probabilis-
tic (e.g. transmission time of a message through a network), it is important
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that the modeling paradigm employed allows for the specification of prob-
abilistic time. To this aim several modeling techniques have been defined
to specify systems including activities with probabilistic exponentially dis-
tributed duration [18,17,3,10,5]. These approaches have the advantage to be
easily tractable from both the modeling and analysis viewpoint since the un-
derlying performance models are just simple Markov Chains. The price to
pay is a strong limitation in the expressiveness of these modeling paradigms,
since even fixed (non probabilistic) durations cannot be represented. Some
previous efforts have been made in order to develop models for general dis-
tributions [16,2,9,24,6,14]. In particular in [8] we have recognized that a for-
malism expressing systems with generally distributed delays should originate
from probabilistic models which are well-founded from the viewpoint of prob-
ability theory. More precisely, we have considered Generalised Semi-Markov
Processes (GSMPs), i.e. probabilistic timed systems where durations of de-
lays are expressed by means of random variables with a general probability
distribution. A GSMP describes the temporal behavior of a system by using
elements, which act similarly as clocks of a Timed Automata (see e.g. [23]).
In particular the temporal delays in the evolution of a system are represented
by clocks (elements) whose duration is determined by an associated generally
distributed random variable. In this way the temporal behavior of the system
is “guided” by the events of start and termination of clocks (elements). Fol-
lowing the idea of [17], where the same problem is attacked for exponential
distributions, we have introduced in [6] the possibility of specifying systems
as the parallel composition of subsystems described by GSMPs, by developing
the calculus of Interactive Generalized Semi-Markov Processes (IGSMPs).

An IGSMP represents the behavior of a component by employing both
standard action transitions, representing the interactive behavior of the com-
ponent, and clock start transitions and clock termination transitions, repre-
senting the timed probabilistic behavior of the component. Action transitions
are just standard CCS/CSP transitions: when several action transitions are
enabled in an IGSMP state, the choice among them is just performed non-
deterministically and when IGSMPs are composed in parallel they synchronize
following the CSP [19] approach, where the actions belonging to a given set
S are required to synchronize. Clock start transitions are labeled with a
clock name and a weight and represent the event of start of a temporal delay
whose probabilistic duration is given by the distribution associated with the
clock. When several clock start transitions are enabled in an IGSMP state,
the choice among them is performed probabilistically according to the weights
of the transitions. Clock termination transitions are labeled with a clock name
and represent the event of termination of the corresponding temporal delay.
A system stays in a state enabling several termination transitions until one of
the temporal delays currently in execution terminates and the corresponding
transition is performed.

Introducing non-determinism in probabilistic systems with general distri-
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butions causes new problems to arise with respect to the classical theory
of GSMPs. Such problems arise when we consider the interplay of non-
deterministic choices and the probabilistic behavior of clocks when IGSMPs
are actually executed. Following the classical approach of discrete event sim-
ulation (see e.g. [12]), in the instant a clock starts, the clock is set to a tempo-
ral value sampled from its duration distribution. As time passes clock counts
down and it terminates when it reaches value zero. From a technical viewpoint
this means that, while the GSMP proceeds from state to state, we keep track
of the quantity of time that clocks must still spend in execution (the residual
lifetimes of the clocks). This approach to the execution of an IGSMP, which
has been previously applied in [14] to systems including non-determinism and
generally distributed time, has the drawback that an adversary can base its
decisions (concerning non-deterministic choices) on the knowledge obtained a
priori about the future behavior of the system, e.g. the information about the
quantity of time that a delay will spend in execution.

In this paper we consider a new alternative approach to the execution
of systems including non-determinism and generally distributed time which
adequately handles non-deterministic choices. The idea is that we want the
probabilistic duration of a generally distributed delay not to be decided all at
once when the delay starts, but step by step in each system state. More pre-
cisely, this is realized by keeping track of the quantity of time spent by clocks
in execution (spent lifetimes of clocks), and by evaluating, when a new IGSMP
state is entered, the distribution of the residual duration of the clock from (7)
the duration distribution associated with the clock, and (i7) the time it has
already spent in execution. Such an approach, which is based on recording
spent lifetimes instead of residual lifetimes, is adherent to the classical behav-
ior of Timed Automata [23] where clocks are increased (and not decreased)
while time passes. Besides it indeed solves the problem of executing a system
with non-deterministic choices because, since the residual duration of clocks is
sampled in every state traversed by the IGSMP, the adversary cannot gain a
priori knowledge on the system behavior. Finally, considering spent lifetimes
instead of residual lifetimes is correct also from a probabilistic viewpoint, be-
cause in probability theory the two approaches are both valid alternative ways
to interpret a GSMP [13]. It is worth noting that the choice of adopting this
alternative approach for representing the execution of an IGSMP is concep-
tual and not at all related with the technical differences between the formalism
considered in [14] and IGSMPs. We could apply the technique used in [14] to
IGSMPs as well.

Similarly as in [14], based on our approach to the execution of an IGSMP,
we produce a semantics for IGSMPs which maps an IGSMP onto a transition
system where: (i) the passage of time is explicitely represented by transitions
labeled with numeric time delays and (i7) duration probability distributions
are turned into infinitely branching probabilistic choices which lead to states
performing numeric time delays with different durations. Differently from [14]

60



BRAVETTI AND ALDINI

we express semantic models of IGSMPs by means of “interactive” probabilistic
timed transition systems which can be themselves composed and we develop a
semantic mapping which is compositional with respect to parallel composition
and hiding.

More precisely, we start (in Sect. 2) by formalising the model of IGSMPs
and the model of well-named IGSMPs (a canonical form for IGSMPs which
makes it simple to establish weak bisimulation over IGSMPs). With respect
to [6], where well-named IGSMPs are defined as the class of semantic models
obtained from the terms of a process algebra, in this paper we characterize
well-named IGSMPs directly as a class of transition systems. Moreover we
show that the class of well-named IGSMPs is closed with respect to CSP
parallel composition and hiding and we introduce a notion of weak bisimu-
lation over well-named IGSMPs. Then, (in Sect. 3) we introduce the model
of Interactive Stochastic Timed Transition Systems (ISTTSs) which include:
standard action transitions, representing the interactive behavior of a system
component, numeric time transitions representing a fixed temporal delay, and
probabilistic transitions (expressed by means of probability spaces) represent-
ing (infinitely branching) probabilistic choices. Moreover we show that the
class of ISTTSs is closed with respect to CSP parallel composition and hid-
ing and we introduce a notion of weak bisimulation over ISTTSs. Moreover,
(in Sect. 4) we present the semantics for IGSMPs which maps IGSMPs onto
ISTTSs and we show that weakly bisimilar IGSMPs give rise to weakly bisim-
ilar semantic models and that the semantic mapping is compositional with
respect to both CSP parallel composition and hiding. Finally, (in Sect. 5) we
report some concluding remarks. The proofs of the results in this paper can
be found in [4].

2 Interactive Generalized Semi-Markov Process

In this section we will present the model of Interactive Generalized Semi-
Markov Processes (IGSMPs) and of well-named Interactive Generalized Semi-
Markov Processes: a canonical form for IGSMPs which introduces some con-
straints on clock names and makes it simple to establish equivalence over
IGSMPs. We first briefly introduce some basic notions about GSMPs, and
then we discuss in depth the model of IGSMPs and well-named IGSMPs.

2.1 The GSMP Model

The class of generalized semi-Markov processes (GSMPs) has been introduced
by Matthes (1962) in [21] and represents the temporal behavior of a system
through elements (or clocks) each with an associated duration probability
distribution (element lifetime). What characterizes GSMPs (e.g. with respect
to Semi-Markov Processes) is the possibility of having multiple active elements
in a state, so that when an active element terminates (it dies) a state change
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occurs and the other elements continue their life in the following state, thus
carrying over their residual duration.

Definition 2.1 A generalized semi-Markov process (GSMP) is a stochastic
process defined on a set of states {s | s € §} as follows. In each state s there
is a set of active elements e taken from a set K. The set El is partitioned
into two sets El' ed El* with El = El' U El*. If e € El' the element e has
an exponentially distributed lifetime, if instead e € EI* it has an arbitrarily
distributed lifetime. Whenever in a state s an active element e dies, the process
moves to the state s’ € S with a given probability P(s,e,s').
In GSMPs the following restrictions are considered [21]:

* When the process moves from a state to another, no more than one element
of El* can be born or die contemporaneously.

e The active elements of El* that do not die in a state keep their residual
duration.

A GSMP can be analyzed through simulative techniques and/or mathe-
matical techniques (based on phase-type approximation or insensitivity [21])
in order to obtain performance measures of a system.

2.2 The IGSMP Model

The model of Interactive Generalized Semi-Markov Processes extends that
of Generalized Semi-Markov Processes by expressing in addition to GSMP
clocks (or elements) execution, also the execution of standard actions which
can synchronize and have a zero duration. Such an approach, which is in-
spired from [17], is also quite usual in real-time process algebras [23] where
transitions representing temporal delays are distinguished from standard ac-
tion transitions which are performed in zero time. As far as probabilistic delays
are concerned, they are modeled as in GSMPs by means of clocks C' whose du-
ration is expressed through general probability distributions. In the following
we will distinguish different clocks used in an IGSMP through “names”, where
C,, denotes the clock with name n. In an IGSMP the execution of a clock C,,
is represented by means of two events: the event of clock start C followed by
the relative event of clock termination C), . Therefore in an IGSMP we have
three types of transitions: standard action transitions representing action ex-
ecution, clock start transitions representing events C;" and clock termination
transitions representing events C; . When a transition C;I is performed by
the IGSMP the clock C), starts and continues its execution in every state tra-
versed by the IGSMP. Whenever the clock C, terminates, then the IGSMP
executes the corresponding termination transition C, . In particular, since, as
in GSMPs, each started clock C,, which has not terminated yet must continue
its execution in each state traversed by the IGSMP, all such states must have
an outgoing transition C, . Obviously clocks which can be simultaneously
under execution in an IGSMP state must have different names (even if they
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have the same duration distribution), so that the event of termination of a
clock C, is always uniquely related to the corresponding event of start of the
same clock C;F. Similarly as GSMPs, IGSMPs can also express probabilis-
tic choices. This is obtained by associating with each start transition C;\ a
weight w € R™. In this way when a state of the IGSMP enables several clock
start transitions (C,", w), the choice of the clock to be started is performed
probabilistically according to the weights w of the transitions. For instance, a
state enabling two transitions labeled with (C)f, w) and (C,, w') respectively
starts clock C, with probability w/(w + w') and starts clock C,, with prob-
ability w'/(w 4+ w'). On the other hand, similarly as in [17], IGSMPs also
have, in addition to GSMPs, the capability of expressing non-deterministic
choices. This because, as in standard labeled transition systems deriving from
CCS/CSP terms, in the states of an IGSMP action transitions are just non-
deterministically chosen. In particular alternative transitions labeled with
invisible 7 actions represent internal non-deterministic choices which are per-
formed in zero time and can never be “resolved” through synchronization with
other system components. On the contrary, visible actions a in an IGSMP are
seen as incomplete actions which wait for a synchronization with other sys-
tem components (they represent potential interaction with the environment).
Therefore the choice of such actions in any IGSMP state is governed by an
external form of non-determinism, as their execution completely depends on
the environment. Note that since we adopt a CSP synchronization policy for
IGSMPs which produces visible actions from the synchronization of visible
actions (thus allowing for multiway synchronization) the only way to turn an
incomplete action in a complete one is by means of a hiding operator, which
turns visible actions into 7 actions. Similarly as in [17] an IGSMP represents
a complete system only when it does not include any transition labeled by a
visible action. This approach differs from that of the stochastic automaton
model of [14], where two different kinds of semantics have to be defined in or-
der to describe the actual behavior of closed systems and the potential behavior
of open systems. In our approach both the potential and the actual behavior
of the system are represented within the same model and complete systems
are obtained by hiding all the actions of the model. Note that [GSMPs repre-
senting complete systems may still include non-determinism due to multiple
internal 7 transitions enabled in the same state (internal non-determinism).
Therefore, adversaries (or schedulers) play an important role in the perfor-
mance analysis of IGSMPs in that they allow internal non-determinism to be
removed from an IGSMP thus turning it into a GSMP.
More precisely, in an IGSMP we have four different kinds of state:

- silent states, enabling invisible action transitions 7 and (possibly) visible
action transitions a only. In such states the IGSMP just performs a non-
deterministic choice among the 7 transitions in zero time and may poten-
tially interact with the environment through one of the visible actions (see
e.g. Fig. 1.a).
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- probabilistic states, enabling (C", w) transitions and (possibly) visible action
transitions a only. In such states the IGSMP just performs a probabilistic
choice among the clock start transitions in zero time and may potentially
interact with the environment through one of the visible actions (see e.g.
Fig. 1.b).

- timed states, enabling C, transitions and (possibly) visible action transi-
tions a only. In such states the IGSMP executes all the clocks labeling the
outgoing termination transitions according to their residual duration dis-
tribution. The clock that terminates first determines the transition to be
performed. Note that since, as in GSMPs, we assume that clocks cannot
terminate at the same instant, we always have a unique clock terminating
before the other ones (see e.g. Fig. 1.c). While the IGSMP sojourns in
the state, it may (at any time) potentially interact with the environment
through one of the outgoing visible action transitions.

- waiting states, enabling standard visible actions only or no transition at
all. In such states the IGSMP sojourns indefinitely. It may, at any time,
potentially interact with the environment through one of the outgoing visible
action transitions (see e.g. Fig. 1.d).

a a

+ + -
T T <C ,w>/ \<C ,w> c.

(a (b) () (d)
Fig. 1. Some examples of possible states of an IGSMP

In the following we present the formal definition of Interactive General-
ized Semi-Markovian Transition System (IGSMTS), then we will define In-
teractive Generalized Semi-Markov Process as IGSMTSs possessing an initial
state. Formally, we denote with PDF' the set of probability distribution func-
tions over R ranged over by f,g,... and with PDF™ the set of probability
distribution functions over Rt U {0} such that f(z) = 0 for z < 0 (repre-
senting duration distributions). Weights, belonging to R™, are ranged over
by w,w’,.... Moreover, we denote the set of standard action types used in a
IGSMTS by Act, ranged over by a,d’,.... As usual Act includes the special
type 7 denoting internal actions. The set Act — {7} is ranged over by a,b, .. ..
The set of clocks of an IGSMTS is denoted by C = {C,, | n € CNames},
where CNames is a set of clock names. Given a set C, we denote with
Ct = {{CHw)|C, € C,w € R*} the set of events denoting the starting
of a clock and C~ = {C,, | C,, € C} the set of events denoting the termination
of a clock. Let CT™ UC~ be ranged over by 6,6',.... The set of states of an
IGSMTS is denoted by ¥, ranged over by s,s’,.... We assume the follow-
ing abbreviations that will make the definition of IGSMTSs easier. Let us
suppose that T' C (3 x Labels x X) is a transition relation, where Labels is

!
a set of transition labels, ranged over by [. We use s —— s’ to stand for
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! ! !
(s,0,8") € T, s —— to stand for s’ : s —— ¢, and s —/ to stand for
l
As' is —— 5.

Definition 2.2 An Interactive Generalized Semi-Markovian Transition Sys-
tem (IGSMTS) is a tuple G = (X,C, D, Act, T, T_,T,) with
e X a set of states,

* C a set of clocks,

D :C — PDF™ a function that assigns a duration probability distribution
function to each clock,

Act a set of standard actions,

T, C(EXCTxX), T-C(ExC xX),and T, C (X x Act x X) three tran-
sition relations representing clock start and termination events and action
execution, respectively, such that: 3

1 Vsel. )
§— s = Ab.s ——
2 Vsel.
(CiF w) C
i, w.s — = AC,.s ——

3 38 : ¥ — P(C) the active clock function, such that Vs € 3.
a)- s s = S(s") = S(s)
(G w)
-s—— s = S(¢') =8(s) U{C,}

ey — O e S(s) A S(5) = S(s) — {Cy}

(Cif w)
b) AC,, w.s —— = C,, & S(s)
T (C;:,,w) Cn
c) Ch,beS8S(s) Ns — N ACp,w.s —— — § ——
4 Vs el
(Cif w)

s —— s = act(s') C act(s)
where the enabled action function act : & — P(Act) is defined by act(s) =

{a]s — ).

Definition 2.3 An Interactive Generalized Semi-Markov Process (IGSMP)
is a tuple G = (%,C, D, Act, Ty, T, T,, so), where sy € ¥ is the initial state of
the IGSMP and (%,C, D, Act, Ty, T_,T,) is an IGSMTS such that function S
in item 3 of Definition 2.2 also satisfies S(sq) = 0.

The constraints over transition relations 7., 7 and 7, guarantee that
each state of the IGSMP belongs to one of the four kind of states above. In
particular, the first requirement says that if a state can perform internal 7 ac-

3 For the sake of readability here and in the rest of the paper we assume the following
operator precedence when writing constraints for transition relations: existential quantifier
> “and” operator > implication.
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tions then it cannot perform events of clock starts or clock terminations. Such
a property derives from the assumption of maximal progress: the possibility
of performing internal actions prevents the execution of delays. The second
requirement says that if a state can perform clock start events then it cannot
perform clock termination events. Such a property derives from the assump-
tion of urgency of delays: clock start events cannot be delayed but must be
performed immediately, hence they prevent the execution of clock termination
transitions. The third requirement checks that clock starting and termination
transitions are consistent with the set of clocks that should be in execution in
each state of the IGSMP. This is done by defining a function & which maps
each state onto the expected set of clocks in execution, i.e. the set of clocks
which have started but not terminated yet. In particular, in the initial state
so such a set is empty. The constraint a) defines the construction rule of the
active clock set for each state reachable from sy. In the case of a transition
from a state s to a state s’ labeled with an standard action, the active clocks
of ¢’ stem from the active clocks of s, as no clock can be terminated given that
a standard action has been performed. If a transition from s to s’ is labeled
with a clock start event (C'7, w), then s’ inherits the active clock set of s and
adds to this set the started clock C),. Finally, in the case of a transition from
s to s’ labeled with a clock termination event C;, s’ inherits the active clock
set of s without such a terminated clock C,. Constraints b) and c¢) concern
the legality of the outgoing transitions of a state. In particular, the former
says that a the name of a clock labeling a starting transition must be fresh
(i.e. no clock with such a name must be currently in execution). The latter
says that each state without 7 and (C.f, w) outgoing transitions must have
a O, outgoing transition for each active clock C),. This definition preserves
both the maximal progress and the urgency of delays assumptions and, in each
state where it is possible, guarantees the possibility of terminating each delay
that is still active. The fourth requirement of Definition 2.2 implements the
following constraint over the structure of IGSMPs which makes their theory
simpler. The unique role of clock start transitions in an IGSMP must be to
lead to a timed state where the started clocks are actually executed, hence the
execution of such transitions cannot cause new behaviors to be performable
by the IGSMP. Such a constraint is satisfied by the semantic models of terms
of the calculus of IGSMPs introduced in [6]. Formally, we require that the set
of action transitions enabled after a clock start transition is a subset of (or
equal to) the set of action transitions enabled before such a transition. This
guarantees that no new behaviors can be introduced by clock start transitions
because: (i) no new behavior beginning with a 7 transition can be executable
after a clock start transition (states enabling clock start transitions cannot
enable 7 transitions), and (i7) every potential behavior beginning with a tran-
sition a executable after a clock start transition can never be actually executed
by hiding a, because before the clock start transition there is a potential be-
havior beginning with the same action a, which, when hidden, preempts the
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clock start (see the following Sect. 2.5 about the hiding of IGSMPs).

2.8 The Well-Named IGSMP Model

The model of well-named IGSMPs represents a canonical form for IGSMPs
which introduces some constraints on clock names and makes it simple to
develop an equivalence notion over IGSMPs which matches clocks with the
same duration distribution. Well-named IGSMPs are exactly the class of
semantic models obtained from the terms of the process algebra introduced
in [6]. Here we will characterize well-named IGSMPs directly as a class of
transition systems.

The constraint on the use of clock names in an IGSMP that we consider
concerns the names k which are used for clocks when they start. As we already
explained the name used for a starting clock must be fresh, i.e. no clock with
such a name must be currently in execution. The requirement that we now
add is that the new clock name which is used must depend from the duration
distribution f associated with the starting clock and from the names of the
clocks (with the same distribution f) already in execution, according to a
fixed rule. In particular, we take the set of clock names to be defined by
CNames = (PDF* x N7T), where “f,4” is a name for a clock with associated
distribution f. The name “f,+” which is used for a starting clock must be
such that 7 is the least # € IN* which is not used in the name of any clock
with the same distribution f already in execution. Note that, similarly as
for standard ST models [1,7,11,15], using just duration distributions as clock
names is not sufficient because indexes i € NT are needed in order to uniquely
relate the clock termination event to the corresponding clock start event, even
in the situation where several clocks with the same duration distribution are
simultaneously executed (this is also observed in [8]).

Since in a well-named IGSMP names for clocks cannot be chosen arbitrarily
and the clock names which are considered make it clear by themselves which
is the duration distribution associated with a clock, with respect to IGSMTSs
(Definition 2.2), in the definition of well-named IGSMTSs we omit set C and
function D.

Definition 2.4 A well-named Interactive Generalized Semi-Markovian Tran-
sition System is a tuple G = (X, Act, T, T, T,) where > and Act are defined
as in Definition 2.2, while the definition of the transition relations 7'y, 7 and
T, is obtained from that given in Definition 2.2 by substituting the constraint
b) of item 3 with:

(CFw)

b) 3Ci;,w.s— = i=min{j|j € N*, Cr; € S(s)}

Note that the new version of constraint b) guarantees that the name used
for a starting clock is always fresh as required by the old version of constraint
b) (see Definition 2.2).
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Definition 2.5 A well-named Interactive Generalized Semi-Markov Process
is a tuple G = (2, Act, T, T_,T,, s9), where so € X is the initial state of the
well-named IGSMP and (X, Act, T, T ,T,) is a well-named IGSMTS such
that function & in item 3 of Definition 2.2 also satisfies S(sq) = 0.

As an important remark, we would like to point out that, since the rule
expressed by constraint b) of Definition 2.5 reuses the indexes i of terminated
clocks, each IGSMP with a finite set of states can be transformed into a well-
named IGSMP with a finite set of states, by renaming clocks.

2.4 Parallel of Well-Named IGSMPs

Now, we address the problem of defining parallel composition a la CSP [19] of
well-named IGSMPs, where the standard actions of a given set S are required
to synchronize and the synchronization of two actions of type a is again an
action of type a.

Intuitively, it should be clear that when composing in parallel two IGSMPs,
a suitable renaming of the clocks is necessary in order to obtain a IGSMP, i.e.
preserve the requirements on transition relations of Definition 2.3. Indeed
composing in parallel two IGSMPs could lead to some conflict concerning
the identification of the clocks of the composed model through names. More
precisely, we have to cope with a name conflict whenever two clocks with
the same name “f,7” are simultaneously in execution in both IGSMPs. In
such a case the same name identifies two different clocks by compromising the
relationship between the start and termination events of the two clocks. When
considering well-named IGSMPs instead of just IGSMPs we have in addition
the problem of preserving the rule for the name of starting clocks expressed
by constraint b) of Definition 2.5.

The solution that we adopt consists in using [ and r (left and right) as
references to the two well-named IGSMPs G', G” which are composed in par-
allel with G' || G" and relating each clock name locally used in G’ (or G”) to
the well-named IGSMP G’ (or G”) through the reference [ (or r). In this way
Cty; (Ctry) denotes the clock Cf; executed by G' (G”). In order to obtain
a well-named IGSMP, when building the composed model, such “extended”
names are renamed so that the rule for the name of starting clocks expressed
by constraint b) of Definition 2.5 is satisfied. For instance, let us suppose that
both G" and G” execute a clock with the same duration distribution f. For
both well-named IGSMPs in isolation we represent such an event by activating
the clock C;. Somehow in the composed model we have to distinguish such
clocks through names because they can be simultaneously in execution. Let
us suppose that in G'||¢ G" the first delay with distribution f that starts is
the one executed by G'. According to the well-naming rule in the composed
model such a clock must get name “f,1”7. Hence we map Cy; to the “ex-
tended” name of the clock Cf; executed by G', thus creating the following

mapping:
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Cr1— Crpy

denoting that the first clock with distribution f of the composed model Cy
corresponds to the first clock with distribution f of the lefthand well-named
IGSMP. Then, if the second clock to be executed is the clock Cf; belonging
to the righthand well-named IGSMP, in the composed model we create the
fresh name “f,2” (according to the well-naming rule) and have in addition
the following mapping:

CfaZ — Cfarl

In Table 1 we present an example of execution of a composed model G’ ||s G”
by showing how the mapping function (between the clock names of the com-
posed model G’ ||s G" and the corresponding clock names locally used in G’
and G") for clocks with distribution f evolves.

Well-named IGSMPs | Composed Model | Mapping Function
G’ starts Cr G'|ls G" starts Cyy Cr1— Cyy,
G" starts Cry G"|ls G" starts Crp Cr1— Cyy,

Cr2 — Cpn
G" starts Co G'|ls G" starts Crs Cr1— Cyy,
Cr2 — Cpny
Crs — Ctp,
G" ends Cy, G'||sG" ends Cyo Cr1— Cyy,
Crs — Ctp,
G' starts Cr o G"|ls G" starts Crp Cr1— Cyy,
Cro — Cyyy
Ctz — Chpy
Table 1

Renaming of the clocks in G’ ||s G”

By following such a procedure, we build the composed model by dynami-
cally storing all current mappings between the clock names of the composed
model and the local clock names of the two well-named IGSMPs by employing
a table (mapping function) for each distribution f. In general, when a clock
Cy, with distribution f is started by one of the two composed well-named
IGSMPs, we do the following: (i) we choose the first index j for the distribu-
tion f which is unused in the composed model (by checking the table related
to the duration probability distribution f), and we use the name “f, j” for the
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clock in the composed model; (i) we add to the table related to distribution f
the mapping C'y; — Cy,, if the clock is executed by the lefthand well-named
IGSMP or Cf; — CYy,, if the clock is executed by the righthand well-named
IGSMP. When a clock Cy, with distribution f is terminated by one of the
two composed well-named IGSMPs, we do the following: (i) we establish the
name “f, 7”7 associated with the terminating clock in the composed model by
checking the table related to distribution f (it must include Cy; — Cyy, if
the clock is executed by the lefthand well-named IGSMP or Cy; — Cy,, if
the clock is executed by the righthand well-named IGSMP); (i) we remove
from the table related to the duration probability distribution f the mapping
for the name “f, 7”7 of the composed model.

Now we formally define the parallel composition G ||s G2 of two well-named
IGSMPs G, and G,, where the synchronization set S is a subset of Act — {7}.

We denote with Loc = {I,r}, ranged over by loc the set of locations,
where [ stands for left and r for right. We denote a mapping function, whose
elements are pairs (j, loc;), with mapf which ranges over the set MapF of
partial bijections from INT to Loc x N*. Moreover, a global mapping M is a
relation from PDF ™ to N*x(Locx N*t) such that Vf € PDF*.M; € MapF *,
i.e. M is a global mapping including a mapping function for each different
duration distribution. We denote the set of global mappings M by M. In
the following we use the shorthand f : (4, loc;) for (f, (4, loc;)) € M. Finally
we make use of the auxiliary function n : MapF — N7 that computes the
new index to be used for a clock name according to the well-naming rule,
by choosing the minimum index not used by the other clocks with the same
distribution already in execution, i.e. n(mapf) = min{k |k & dom(mapf)}.

Definition 2.6 The parallel composition G; ||s G2 of two well-named IGSMPs
Q1 = (21, ACt, T—l—,l; T_71, Ta,l; 30’1) and Q2 = (22, ACt, T+72, T_,Q, Ta72, 8072), with
S being the synchronization set, is the tuple (3, Act, Ty, T—, Ty, (S0.1, 0,2, 0))
with

e ¥ =3 X Xy X M the set of states,

e T, C(ExCTxX),T-C(ExC xX),and T, C (X x Act x X) are the
least transition relations, such that V(sy, s9, M) € X.

« «
1 51 ——= s}, a €S = (51,52, M) —— (s, 52, M)
a a
25—\ Nsgy——58,,aelS =
a
(81,82, M) —— (s}, sh, M)

<C-i:17w> T
3 slf—>s’1 A 8y —H =
(CF may )
(81,80, M) ——— (s}, 52, MU {f : (n(My),1;)})

C;i (C;:h,w>

4 s —— 1 A SQ—T/—> N ACyh,w.s5— N f:(j,l;)) e M =

* Given a relation M from A to B, we denote with M, the set {b € B | (a,b) € M}.
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1.

(81; S2, M) — (8117 52, M — {f : (]7 lz)})
and also the symmetric rules 1., 3., 4, referring to the local transitions of
Go, which are obtained from the rules 1y, 31,4, by exchanging the roles of
states s; (s}) and sy (s5) and by replacing I; with r;, hold true.

* (So0.1,802,0) € ¥ the initial state

Each state s € ¥ of the composed model is represented by a triple in-
cluding a pair of states (s; € Xy and s, € 3y) and an auxiliary memory M
containing all the mappings currently active in such a state. Rules 1 (2) de-
scribe the behavior of the composed model in the case of a standard action «
performed by one (or both, via a synchronization) well-named IGSMPs, when
a &S (o € 8). Rules 3 and 4 define the behavior of the composed model
in the case of delays locally performed by components. When in G; (G3) oc-
curs a transition labeled with (C’Zi, w), denoting the beginning of a delay with
duration distribution f, then the new index n(My) is determined for identi-
fying the action at the level of the composed model, and the new mapping
[ (n(Mp), ;) (f - (n(My),r;)) is added to M. Conversely, when in G, (Gs)
occurs a transition labeled with C';;, denoting the termination of a clock with
duration distribution f, the particular clock with index j associated to I; (r;)
in My terminates at the level of the composed model, and the index j becomes
available. Note that the negative clauses in the premises enforce the maximal
progress and the urgency of delays assumptions.

Theorem 2.7 Let G and Gy be two well-named IGSMPs. Then for each
S C Act — {1}, Gi||s G2 is a well-named IGSMP.

2.5 Hiding of Well-Named IGSMPs

Now, we address the problem of defining hiding of well-named IGSMPs, where
the standard actions of a given set L are turned into invisible 7 actions.

As we already explained, the capability of hiding actions make it possible
to turn visible “incomplete” actions into invisible “complete” ones, thus giving
the possibility of building a complete system from several system components.
In particular while a visible action transition (as long as it is enabled) can
delay indefinitely before being performed, when such an action is turned into
an invisible action it must be executed in zero time.

Now we formally define the hiding G/L of a well-named IGSMP G, where
the set L of the visible actions to be hidden is a subset of Act — {7}.

Definition 2.8 The hiding G/L of a well-named IGSMP

G = (%, Act, T} 1, T 1,T, 1, S0) with L being the set of visible actions to be
hidden is the tuple (X, Act, Ty, T, T,,s9) where T, C (¥ xC" x X), T C
(¥ xC xX),and T, C (X x Act x X) are the least set of transitions, such
that Vs € . °

% In order to distinguish transition of Ty1, T, and Ty from transitions of T, T_ and
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o o
ls—s,adl = s —— ¢

a T
2 s —ns,ael — s—— ¢

0 a 0
3s—sN Aoel.s —» — s —— &

Rules 1 and 2 are standard. Rule 3 says that the effect of the hiding
operator over states of G which enable standard actions in L is to preempt all
clock related transitions according to the maximal progress assumption.

Theorem 2.9 Let G be a well-named IGSMP. Then for each L C Act — {7},
G/L is a well-named IGSMP.

2.6 Fquivalence of Well-Named IGSMPs

Now we will recall the notion of weak probabilistic bisimulation over IGSMPs
which has been introduced in [6]. In particular weak bisimulation matches
the execution of clocks with the same duration distribution similarly as in the
dynamic approach of [7], deals with probabilistic choices similarly as in [20],
and abstracts from standard 7 actions similarly as in [22]. Such an equivalence
is shown in [6] to be a congruence with respect to both parallel composition
and hiding.

In our context we express cumulative probabilities by aggregating weights.

Definition 2.10 Let G = (3, Act, T, T ,T,) be a well-named IGSMTS.The
function TW : £ x PDF* x P(X) — R* U {0}, which computes the aggre-
gated weight that a state s € ¥ reaches a set of states I € P(X) by starting

a delay with duration distribution f € PDF™ is defined as: 6
(C ,i’w>
TW(s, f,I) =Y {w|JieN*,s el s — 5|

Let NPAct = Act UC ™, the set of non-probabilistic actions, be ranged over

T a T
by o. Let == denote ( > )* > ( »)*, i.e. a sequence of transitions
including a single o transition and any number of 7 transitions. Moreover,

h
we define == = =% if 0 # 7 and == = (——)*, i.e. a possibly empty
sequence of 7 transitions.

Definition 2.11 Let G = (X, Act, T, T, T,) be a well-named IGSMTS. An
equivalence relation g on X is a weak bisimulation iff s; 5 sy implies

* for every 0 € NPAct and s} € &,

g . . & .
s; —— &) implies s, = s, for some s}, with s 3 sb,

»”

T, we denote the former with “ ——1” and the latter simply with “ ——".

6 We use {| and [} to denote multiset parentheses. The summation of an empty multiset is
assumed to yield 0. Since the method for computing the new index of a delay f that starts
in a state P is fixed, we have that several transitions f* leaving P have all the same index
i.
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. 5y = sy for some s}, such that, for every f € PDF" and equivalence class
I of 33,
TW(Slafa ]) = TW(S‘,Q)fa I)

Two states s; and sy are weakly bisimilar, denoted by s; & sq, iff (s1,s2) is
included in some weak bisimulation. Two well-named IGSMPs (G, sp1) and
(G2, S02) are weakly bisimilar, if their initial states so; and spo are weakly
bisimilar in the well-named IGSMTS obtained with the disjoint union of G;
and G,.

3 Interactive Stochastic Timed Transition Systems

In this section we introduce Interactive Stochastic Timed Transition Sys-
tems (ISTTSs) that will be used in the next section to define a semantics
for IGSMPs. We first briefly introduce some basic notions about probability
spaces.

3.1  Probability Spaces

In this section we recall some basic notions related to measure theory and we
introduce some notation that will be used in the rest of the paper.

Definition 3.1 A o-algebra on a set €2, denoted by F, is a family of subsets of
Q2 that contains 2 and is closed under complementation and countable union.
The elements of a o-algebra F are called measurable sets. The pair (2, F) is
called a measurable space.

Definition 3.2 The Borel o-algebra on a set () with a topology, denoted
by B(f2), is defined to be the o-algebra generated by the open subsets (or
equivalently, by the closed subsets) of .

Definition 3.3 A finite measure 1 on a measurable space (€2, F) is a function
that assigns a non-negative real value to each element of F, such that pu(0)) =0
and, supposed {C;};er, with I C N, to be a family of disjoint elements of F,
W(UicrCi) = >, w(Cs). The triple (2, F, 1) is called a measure space. If
we have in addition that () = 1, then the triple (2, F, u) is also called a
probability space.

We now define some operations over measure spaces and probability spaces.

Definition 3.4 Let (2, F,u) be a measure space and let f be a function
defined on €, then f(Q, F, i) denotes the triple (f(Q2),{C C f(Q) | f71(C) €

F}, 1'}), where YO C f(Q). p/(C) = u(f~(C)).
It is easy to verify that, since (2, F, p) is a measure space, f(€, F,u) is
a measure space as well. Such a measure space is called the measure space

induced by f from (Q, F, u). Moreover if (2, F, 1) is a probability space, then
f(2, F, u) is a probability space as well.
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Definition 3.5 Let (€2, F, 1) be a measure space and let p be a positive real
number, then p- (2, F, i) denotes the triple (2, F, u'), where VC' C Q. p/'(C) =

p-p(0).

It is easy to verify that, since (€, F, ) is a measure space, p - (2, F, p) is
a measure space as well.

Definition 3.6 Let (', F', i) and (", F", 1i"") be two measure spaces, then
(U, F' o)+ (", F", 1) denotes the triple (Q'UQ", {C CQUQ" | CNQ €
FACNQ" € F'"}, u), where VO C Q' UQ". pu(C) = (CNQ) + p"(CNQ").

It is easy to verify that, since (0, F', u/) and (Q", F", p") are measure
spaces, (', F' p') + (Q", F", ") is a measure space as well. Moreover, con-
sidered a set of probability spaces {(€;, Fi, it;) }ier, with I C N finite index
set, and a set {p; }ic; of positive real numbers such that } .., p; = 1, we have
that Y., pi - (%, F3, p;) is a probability space.

Definition 3.7 Let (', F', i) and (Q", F", 1i"") be two measure spaces, then
(U, F'ou)- (2, F", 1) denotes the triple (' x Q" {C'xC" | C" € F'AC" €
f’l},/j/,), Where vc/ g Q/, O// g Q//. /,I/I(C, X C//) — /,I/I(C,) . /,[/”(O”).

It is easy to verify that, since (', F',y/) and (Q", F", p") are measure
spaces, (U, F',u') - (", F" 1") is a measure space as well. Moreover, if
(Q, F, p) is a probability space, then (', F' ') - (Q", F", ") is a probability
space as well.

We now show that a probability distribution function on real numbers
defines a unique probability space over the Borel g-algebra of real numbers.

Theorem 3.8 Let I' € PDF be a probability distribution function on R.
There is a unique probability measure P on B(R) such that Va,b € R,a <
b. P((a,b]) = F(b) — F(a).

Finally, we present a notion of equivalence over measure spaces which
relates measure spaces with different domains by assuming that they assign
measure 0 to the every set of elements not included in their domain.

Definition 3.9 Let (', F', /) and (", F", /") be measure spaces. We say
that (', F', i) is equivalent to (2", F", u""), written (Q', F', p') =~ (", F", "),
ifvCe' e Fl.C'NQ" € F" A" (C'NQ") =/ (C") and VC" € F'. C"NQ €
f/ /\ M/(C’// m Q/) — /,L”(C’”).

Note that the definition above implies that if (', F', u') ~ (", F", u")
then both Q' — Q" € F' with ¢/( — Q") = 0 and Q" — Q' € F" with
H/II(QII _ Q') —0.

3.2 The ISTTS Model

In this section we formally introduce Interactive Stochastic Timed Transi-
tion Systems (ISTTS) which include three type of transitions: standard ac-
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tion transitions, representing the interactive behavior of a system component,
probabilistic transitions (expressed by means of probability spaces) represent-
ing (infinitely branching) probabilistic choices and numeric time transitions
representing a fixed temporal delay.

As far as standard actions are concerned they have exactly the same be-
havior as in IGSMPs. In ISTTS non-deterministic choices can arise not only
from transitions labeled with standard visible actions (like in IGSMPs), but
also from transitions representing the passage of time. As usual in the real
time literature (see e.g. [23]), several timed transition leaving a state offer the
possibility to the observer to choose the amount of time after which he wants
to observe the status of the system.

In ISTTS we have two different kinds of state:

* silent states which are exactly like in IGSMPs.

* probabilistic states enabling probabilistic transitions, expressed by a prob-
ability space PS, and (possibly) visible action transitions a only. In such
states the ISTTS just chooses a new state in zero time according to the prob-
ability space and may potentially interact with the environment through one
of its visible actions (see e.g. Fig. 2.a).

o timed states enabling numeric timed transitions ¢ and (possibly) visible ac-
tion transitions a only. In such states the ISTTS just performs a non-
deterministic choice among the numeric timed transitions (which cause the
amount of time labeling the transition to pass) and may potentially interact
with the environment through one of its visible actions (see e.g. Fig. 2.b).

(a (b)
Fig. 2. Some examples of possible states of an ISTTS

In the following we present the formal definition of Interactive Stochastic
Timed Transition System (ISTTS), then we will define Rooted Interactive
Stochastic Timed Transition Systems as [STTSs possessing an initial state.
Formally, given a time domain TD C R* U {0}, we use t,t', ..., representing
time values, to range over 7D.

Definition 3.10 An Interactive Stochastic Timed Transition System (ISTTS)
is a tuple D = (X, TD, Act, P, T}, T,) with
* ¥ a set of possibly infinite states,

e TD a time domain, i.e. the set of possible values over which the labels of
the numeric timed transitions range,

» Act a set of standard actions,

e P:Y — PS(E—-Y%), where ¥’ C ¥ and PS(X”) denotes the family of
probability spaces (X", F, i) over sets of states ¥ C 3" the probabilistic
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transition relation which associates a probability space with some of the
states of the ISTTS; and T; C (X x TD x X)) and T, C (X X Act x X)
two transition relations representing time passage and action execution,
respectively. P, T; and T, must be such that Vs € .

Cs— = s & dom(P) A /Ht.s—t>
- s € dom(P) = At.s SN
Cs s v Is — V s € dom(P)

Definition 3.11 A Rooted Interactive Stochastic Timed Transition System
(RISTTS) is a tuple D = (X, TD, Act, P, T;, Ty, so), where sy € ¥ is the initial
state and (3, TD, Act, P, T}, T,) is an ISTTS.

The meaning the constraints over transition relations is the following. The
first requirement says that (similarly as in IGSMPs) if a state that can perform
internal 7 actions then it cannot perform neither probabilistic transitions nor
timed transitions (mazimal progress assumption). The second requirement
says that (similarly as in IGSMPs) if a state that can perform probabilis-
tic transitions then it cannot perform timed transitions (urgency of choices
assumption). The third requirement says that (similarly as in IGSMPs) we
cannot have states where time is not allowed to pass (time deadlocks).

3.8 Parallel of Rooted ISTTSs

Now we define, similarly as for IGSMPs, the parallel composition a la CSP of
RISTTSs.

In such a parallel composition the discrete timed transitions of the com-
posed RISTTSs are constrained to synchronize, so that the same amount of
time passes for both systems, i.e. when time advances for one RISTTS it must
also advance for the other RISTTS.

Definition 3.12 The parallel composition D; || Dy of two RISTTSs D; =
(31, TD, Act, P T, 1, T, 80,1) and Dy = (X,, TD, Act, Py, T2, Ta 2, 50,2); with
S C Act — {7} being the synchronization set, is the tuple

(X, TD, Act, P,T;,T,, (50,1, So,2)) with:

e 3 — ¥, X X4 the set of states

e P the partial function defined over ¥; x ¥, obtained from P; and P, as
follows: Vs € Xy, s9 € Y.

P(Sl,Sg) = [dl (Pl(Sl)) if S1 € dom(Pl) N\ So ;>
P(s1,50) = Id2 (Py(s2))  if 55 € dom(Py) A 51 ——
P(s1,82) = P(s1) - P(sg) if s1 € dom(Py) N sy € dom(Py)

)

P(s1, s2) is not defined otherwise

with Idy, : 1 — (31 x {s2}) defined by Vs € %,.1d,,(s) = (s,s2) and
Id? 5y — ({s1} x 53) defined by Vs € ¥y. Id,, (s) = (51, 5).
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e T, C (XX TD x X)) and T, C (X x Act x X) the least transition relations,
such that N
1 s —— s, ag S = (s1,82) —— (s, 52)
1, 85— sy, a €S = (s1,52) L>(51,s’2)
2 5 — SN sg SN sy, a €S = (s1,82) L>(s’1,s’2)
3 5 SN st N Sy SN sy = (s1, 52) ;(3’1,3’2)
* (S0.1,502) € X the initial state.

When evaluating the probability spaces associated by function P to the
states of the composed model we make use of induced probability spaces (see
Definition 3.4) and we enforce the maximal progress assumption. Moreover we
produce a single “global” probability space whenever both RISTTSs engage in
probabilistic choices (we assume that choices are performed independently).
When evaluating action transitions we just make use of standard rules. Finally
we require timed transitions to synchronize.

Theorem 3.13 Let Dy and Dy be two RISTTSs. Then for each S C Act —
{7}, D1 ||s Dy is a RISTTS.

3.4 Hiding of Rooted ISTTSs
Now we define, similarly as for IGSMPs, the hiding of RISTTSs.

Definition 3.14 The hiding D/L of a RISTTS
D, = (X, TD, Act, Py, Ty, T,1, o), with L C Act — {7} being the set of visible
actions to be hidden, is the tuple (3, TD, Act, P, T}, T,, so), with:

* P the partial function obtained from P; by removing from its domain those
states (and the associated probability spaces) which enable at least one
transition labeled with an action in L

e T, C(EXx TD x X) and T, C (¥ x Act x X) the least transition relations,
such that Vs € &. 7
1 SLMSI, a¢l = 5 — s g
2 SLMSI, ael — s — ¢

t a t
3s—— N Auel.s —» = s ——

Similarly as for IGSMPs, in the definition of the hiding operator in addition
to standard rules we make use of rules which enforce the maximal progress
assumption.

Theorem 3.15 Let D be a RISTTS. Then for each L C Act — {7}, D/L is
a RISTTS.

" In order to distinguish transition of Tw,a, Tt and T, ; from transitions of T,,, T3 and T,
we denote the former with “ ——1” and the latter simply with “ ——".
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3.5  Equivalence of Rooted ISTTSs

Now we introduce a notion of weak bisimulation for RISTTSs which consti-
tutes an extension of the approach of [20] to probability spaces and abstracts
from standard 7 actions similarly as in [22].

Given an equivalence relation  on a set ¥ and a set I C 3, we first
define the function ECr4 : I — ¥/ which maps each state s € I into the
corresponding equivalence class [s]s in X.

Definition 3.16 Let D = (X, TD, Act, P,T;,T,) be an ISTTS. An equiva-
lence relation £ on ¥ is a weak bisimulation iff s; B sy implies

 for every a € Act,
s1 SN s} implies sg RN s, for some s/, with s} 3 s,
o forevery t € TD,
s1 SN s} implies s9 SN st for some s, with s} (8 ),

.« 5y = st for some s, such that, denoted P(s1) = (X1, Fy, 1) and P(sh) =
(X9, Fa, pi2), we have that ECy, 3(P(s1)) = ECx, g(P(s}))

Two states s; and so are weakly bisimilar, denoted by s; & sq, iff (s1,s9) is
included in some weak bisimulation. Two RISTTSs (D, so,1) and (Da, so2)
are weakly bisimilar, if their initial states so; and sy are weakly bisimilar in
the ISTTS obtained with the disjoint union of D; and D,.

In the last item we exploit induced probability spaces (see Definition 3.4)
and equivalence between probability spaces (see Definition 3.9) to check that
states s; and s, have the same aggregated probability to reach the same equiv-
alence classes.

4 A Semantics for Interactive Generalized Semi-Markov
Processes

In this section we present a semantics for well-named Interactive Generalized
Semi-Markov Processes which maps them onto Interactive Stochastic Timed
Transition Systems. Such a semantics explicitely represents the passage of
time by means of transitions labeled with numeric time delays and turns
probability distributions of durations into infinitely branching probabilistic
choices which lead to states performing numeric time delays with a differ-
ent duration. In particular, differently from [14] where a technique based on
residual lifetimes of clocks is used, the states of the semantics of an Interactive
Generalized Semi-Markov Process encode the spent lifetimes of clocks. This
means that, in a timed state of the IGSMP where several clocks Cy,, ... C},
are in execution, the time delay originated by a clock (), is determined ac-
cording to its residual distribution of duration which is evaluated from (7)
its associated duration distribution and (7) its spent lifetime. Once we have
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sampled a time value ¢; from the residual duration distribution of each clock
Ch,, we just take the minimum %, of the sampled values and we consider
the clock (), . which sampled such a time value. Such a “winning clock” is
the clock that terminates in the timed state of the IGSMP. After this event
the other clocks (which are still in execution) carry over their spent lifetimes,
which now is given by #, = ¢; + tmin. Since, according to this approach, the
residual duration of a clock is re-sampled in each IGSMP state until it termi-
nates, an adversary (or scheduler) which resolves non-deterministic choices in
an IGSMP cannot gain information about the future behavior of the system

on which to base its decisions.

4

Example 4.1 Let us consider the IGSMP depicted in Fig. 3, where three
temporal delays are started by activating three clocks C,,, C,,, and C,,.
In particular, we concentrate on the case in which C,, is the first clock to
terminate.

In Fig. 4 we show the semantics of the IGSMP of Fig. 3 obtained by
following an approach similar to that of [14], which encodes in each state the
residual lifetimes of clocks. Each state is enriched with the set of active clocks
together with their residual lifetimes. In state (sq, ()) (where no clock is active)
three numeric time delays %1, t5, and t3 are sampled and associated with the
lifetime of the clocks C),,, C,,, and C,,, respectively. Depending on which
is the clock C,, . sampling the minimum time value t,,;, in state (sg, ), we
move to one of three different classes of states, one for each possible winning
clock. Afterwards, a temporal transition labeled with a numeric time value ¢
between 0 and t,,;, is taken, and each residual duration is accordingly modified
by subtracting t,,;,, from the residual lifetime of each clock. For the sake of
readability in Fig. 4 we just depict one trace leading from sq to a state s;
which belongs to the class of states for which C,, is the winning clock (i.e. ¢,
is tmin), and then from s; to the state sy via the transition labeled with the
time value ¢, so that in sp the clock C), is terminated. In state so the residual
lifetimes of the remaining active clocks C,, and C,,, are t; —t,,;, and t5 — tin
respectively. By exploiting this information an adversary may already know
which clock between C),, and C),, will terminate first and consequently guide
the nondeterministic choice in state ss.

In Fig. 5 we show the semantics of the IGSMP of Fig. 3 obtained by
following the approach that we adopt in this paper, which is based on the
spent lifetimes of clocks. Each state is enriched with: (i) the set of active
clocks together with their spent lifetimes, and (i7) a pair C,, : ¢ containing the
time value sampled by the winning clock in a timed state of the IGSMP and
the clock name. The latter field is set to “—” whenever the IGSMP is not in a
timed state. The sampling executed in state (sq, ), —) leads to a state where
the three starting clocks are associated with the spent lifetime 0 (because the
corresponding transition does not represent a passage of time but simply the
result of the sampling), and the winning clock C,, and its sampled value are
reported too. As in the case of Fig. 4, in Fig. 5 we just report one trace leading
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Cn,
<Ch, . 1> <Cp 1> <& 1> c: T
2
So Sy S,
_ T
Cn,

Fig. 3. Example of an IGSMP

from sy to a state s; which belongs to the class of states for which C,, is the
winning clock (i.e. C,, is C),, ., and ty is its sampled value), and then from s,
to the state s, via the transition labeled with the value ¢5, so that in sy the
clock (), is terminated. In state sy the spent lifetimes of the remaining active
clocks C,, and C),, are both equal to t, and their residual durations depend
on both such a value and the duration distribution associated with the clocks.
Since, according to this approach, the time to termination of clocks C),, and
Chp, 1s re-sampled, an adversary cannot gain in advance any information about
the future behavior of the system and he cannot exploit this information when
resolving the nondeterministic choice in state s,.

K

1
<S{(C L tRI(G trt)> n, 3 2
ts
1
;

Fig. 4. Example of semantics based on residual lifetimes

<5, {(Cn, . 0),(Cnpu0),(Cop 0}, Coit1>
»

<. F. -2 <8 {(G,,0),(Cpy0),(Cop 0)), Coypity> i

<S, . {(Cn, t2), (Cq,, t2)}, —>
ty
\

Fig. 5. Example of semantics based on spent lifetimes

T

<Sl ! {(Cn1 4 0), (anr 0): (Cngv 0)}: Cna-'t3>

In the following we introduce some preliminary definitions which are needed
to define the semantics of IGSMPs.

Definition 4.2 Given a duration probability distribution f € PDF" and a
time value t € R* U {0}, we denote by [f | t] the residual duration distribu-
tion of a clock C), with duration distribution f which, after ¢ time units from
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when it started, has not terminated yet (¢ is its spent lifetime). More formally,
if T is a random variable with distribution f, i.e. V¢’ € R* U {0}. f(¥') =
P(T < t'), then [f | t] is the probability distribution defined as follows. For
all ' € R™ U {0} we have that:

(f1H)Y=P(T <t +t|T>t)

Theorem 4.3 Given f € PDF" and t € R U {0}, we have that for all
t'e RTU{0}:
Ft+t) = £(t)
1—f(t)
Consider a family of probability distribution functions fi,..., fy € PDF.
We denote by R(fi,..., fi) the probability space [[,_, (R,B(R),F;), where

P; is the unique probability measure on B(R) obtained from f; (see Theo-
rem 3.8).

[ 121 =

Definition 4.4 Let the residual duration distribution of the set of clocks
Chys- .., Oy, in execution in an IGSMP state be fi,..., fi, i.e. the probability
that a certain tuple of residual durations (¢, ..., %) is sampled from the clocks
is described by the probability space R(fi,..., fx). For each I C {1,... k}
such that |I| > 2, the event Term(I) of contemporaneous termination of the
clocks {C,, | i € I} in execution is the following measurable subset of the
sample space R*:

Term(I) = {(t1,....tx) | 3. (Vi€ [.t; = t) A (Vi ¢ 1. t; > t}

Since in an IGSMP clocks in execution in a state cannot terminate at the
same time instant (see Sect. 2.1) we have that each event Term(I) of con-
temporaneous termination of a subset {C),, | i € I'} of the clocks in execution
Chys - .., Oy, occurs with probability 0. More formally, we have that in each
state of an IGSMP, if (R*, F, P) is the probability space R(fi,..., fr) ex-
pressing the residual duration of the clocks (), ,...,C), in execution in the
state, for each I C {1,...,k} such that |I| > 2, we have P(Term([)) = 0. We
exploit this fact in order to reduce the domain of the probability space for a set
of active clocks. In particular instead of considering the entire R(f1,..., f)
we can just restrict to consider 7u2(f1, ..., fr) defined as follows.

v

Definition 4.5 R(f1,..., fi) is the triple (]F{k,}", P) defined as follows. Let
(R¥, F, P) be the probability space R(fi,..., fx), then we have:

« RF = RF - U Term(I)

TC{1,,k},|T|>2
« F={ECF|ECR"}
{(E,p) | E € FA(E,p) € P}
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Theorem 4.6 Let (R, F, P) be the probability space R(fi,---, fx). IfVI C

{1,...,k}. |I| > 2 = P(Term(I)) = 0, then R(f1,..
space.

. fx) is a probability

Cn
(3Ch. s ——) A {Cw,,..

.+ Ch, } = dom(v)

(P1) )
P((s,0,—)) = Sample{5 (R([D(Cny) | 0(Cny)], -, [D(Cry) [ 0(Cp)]) )
<O w> <OFw>
(P2) FCh,w.s —— ) N Pr={(<Cp,s'> w/TW(s)) | s — s}
P((s,v,=)) = X<c, s >cdom(pr) Pr(<Cn,s'>) - P({s', v U{(Cr,0)}, )
(T1) (5,0,Coit) ——s (s,044,—) 0<t <t
cr
(T2) s —— s

(5,0, Coit) —— (5", (v — C) + 1, -)

(3’9.3#) A s—T/—>

(T3) - t>0
<S,’U,—> —><S,’U,—>
(A1) S —)a s' (42) S —)a s'

crw>

no

TW(s)=> {lw]|3Ch.s — |

Samplei,':j}(tl, costr) = (8,0,Chn,.. tmin)

where min is the only index i such that:

Table 2
Semantic rules for IGSMPs

We are now in a position to formally define the semantics of an IGSMP.

Definition 4.7 The semantics of an IGSMP G = (X,C, D, Act, T, T, T,, s¢)

is the

o« Y —

RISTTS [G] = (X', Rt U {0}, Act, P, T}, Ty, s;) where:
(X x Spent x Sample) is the set of states of the RISTTS, where

Spent, ranged over by v, is the set of partial functions from C to R U
{0}, expressing the time already spent in execution by the clocks currently
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in execution in the IGSMP (clocks in the domain of Spent), and Sample,
ranged over by sample, is the set (C x (R™ U {0})) U {—}, where a pair
(Cp,t), also written C,, : t, denotes that the IGSMP is currently executing
a set of clocks and that clock C,, has sampled the minimum residual time
delay with ¢ being the value of such a delay; while “—” denotes that started
clocks are not under execution (e.g. the IGSMP is in a choice state or in a
silent state).

« R* U {0} is the time domain: we consider continuous time.
» Act is the set of standard actions considered in the IGSMP.

» P, which associates a probability space (expressing next state probability)
to some of the states in Y, is defined to be the least partial function on '
satisfying the operational rules in the first part of Table 2.

e T, is the set of timed transitions which are defined as the least relation over
¥ x (RT U{0}) x X' satisfying the operational rules in the second part of
Table 2.

» T, is the set of action transitions which are defined as the least relation over
¥ x Act x ¥ satisfying the operational rule in the third part of Table 2.

* 55 = (80,0, —) is the initial state of the RISTTS, where the IGSMP is in
the initial state and no clock is in execution.

In Table 2 we make use of the following notation. Given v € Spent, we
define v — C,, to be the partial function obtained from v by removing C,, (and
the associated value) from its domain. We define v + ¢, with ¢ € R*™ U 0,
to be the partial function obtained from v by adding t to the time value
associated with each clock in the domain of v. We use the notation {n;} to
stand for {n;};—;. x, representing the sequence of names ny,...n; (in Table 2
the length & of the sequence is always clarified by the context in which {n;} is
used). Finally in the forth part of Table 2 we define two auxiliary functions.
The function TW : ¥ — RT U {0} computes the overall weight of the
clock start transitions leaving a state of an IGSMP. Moreover, given a sate of
the IGSMP s € ¥, a partial function mapping active clock into their spent
lifetimes v € Spent, and a sequence {n,...,nx} of clock indexes, the function
Sampleg",‘j} maps a tuple (¢1,...,%) of time values sampled by clocks into the
corresponding state (s,v,C, . tmin) reached in the RISTTS, where min is
the index of the clock which sampled the least time value. Note that function
Samplegf;j} is used in Table 2 for deriving (via induction, see Definition 3.4)
a probability space over the states of the RISTTS from the probability space
R([D(Cp,) | v(Cp))], ..., [D(Cy,) | v(Cy,)]) over residual durations sampled
by active clocks in a state of the IGSMP.

Theorem 4.8 Let G', G" be two well-named IGSMPs. If G' =~ G" then [G'] ~
[G"].

The following theorems show that the semantics of well-named IGSMPs is
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indeed compositional.

Theorem 4.9 Let G', G" be two well-named IGSMPs. For each S C Act—{7}
we have [G'] ||s[G"] =[G |ls G"]-

Theorem 4.10 Let G be a well-named IGSMP. For each L C Act — {1} we
have [G]/L ~ [G/L].

5 Conclusion

Dealing with non-determinism in probabilistic systems with general distribu-
tions raises a series of problems, including the correct management of the
residual durations of generally distributed delays in system states and the in-
terplay of non-deterministic choices and probabilistic behaviors of temporal
delays. The former problem can be solved by representing the temporal be-
havior of a system by using clocks (as in Timed Automata [23]) or elements
(as in GSMPs [21]) whose durations are associated with generally distributed
random variables. In particular we can correctly manage the residual dura-
tions of active clocks (elements) in system states with two different approaches
which are borrowed from the theory of GSMPs: one based on spent clock life-
times and one based on residual clock lifetimes. In this paper we have shown
how to apply the former approach to the specification and analysis of concur-
rent systems including generally distributed delays, instead of using the latter
approach as previously done in the literature [14]. In the former approach
(similarly as in Timed Automata [23]) states are enriched with spent lifetimes
of clocks and for each timed state where a clock C), is active, the residual
duration of C,, is sampled depending on both its spent lifetime and its asso-
ciated duration distribution. In the latter approach (similarly as in classical
Discrete Event Simulation [12]), the lifetime of each clock is sampled all at
once at the clock start event, and states are enriched with residual lifetimes
of clocks directly determining their residual duration. As we have shown, the
drawback of the approach based on residual lifetimes, with respect to the one
we propose, is that an adversary which is in charge of solving non-determinism
may get information about the future system behavior since the duration of
delays is decided a priori.

Our approach has been formalized by starting from the theory of Interac-
tive GSMPs [6]. We first have characterized IGSMPs as a class of transition
systems and then we have introduced the class of the Interactive Stochastic
Timed Transition Systems (ISTTSs), which are both closed with respect to
CSP parallel and hiding operators. Then we have used ISTTSs to define a
compositional semantics for IGSMPs which realizes the approach based on
spent lifetimes mentioned above.
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Abstract

We present work-in-progress on a timed process algebra that models sharing of
processor resources allowing preemption at arbitrary points of time. This enables
us to model both the functional and the timely behaviour of concurrent processes
executed on a single processor. Applications of the model for program semantics
and kernel development are outlined.

1 Introduction

To argue about correctness of a real-time system both the functional and
timely behaviour of the system have to be taken into account. One abstraction
of a system is to view it as a number of concurrent processes. In many real
systems this abstraction will be realised by executing the processes on a shared
processor where execution is switched among the processes. For such a system,
the fact that processes have to share the processor cannot be ignored, since it
may influence both the timely and the functional behaviour of the system.

Systems of processes sharing a common processor is well described in the
theory of scheduling, see e.g. [7]. However, scheduling theory ignores what the
processes actually do, so it is not sufficient to describe the functional behaviour
of a system.

As an alternative approach, many process algebras have been developed
that provide an elegant way to describe both the functional and timely be-
haviour of a system. However, these process algebras typically assume max-
imal parallelism, which may be interpreted as if each process had its own
dedicated processor. Therefore, they cannot adequately model real-time sys-
tems where processes share a processor.

Under the assumption of maximal parallelism, you may say that the pro-
cessor will always be available to a process. This means that the passing of

This is a preliminary version. The final version is considered for publication in
Electronic Notes in Theoretical Computer Science
L: www.elsevier.nl/locate/entcs
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time may be described without considering whether the processor is available
or not. In many process algebras this leads to modelling time as transitions
like P % P', stating that the process P changes into P’ while ¢ units of time
pass.

To remedy the problem that this model of time cannot be used as a model
of systems with a shared processor, we propose a new model. Our simple idea
is to say a process may let time pass in two different ways, which gives rise to
transitions of the following two types

5 . . . . .
e P ﬁ) P' stating that ¢ units of time pass, without the process using the

processor.

e P &) P’ stating that ¢ units of time pass, while the process does use the

processor.

In this model we are able to express that one process preempts another process
currently using the processor. Thus, we are able to describe scheduling of
processes in accordance with standard scheduling theory.

In this paper we present work-in-progress on a process algebra, which uses
the above model as the underlying model of time. To keep the process algebra
simple, we have restricted ourselves to focusing on a simple, but typical case
where a number of sequential processes composed in parallel share a single
processor. Extending this setup to a more general setting is left for future
work.

This paper is organised as follows: First, we present the process algebra,
giving its syntax and semantics. Second, we give some examples of applications
in which the process algebra has been used. Afterwards, we briefly comment
on related works. As this paper presents work-in-progress, we conclude by
outlining future work.

2 Syntax and Semantics

In this section we present the process algebra. First, we give the syntax and
a short informal semantics. Second, we give a formal operational semantics of
the algebra.
The process algebra defines three syntactic categories
Prog of programs executed on a mono processor with 7' ranging over it.

Par of parallel compositions with A ranging over it.

Proc of process expressions with P ranging over it.

In general, when we define a variable to range over some set we also let any
primed or indexed versions of the variables range over the same set. The
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syntax of the process algebra is given by the grammar
T == ((A)
AZIZAl ||A2|P
P:u=eP|P[|P|rec X:P|X|STOP

An entire program is placed in a separate syntactic category and is also char-
acterised syntactically by double angled brackets. This allows us to argue
about an entire program separately. A; || A, is parallel composition of the
two constituents which will share a common processor.

e.P is prefix of an event e to the process P. Events belong to the set
E=AFEUTEUCE — a set of actions, a set of timed events, and a set of
communication events. Actions are events that take no time and which a
process may engage in without interaction from other processes. We let «
range over AFE. In this paper, the semantics of actions is not further defined.

We use the positive real numbers, R, , to model time and let ¢ range
over this set. The timed events belong to the set TE = {4(t), p(t) | t € Ry }.
The timed event §(%) means that the process delays for ¢ time units, without
requesting processor time. p(t) means that the process requests t units of
processor time in order to continue.

Intuitively, communication between processes takes place on channels from
the set Chan with ¢ ranging over it. The set of communication events is
CE = {c!,c? | ¢ € Chan}. Two processes may synchronise by performing the
events ¢! and c¢?, respectively, on the same channel c.

P, [| P, is non-deterministic choice between P; and P,. Standard recursion
is written rec X : P where X is a process variable from some set PVar. We
require that a process variable may only appear inside a recursive process,
where it has been defined. STOP means that the process has terminated.

We give the process algebra an operational semantics that defines a labelled
transition system (S, L, —>). A labelled transition system is a three-tuple
consisting of a set of states S, a set of labels L with [ ranging over it, and
a transition relation —C S x L x S, which describes possible transitions
between states.

We give the semantics for all three syntactic categories of the process
algebra by one common labelled transition system. Hence, the states of this
labelled transition system will be a subset of Prog U Par U Proc.

The labels are given as L = {7} U TLU CL. All transitions describing
actions will be labelled with the label 7. The set TL contains the timed labels,
which reuse the names of the timed events, i.e. TL = {i(t),p(t) | t € Ry }.
Transitions labelled 6(¢) means that ¢ time units passes without using the
processor while a label p(#) means that the processor is in use. Communication
labels are taken from the set CL = {c!,¢?,¢ | ¢ € Chan} with ¢l ranging over
it. The labels ¢! and ¢? are used for requests for communication while the
label ¢ is used when the communication is performed.
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The transition relation is defined by the smallest relation satisfying the
inference rules given in the following.

Prefix:

a.P 5P
5(t) 5(t') , . ,

i(t).P — P (t).P —=o(t—t).P if0o<t <t
p(t).P X p p().P 2 pt )P if0<t <t
p(t).P 2 p(t).P
PSP ap i op
2PA P 2P o p

Actions « take no time. They are internal to the process and may be seen
as abstractions of what the process actually does. A delay event §(¢) may
be performed in one step, where all the time passes at once, or it may be
divided into several transitions. The request for processor time has the same
properties. Furthermore, an extra inference rule is added to describe what
happens if the process is preempted. In this case the process will let time
pass, but its request for processor time is unchanged. Note that there is a
difference between the intuitive understanding of the event p(t) and the label
p(t). The event means that the process requests ¢ units of processor time,
while a transition labelled p(¢) means that the process actually gets ¢ units of
processor time.

Communication can either be performed instantaneously or postponed
without using the processor. When processes are joined in a program, as
we will see shortly, communication is made urgent.

Choice:

P, 5 P! P, % P}
PP P PP P

p 2% pr p, %Y pr
PP P P
In the rules for choice we use a set of initial labels {7} U CLU{p(¢) | t € R, },
ranged over by ¢. If either of the processes in the choice can perform an initial
event, the whole construct proceeds as that process. Otherwise both processes
must be able to delay and the choice will be postponed.
Recursion:

Plrec X: P/X] 5 P!

rec X: P 5 P!
Recursion is done in the standard way, where P[P;/X] is the process P with
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any free occurrences of the process variable X substituted with the process
Pr.
Stop:

sTop 2% sTOP

Even a terminated process cannot prevent time from passing.
Parallel composition:

Ay || Ay D AL || Ay Ay || Ay 5 Ay || A
A2 g AQ Loy A 2 g A2 LAy
Ay | A 55 A’ || As Ay || A 55 A’1 | Aj

A, 2O A’ A2 Loy
Al A, 2 A’1 | Aj

A S A AS A A S A A5 A
Ay || Ay S5 AL AL A || Ay S AL | AL
A S oA Ay oA
Al Ay S AL || A Ayl Ay S Ay | AL

For time to pass in the parallel composition it is required that both of its

constituents are able to let it do so. Furthermore, the rules for parallel com-

position ensure that at most one process is allowed to use the processor.
Program:

AL A AS A A A Ve.Ah
(A) S (A (A) 5 (A (Ay 2% (A

c p(t')
A— A NeeAh V' e A—F>
s(t)
{A) — (A9
At the program level urgency of communication is ensured. That is, if a com-
munication is possible, it will be performed before time can pass. Furthermore,

the construct enforces the scheduling decision that the processor may not be
idle if any process is able to run.
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3 Applications

The process algebra has been developed while working on formal development
of a real-time kernel for a shared processor [1]. In this section we give examples
of a number of applications for which our time model and the process algebra
have been used during this work.

3.1 Scheduling

The process algebra, as presented in section 2, allows any process to preempt
another process. The process algebra specifies that preemption is possible at
any given time i.e. may happen with an arbitrary fine granularity. However,
such a behaviour will not occur in a real system. Instead, processes will be
scheduled according to some scheduling strategy. In the process algebra, we
will enforce scheduling strategies by giving restrictions on how a process is
allowed to preempt another process.

We aim for the scheduling decisions to be made only at one specific place,
thus making it easier to implement different strategies. This will be done at
the outermost level, i.e. in the semantics of the program construct (A)). In
order to make scheduling decisions in this construct it will be necessary to
know, which processes that are currently requesting the processor. We add
this information in the timed labels p(¢), by including an identification of the
process, which uses the processor. Each sequential process will be given a name
from a set of process names, PName, with p ranging over it. Accordingly, we
change the labels for use of processor time to p,(t), stating that the process
named p gets ¢ units of processor time. Consequently, we must change the
inference rules of the semantics, which involve transitions with the label p(¢).

If a process named p includes a prefix of the timed event p(t) we now use
the rules

p(t).p 2% p p(t).p 2%

5(t')
p(t).P —= p(t).P

To include process names in the labels in parallel composition, we only need
to change two rules

pt—t).P if0<t <t

A pp(t) A/ A2 ( ) A/ A 6(t) A/ A2 A/
A || Ay 225 A'1 | A Ap || Ay 2= A'1 | A

As a first example of how to enforce scheduling in the semantics of the
program construct, we regard strict priority based scheduling — meaning that
a process may only run if no process with a higher priority wants to run.
Each process is assigned a static priority (a natural number) by the function
prio : PName — N. The rules for a program, which is executed using priority
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based scheduling may then be given as
AD A AS A
{A) = (4 {A) = (4

c pp’(tl)
AN e A b W A

Ay 2% 4y

Py (t')

ALY A oo Ad Wt e prio)) > prio(p) = A —4—
(1) !
(A) 5 (A

We only pose restriction on which processes are allowed to use the processor,
letting action and communication be performed by any process at any time.

In the same way as the rules for priority based scheduling we may give dif-
ferent sets of rules to enforce other scheduling strategies. In many scheduling
strategies, however, it is necessary to add a scheduler state. We may incorpo-
rate such a state by adding it to the transition system at the program level.
That is, if Sch is the type of scheduler state, then the type of states in the
transition system will become (Prog x Sch) U Par U Proc.

As an example we look at round robin scheduling where processes are
scheduled in some fixed order. Each process will get at most a fixed quantum
Q@ of processor time before it is preempted by the process next in line.

In the specification of round robin scheduling the scheduler state contains
information on which process is the current process and on the time left of
the current quantum i.e. we set Sch = PName X R.

AD A A5 A
(A, (. a)) = (€AD, (p, @) (A, (o, ) = ((AD, (. a))

Py (t)

AN A Ve A WA —ds
(A, (0, @)y 2% (A, (v, )

AL A e A <
((AY, (0, 0Dy 22 (A, (b, g — 1))

(AN, (0, 0)) = ((A), (next(p), Q)

Ve AL A veedd AP £ £
((AD, (v, a)) = ((AD, (nezt(p), Q))
03
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Only the current process is allowed to use the processor. We assume that
the order in which the processes must be scheduled is given by function next :
PName — PName, such that next(p) gives the process which must be granted
the processor after the process p. We switch current process in one of two cases,
which are specified in the last two rules. In the first case the current processes
has used its entire quantum, while in the second case the current process
does not request the processor. In the later case we additionally require that
some process actually requests processor time. In doing so, we prevent the
occurrence of an infinite sequence of (pointless) process switching steps.

3.2 Semantics of a Programming Language

We have used the process algebra to give semantics to a small programming
language, which resembles Hoare’'s CSP [5] or Occam [3]. Programs of the
language are from the syntactic category RProg with R ranging over it and
consist of a fixed number of sequential processes in parallel. Each process
contains one statement S from the syntactic category Stm. Programs are
built from the grammar

R:=Ri IRy | S
[c{?—)Sl [C?—)Sl

S u==delayt | c? | c! |Sl;SQ|D 67 — Sy 1 | 0 delay{ — Sy ]

Statements are (possibly a sequential composition of) delay, synchronous com-
munication, guarded alternative, or communication with time-out.

The language is a “real” programming language, so it does not explicitly
describe how processor time is required to execute different language con-
structs. In order to give semantics to the language we give a translation from
programs of the language into programs of the process algebra. This transla-
tion may be done on the structure of the language, translating each language
construct separately.

To translate an entire program we use the function 7 : RProg — Prog
while the function 7R : RProg — Par translates parallel composition. These
two translations are straight forward mapping directly between corresponding
constructs. More interesting is the translation of statements where we use the
continuation style function 7S : Stm — Proc — Proc. For the translation of
statements below STOP is passed as continuation of an entire statement to
describe that the statement terminates at the end.

TIR] = (TRRI)
TRIR | Ro]  TRIR] | TRIR,]
TR[S] Y TS[S]STOP

As the first example of the translation of statements, regard the construct
delayt, which delays for at least ¢ time units. In the definition of the transla-
tion function the argument P is the process algebra expression, which describes
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what happens after the execution of delay .
de,
'TS[[delay t]]P :f p(Tdelay)-(s(t — Tdelay)-P

The translation gives that the construct first uses Tge, units of processor
time to execute the statement and figure out for how long it has to delay.
Afterwards the statement delays for ¢ — Tg,q, time units.

Communication in the language is synchronous just as it is in the process
algebra. Thus, the translation becomes quite simple.

TS[c?]P Y p(Tyeom).c?.P

d
TS[' P Y p(Tyeom).c).P
First, T}com units of processor time is used to get ready to perform communi-
cation. Second, communication may itself be performed in the same manner
as for the process algebra.
Sequential composition is done in the standard way for continuation style

semantics
def

The (binary) alternative statement using communication guards should
proceed as the statement following the guard if communication is possible.

[ 1?7 = Sl def ) Cl?TS[[Sl]]P
7S [[ 0 c? — So ]]] P= (2 Treom). <ﬂ02?.73[[52]]P>

First, the processor is used for 2 - T,..,, units of time. This processor time
is used to decide between which channels the choice will be performed. Af-
terwards the actual choice can take place. The translation becomes relatively
simple, since the choice operator of the process algebra has exactly the seman-
tics we desire for the selection between communication guards.

As a final example, we look at communication with time-out. The state-
ment proceeds as S; if communication is possible within ¢ time units. Other-
wise, a time-out occurs and the statement proceeds as Ss.

[ c? — Sl def C?TS[[Sl]]P
7S [{ 0 delayt — S, ] ]] P = p(Treom + Trictay) (ﬂ 5(75).7.75[[52]]13)

Note that if communication on the channel ¢ is not ready, the choice may be
postponed for up to ¢ time units before a special time-out action 7 can occur.
Since actions are urgent, the choice will be made after at most ¢ time units.

We see from the examples of the translation that it provides a clear overview
of timings of the different statements. For example, use of processor time may
easily be added as the timed event p(¢). In [1] we have used the technique
described here for a larger language, which contains amongst other things
recursion and alternative with multiple branches. The translations required
for these new language construct follow the ideas described above closely and
introduces no substantial novelties.
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3.8 Development of a Real-Time Kernel

In [1] we have used the ideas for kernel development from the ProCoS project
[8] to develop a real-time kernel for use in small embedded mono processor
systems. In this, we have used the model of time presented in this paper to
describe how processes share the processor.

As depicted in Figure 1, the development of the kernel comprises three
development levels, each of which describes the embedded system at a cer-
tain level of abstraction. At the topmost level, the Programming Language
Level, the system is regarded as a number of concurrent processes described
by a program in a CSP-like language. At the middle level, the Machine Lan-
guage Level, the system is still regarded as a number of concurrent processes.
However, each process is given in an assembler-like language with instructions
consisting of an op-code and arguments. Each processes is executed at its own
virtual machine so management of e.g. a program counter, stack, and store
can be described in detail. At the lowest level, the Kernel Level, the system is
described as one virtual machine which executes all the processes, explicitly
switching execution among them. In this description there is a clear distinc-
tion of which parts of the virtual machine that describe process behaviour and
which parts that are not relate directly to a process i.e. the parts that must
be handled by the kernel.

Programming Language Level

(]

___________________________

LI

Kernel Level ~_ __— ____________
I

| |

! pc pc pc |

: store store store |

! | | | | | stack stack stack :

I

I I

Fig. 1. Overview of kernel development levels for a system with three processes.

The behaviour of the system at each level is described by a labelled tran-
sition system. For the topmost level this transition system is given by an op-
erational semantics of the CSP-like language according to the ideas described
in section 3.2. At the other levels the transition systems are also defined by
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a number of inference rules. At all levels, we use the same model of time,
thus having transition systems with actions and timed labels as described for
the process algebra. In the development of the kernel we have dealt with at
great number of aspects, which are outside the scope of this paper. These in-
clude: assignment of variables with evaluation of expressions, communication
with value passing, upper and lower bounds on execution times, an external
interface using shared memory, kernel overhead, and timer interrupts.
Correctness of the system is based on a binary implementation relation, C,
between the transition systems describing two consecutive development lev-
els. The implementation relation allows for a lower level to remove any non-
determinism of an upper level. Except for this difference between their be-
haviours, the lower level must behave in the same way as the upper level.

4 Related Work

Related work is to be found in concurrency models that simultaneously address
the issues of time, resource sharing, and priorities. Within process algebra,
a number of approaches deal with time and priorities (see e.g. [4]). However,
the only process algebraic approach that addresses all three issues seems to
be [2]. In this algebra, the usage of a set A of resources for a period of ¢ time
units is denoted by a timed event A’ and its behaviour given by the rule

AP AP o<t <t

similar to one of our p(t) rules. However, they do not provide any means for
allowing a partially completed resource usage to be temporarily preempted
by another process. Their model, therefore, seems adequate only for non-
preemptive scheduling strategies, cf. the classical job-shop scheduling prob-
lems. The novelty of our approach thus basically lies in the rule

5(t')
p(t).P —= p(t).P

allowing for the arbitrary preemption found in real-time operating systems.
Our work has been inspired by the approach of [9] that distinguishes be-
tween time passing and (processor) time consumption. Their underlying be-
haviour model, however, does not have a notion of instantaneous events and
they use logical characterisation of models rather than taking a constructive
approach. The wealth of results and techniques developed for models based
on transition systems, therefore, cannot immediately be related to this work.

5 Future Work

In section 3.1 we have described how a specific scheduling strategy may be
expressed by modification of the transition rules. A more general approach
would be to specify the scheduling at the level of the algebra as a kind of plug-
in component. However, we have encountered problems in giving a unified
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representation that will work for a broad range of schedulers. For example,
we should cater for a scheduler, which itself uses processor time. We are
currently looking at different ways of integrating scheduling into the process
algebra.

Also, the model should be generalised to handle multi-processors and per-
haps other preemptable resources.

A large task lies in describing the theoretical implications of the process
algebra. Some of this ground has already been covered in our kernel devel-
opment. However, the traditional bisimulation equivalence has shown to be
too strong for this application. Rather, we have focused on implementation
relations that allow an implementation to behave more deterministically than
its specification. These relations also need further studies.

For instance, in the process algebra presented here, timed events may only
be used to give precise timings. For real systems, however, exact timings
of all operations are not always known. Furthermore, different knowledge of
timings may be available at the different levels in the development. In our
kernel work, we have solved these problem by introducing upper and lower
bounds on timed events. This gives rise to events such as p(;,t,), stating
that a process requires a non-deterministic amount of processor time between
t; and t, time units. The implementation relation should then allow for an
implementation to remove or reduce this non-determinism of timing.

A major concern of the implementation relation is that it should be compo-
sitional, i.e. distribute over parallel composition. However, ensuring this has
proven to be a non-trivial task due to the non-monotonic nature of resource
sharing and urgency.

One of the goals of our work is to link resource-aware models like the one
presented here, with standard timed models (e.g. timed automata) making
them amenable for analysis by tools such as UPPAAL [6] and others. One way
to accomplish this would be to derive a timed automaton from a processor
constrained transition system expressed in our model.

References

[1] Andersen, J. and M. Buchholtz, “Formal Development of a Real-Time Kernel,”
Master’s thesis, Department of Information Technology, Technical University of
Denmark (2001).

URL http://www.imm.dtu.dk/people/mib/masters/

[2] Brémond-Grégoire, P. and I. Lee, A process algebra of communicating shared
resources with dense time and priorities, Theoretical Computer Science (1997),
pp- 179-219.

[3] Burns, A., “Programming in Occam-2,” Addison-Wesley, 1988.

[4] Cleaveland, R., G. Lottgen and V. Natarajan, Priority in process algebra, in:
98



BUCHHOLTZ, ANDERSEN, AND L@VENGREEN

J. Bergstra, A. Ponse and S. Smolka, editors, Handbook of Process Algebra,
North-Holland, 2001 pp. 711-765.

[6] Hoare, C. A. R., Communicating sequential processes, Communications of the
ACM 21 (1978), pp. 666—677.

[6] Larsen, K. G., P. Pettersson and W. Yi, UPPAAL in a Nutshell, Int. Journal on
Software Tools for Technology Transfer 1 (1997), pp. 134-152.

[7] Liu, J. W. S., “Real-Time Systems,” Prentice Hall, 2000.

[8] Spgaard-Andersen, J. F., C. @. Rump and H. H. Lovengreen, A systematic kernel
development, SIGSOFT Software Engineering Notes 16 (1991), pp. 55-65.

[9] Zhou Chaochen, M. R. Hansen, A. P. Ravn and H. Rischel, Duration
specifications for shared processors, in: Formal Techniques in Real-Time and

Fault-Tolerant Systems, Second International Symposium Proceedings, 1991, pp.
21-32.

99



MTCS 2001 Preliminary Proceedings

Privacy in Real-Time Systems

Ruggero Lanotte 12

Dipartimento di Informatica, Universita di Pisa, Corso Italia 40, 56125 Pisa,
Ttaly

Andrea Maggiolo-Schettini '3

Dipartimento di Informatica, Universita di Pisa, Corso Italia 40, 56125 Pisa,
Ttaly

Simone Tini *

Dipartimento di Informatica, Universita di Pisa, Corso Italia 40, 56125 Pisa,
Ttaly

Abstract

We study the problem of privacy in the framework of Timed Automata. By dis-
tinguishing between secret and observable actions we formulate a property of no-
privacy in terms of a property of the language accepted by a Timed Automaton,
and we give an algorithm checking such property.

1 Introduction

One of the main requirements of mobile code is that it must guarantee some
kind of security to clients executing it. One of the security requirements is the
client’s privacy, namely that executing mobile code does not imply leaking of
private information.

Several papers (see, among the others, [3,4,5,6,7]) dealing with privacy,
consider two-level systems, where the high level (or secret) behavior is dis-
tinguished from the low level (or observable) one. In the mentioned papers,
systems respect the property of privacy if there is no information flow from
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the high level to the low level. This means that the secret behavior cannot in-
fluence the observable one, or, equivalently, no information on the observable
behavior permits to infer information on the secret one.

Our aim is to study the problem of privacy in real-time systems in the
framework of Timed Automata [1]. When using this formalism, the possible
behaviors of a system are described by a set of infinite timed words, namely
infinite sequences of pairs (action performed, time of firing). In describing
two-level systems, we distinguish between high-level and low-level actions.
We formulate a no-privacy property as follows: if, whenever one can observe
a given timed sequence of observable actions, one is sure that the system
performs a certain secret action, then the system is insecure. The reason is
that one can infer information on the secret behavior from the observation of
the observable one.

We give an algorithm that exploits the region graph obtained from a Timed
Automaton and checks the no-privacy property for a given sequence of observ-
able actions and a given secret action.

2 HL Timed Automata

In this section we introduce the formalism of HL. Timed Automata, as an
extension of Alur and Dill’s Timed Automata.

2.1 Security alphabet and timed words

A security alphabet is a pair consisting of two disjoint finite sets of actions
(L, H). The set L contains the low actions, which can be performed by the
system and can be observed by the external environment, and the set H
contains the high actions, which can be performed by the system and are
visible only inside the system.

Given any time domain T (non-negative rational numbers, or non-negative
real numbers, as examples), a timed word w on (L, H) and T is a pair of func-
tions (wy,ws) such that wy : N = (LU H) and wy : N = T Intuitively, w de-
scribes the behavior of a system that performs action wy (i) at time >, _, wa(h).
A timed word must satisfy the time progress property, namely for each time
value ¢ € T, there is some index ¢ such that >, _ ws(h) > t.

Given a timed word w = (w1, ws), let us denote with wy, the projection of w
on L, namely the (possibly finite) sequence (wq(i1),ws(i1)), (w1 (i), wa(is)), . ..
such that, for each index i;, w;(i;) € L and, for each i; < k < i;11, wi(k) € H.
The sequence wy, describes the part of w that can be observed by the external
environment.

Let us denote with F,, the function that gives the index in w of the low action
in position j in wy, namely F,(j) = i;.
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2.2  Clock valuations and clock constraints

We assume a set X of variables measuring time, called clocks. Intuitively,
clocks increase uniformly with time when an automaton is in whatsoever state.

A clock valuation over a set of clocks X is a mapping v : X — T assigning
time values to clocks. For a clock valuation v and a time value ¢, let v + ¢
denote the clock valuation such that (v+1¢)(z) = v(x)+t. For a clock valuation
v and a subset of clocks Y C X let v[Y] denote the clock valuation such that
v[Y)(z) =0, if z € Y, and v[Y](z) = v(x), otherwise.

Given a set of clocks X, we consider the set of clock constraints over X,
denoted ®(X), which is defined by the following grammar, where ¢ ranges
over ®(X), z € X, ce T and # € {<,<,=,#,>,>}:

bi=aHc|pAG| ¢ PV |truc.
We write v = ¢ when the clock valuation v satisfies the clock constraint ¢.

More precisely, v = x # ¢ iff v(x) # ¢, v |E @1 A ¢y iff both v = ¢ and v £ ¢,
v E @1V ¢ iff either v = ¢y or v | @9, v = —¢ iff v [~ ¢, and v = true.

2.8 The formalism

Definition 2.1 Given a security alphabet (H, L), a HL Timed Automaton
(TAgyp) is a tuple A = ((L,H), Ay, ..., An), where, for each 1 < i < m,
A = (Qi, 42,6, X;) is a sequential automaton, with:

* a finite set of states Q);

e an initial state ¢ € Q;

a set of clocks X;
* a set of transitions 6; C Q; x ®(X;) x (LU H) x 2% x Q;.

The sets of clocks Xy, ..., X, are pairwise disjoint.

Intuitively, a transition (g, ¢,a,Y,q’) of an automaton A; fires in corre-
spondence with the performance of action a when state ¢ is active and the
clock valuation of A; satisfies the clock constraint ¢. In such a case, state ¢'
is entered and the clocks in Y are reset.

Let us describe now the behavior of a TAyy, A = ((L,H), A1, ..., An).

A configuration of A is a tuple s = ((¢1,v1), .-, (¢m,vm)) such that, for
each 1 < i < m, ¢; is a state in (); and v; is a clock valuation over the set of
clocks X;.

The initial configuration sy is the tuple ((¢2,v?),...,(¢%,v%)), with ¢? the
initial state of A; and with v the clock valuation such that v;(z)? = 0 for
each clock = € Xj.

There is a step from configuration s = ((¢1,v1), - -, (¢m, Um)) to configura-
tion 8" = ((q1,v}), ..., (¢,,v),)) through action a at time ¢, written s —¢ ¢, if
and only if, for each 1 < i < m, there is a transition (g;, ¢;, a,Y;, ¢}) € d; such
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A Ay

a
l Tc,{ilf} yE%B rw,{y}

=[1,2], T» = [2,5], T3 = [100, 250

Fig. 1. The web system.

that (v; +t) E ¢; and v] = (v; + t)[Y;]. Intuitively, each clock constraint ¢; is
satisfied by the clock valuation v; 4+ ¢t and all clocks in Y; are reset.

A timed word (wq,ws) is accepted by A if there exists a infinite sequence
of steps s —>Z;E8; 1 %Z;E}; ... from the initial configuration s.

The language accepted by A (denoted by L(.A)) is the set of timed words
accepted by A.

By application of a cartesian product construction, any T'Agy, can be trans-
formed into an equivalent (namely, accepting the same language) T Ay, con-
sisting of only one sequential component, namely into an Alur and Dill’s Timed
Automaton.

Proposition 2.2 For any TAy;, A there exists a TAgr, A’ composed by one
only sequential automaton such that L(A) = L(A).

3 The No-privacy Property

Given sequences d and d', let d <p d’ denote the fact that d is a prefix of d'.

Let a € H, d be a finite sequence (ay,t1),..., (an,tp) with aq,...,a, € L
and tq,...,t, € T, and 7 be an index 1 < i < h. We define the no — privacy
property NPr(d,i,a) for a TAy;, A as follows:

for each w € L(A),d <p wy, implies a € {w;(F,(1)+1),...,w(F,(i+1)—1)}.

Intuitively, NPr(d, i, a) expresses that, whenever the sequence d of low symbols
is read, the high symbol a is read between the low level actions a; and a;yq,
and, therefore, there is an information flow from high level to low level, namely
information on the secret behavior can be inferred from information on the
observable behavior.

Example 3.1 We model the time attack on web privacy described in [2]. The
attack compromises the privacy of user’s web-browsing histories by allowing
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a malicious web site to determine whether or not the user has recently visited
some other, unrelated, web page w. A Java applet is embedded in the mali-
cious web site and is run by the user’s browser. The applet first performs a
request to a file of w, and then performs a new request to the malicious site.
So, the malicious site can measure the time elapsed between the two requests
which it receives from the user, and, if such a time is under a certain bound,
it infers that w was in the cache of the browser of the user, thus implying that
w has been recently visited by the user.

In Fig. 1 we model this problem. Automaton A, represents the cache. The
time elapsed between a request r. and an answer a. is in the interval [2, 5].
Automaton A, represents the site w. The time elapsed between a request r,,
and an answer a,, is in the interval [100,250]. The automaton A, represents
the requests by the user that downloads the page of the malicious site. First
of all, it performs a request r. to the malicious site. Then, when it receives
the answer a,, it performs a communication either with the cache or with the
site w in a time belonging to the interval [1,2]. Finally, it performs another
request r, and it waits for an answer from the malicious site. We assume that
there are transitions from state ¢; to state ¢; labeled with symbols r., a., 7,
and a,. Analogously there are transitions from state s; to state s; labeled
with symbols r,, a., r. and a..

The only visible actions for the malicious site are r, and a., so the alphabet
(L,H) is ({re,act, {re, e, rw, aw})-

Now, if we consider d = (r., 10)(a., 20)(r., 200), then we have the no pri-
vacy property NPr(d,2, ay).

3.1 Region graph

Our aim is to show that the property NPr(d,i,a) is decidable.

To this purpose, let us recall first the notion of region graph of a timed
automaton, as given in [1]. By proposition 2.2 it suffices to consider automata
with only one sequential component.

As in [1], without loss of generality we assume clock constraints permitting
only comparison with integer constants. In fact, given any automaton A, there
is a constant ¢ such that, for each constant ¢ appearing in a clock constraint
in A, ¢-tis an integer. Let A -t be the automaton obtained by replacing
each ¢ appearing in a clock constraint in A by c¢-¢. In [1] it is proved that
a word (ay,t1)...(an,t,) ... is in the language L£(A) if and only if the word
(ay,t1 - t)...(ap,t, - t)... is in the language L(A -t). As a consequence,
NPr(d,i,a) holds for A if and only if NPr(d-t,i,a) holds for A - .

Let us consider the equivalence relation ~ over clock valuations that con-
tains each pair of clock valuations v and v' such that:

« for each clock z, either |v(z)] = |v'(z)], or both v(z) and v'(z) are greater
than c,, with ¢, the largest integer appearing in clock constraints over x.

» for each pair of clocks = and y with v(z) < ¢, and v(y) < ¢, fract(v(z)) <
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fract(v(y)) if and only if fract(v'(z)) < fract(v'(y)) (fract(z) indicates
the fractional part of z).

« for each clock z with v(x) < ¢, fract(v(xz)) = 0if and only if fract(v'(z)) =
0.

Note that for each pair of valuations v and v’, and for each clock constraint
¢ in A, it holds that:

if v ~ o' then v E ¢ iff V' | 6.

A clock region is an equivalence class of clock valuations induced by ~.
We denote by [v] the equivalence class of ~ containing v. Note that the set of
clock regions is finite.

Clock regions can be expressed with conditions of the form x = ¢, c < x <
c+1and x > c,.

A region is a pair (¢, [v]), with ¢ a state and [v] a clock region. The initial
region is the pair (¢°, [v°]) with ¢° the initial state and v° the valuation such
that v°(x) = 0, for each clock =.

The region graph R(A) is a graph having the regions of A as set of
nodes and having an edge ((¢, ), a, I, (¢',')), with I an interval of the form
(e,d),[e,c] or (¢, 00) (Where ¢ < ¢, ¢ € N and ¢, is the largest constant
that appears in the constraints of A) if and only if, for each pair of valuations
v € aand v €, (q,v) =¥ (¢,v") for some time ¢ € I.

Note that, differently from [1], we label edges of the region graph also with
an interval.

Without loss of generality, we can consider only the nodes that can be
reached from the initial region without cycles of edges labeled with interval
[0, 0] which would violate the assumption of progress of time.

3.2 Checking no-privacy

Our algorithm checking no-privacy constructs a set of intervals by applying
operations, which are defined below, to intervals of the region graph.
Given two intervals I and I’, let us denote with I 4= I’ the interval

I+I'={t+t'|teTandt' €I'}.

Given a step leading to a region (¢, «) in a time in the interval I, and a step
from (¢, @) to another region (¢', ') in the interval I', a time in I +1" is needed
to reach (¢, ') through (g, «), provided that the waiting time in ¢ does not
depend on the time consumed to reach gq.

Given two intervals I and I’, let us denote with I @ I' the interval such
that inf(I ® I') = inf(I) + inf(I') + 1, sup(I & I') = sup(I) + sup(I') — 1.
Moreover, if inf(I®1") = sup(I®I') then we assume that (I&1') is left-closed
and right-closed. Otherwise, I @ I' is left-closed if and only if both I and I’
are, and I @ I’ is right-closed if and only if both I and I’ are.
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Given a step leading to a region (¢, «) in a time in the interval I, and a
step from (g, «) to another region (¢’, ') in the interval I', a time in I & I’
is needed to reach (¢’,a’) through (¢, @), provided that the waiting time in ¢
depends on the time consumed to reach ¢, in the sense that the longer is the
time consumed before entering ¢, the shorter is the waiting time in ¢. This
happens if there is a constraint ¢ < z < ¢+ 1 in «, for some clock z.

Finally, let us denote with (I); the interval:

I if sup(I) <t
(1) = < TU[sup(I),o0) if inf(I) <t < sup(I)

(t,00) otherwise.

Note that t € I if and only if ¢ € (I);. We have introduced notation (I); since
the set of the intervals (I);, such that I is a sum (obtained by means of either
+ or @) of intervals of a region graph, is finite.

Let us define now the algorithm Ch-path-symb. Given regions p and ¢, a
high symbol a, a constant ¢ and a low symbol a’, Ch-path-symb checks whether
there exists a sequence of steps labeled with symbols in H \ {a} followed by a
step labeled with o’ and taking from p to ¢ at time ¢.

Algorithm 1

Ch-path-symb (p,q:region, a:high-symbol, t:T, o': low symbol): boolean
tovisit:={(p, [0, 0], false)};

visited:=0;

while true do

~—~

—.

— — o
~—"

—~
— o
—
—

if empty(tovisit) then return false
else
(r, I, tt):=extract(tovisit);
add((r,I,tt),visited);
if (tt=true and (r = q) and t € I) then return true;
if tt=false then
for each edge (r,a”",I',r") € R(A) with " € H\ {a} U {d'}

<
—
=

—~
—
=

' e e e v e e e e e e e S

(

(xi if v =1t' is a constraint in r then c:=(r', (I + I');, (a" = a'))
(xii else if I' = 10,0] then c:=(r', I, (a" = d'))
(xiii else c:=(r', (I ®I'), (¢" = a'))

if e wvisited N ((I + I'); # (t,00)) then Add(c,tovisit).

A tuple (r, I, false) means that the region r can be reached from p in a
time in the interval I by reading symbols in H\{a}. A tuple (r, I, true) means
that the region r can be reached from p in a time in the interval I by reading
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symbols in H \ {a} and, subsequently, symbol a'.

So the algorithm considers firstly the pair (p,[0,0], false). Given a pair
(r,I, false) and an edge (r,a”,I',r") in R(A) for some symbol " € H \ {a} U
{d'}, if the clock region in r satisfies z = t' for some clock = and constant t',
then the algorithm considers either the pair (r', (I + I');, false), if a” # a', or
the pair (r', (I +1');, true), if a” = a’. The condition x = #' in r ensures that a
time in I’ must be elapsed after r is entered. We use interval (I + I'); instead
of (I +I') to guarantee that Ch-path-symb generates finite intervals.

If, on the contrary, the clock region in r does not satisfy x = t' for any
clock x and constant t', then there are two cases. If (r,a” I',r') is such
that I' = [0, 0], then the clock regions of r and 7’ coincide, and, therefore, we
consider the tuple (1, I, (a” = a’)). Otherwise, the tuple (r, (I&1I');, (a" = a'))
is considered. The interval (I & I’); takes into account that the minimal (resp.
maximal) waiting time in r follows the maximal (resp. minimal) waiting time
needed to reach r. Also in this case we use interval (I & I'), instead of (I ")
to guarantee that Ch-path-symb generates finite intervals.

Finally, if a tuple (r, I,tt) with r = ¢, t € I and tt = true is generated,
then Ch-path-symb terminates successfully.

The following lemmata state the correctness of the algorithm.

Lemma 3.2 For any pair of regions p and q, high symbol a, time t and low
symbol a', Ch-path-symb(p,q,a,t,a’) terminates.

Proof. Both the regions of the graph and the intervals that can been gener-
ated by the algorithm are finite and, as a consequence, also the tuples (r, I, tt)
that are generated are finite. a

Lemma 3.3 If (wy,ws) € L(A) with {w (i ) wi(i+1),...,w(j—1),wi(4)} C
H\ {a} and wi(j + 1) the low symbol o, then there exists an infinite se-

quence of steps (qo, Vo) %Z;Eg; (q1,v1) —)Z;EB ... if and only if Ch-path-

symb((¢i, [vi]),(qj12, [Vj+2]),a Z?ﬁw() ).

Lemma 3.3 is a direct consequence of the properties of the region graph
proved in [1].

We define also the algorithm Ch-path that checks whether there exists a
sequence of steps labeled with high symbols and followed by a step labeled
with the low symbol o' taking from a given region p to a given region ¢ in
a given time ¢. We obtain it from Ch-path-symb by replacing the condition
a" € H\ {a} U{d'} in line (x) with the condition «" € H U {d'}.

The following results are the analogous of Lemma 3.2 and Lemma 3.3.

Lemma 3.4 For any pair of regions p and q, time t and low symbol o', Ch-
path(p,q,t,a’) terminates.
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Lemma 3.5 Let (wy,ws) € L(A) with {w(i),wi(i+1),...,wi(=17),wi(j)} C
H and wy(j+1) the low symbol a’, then there exists an infinite sequence of steps
(g0 v0) =10 (g1, 01) =220 . if and only if Ch-path ((g:, [v:]).(qj42: [vj42)),
Zig WZ(h)a a,)'

The following algorithm Ch-NPriv checks whether there exists a sequence
of steps from the initial region (¢°, [¢°]) due to a low sequence d that does not
perform the high symbol a between the low symbols in d(i) and d(i + 1). At
iteration k, the set A contains the regions that can be reached from (g, [vo])
by reading d(0),...,d(k), by reading symbols in H \ {a} between d(i) and
d(i + 1), and by reading symbols in H between d(j) and d(j + 1), for each

j # 4. So, if A is empty then the sequence of steps we were looking for does
not exist, and NPr(d,,a) holds.

Algorithm 2
Ch-NPriv(d:L — sequence, i:N, a:high — symbol): boolean
(i) k:=0;
) A={( D
) while k < length(d) do
) (a',t):=d(k);
) B:=0);
) while A% 0 do
) (q, [v]):=extract(A);
(viii) for each region (¢',[v']) € R(A)
)
)
)
)
)
)

(ix if (k=1 and Ch-path-symb((q, [v]),(¢, [v']),a,t,a’)) OR
(x (k # i and Ch-path((q, [v]), (¢, [v']),1,d"))

(xi then Add((q',[v"]),B);

(xid A:=B:

(xiii ki=h+1;

return A = (.

The following results state the correctness of the algorithm Ch-NPriv.

Lemma 3.6 For any finite sequence d, index i and high symbol a, the algo-
rithm Ch-NPriv(d,i,a) terminates.

Theorem 3.7 For any finite sequence d, index © and high symbol a, it holds
that NPr(d,i,a) if and only if Ch-NPriv(d,i,a).

Note that Ch-NPriv(d,i,a) performs at most k times the body of the ex-
ternal cycle. The internal cycle calls either the algorithm Ch-path-symb or
the algorithm Ch-path at most |R(A)| times, with |R(.A)| the number of re-
gions of R(A). Finally, both Ch-path-symb and Ch-path construct at most
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O(IR(A)| x t?) tuples.

Corollary 3.8 It is decidable in polynomial time whether NPr(d,i,a).

4 Further Work

In this paper we have introduced the “no-privacy” property, which corresponds
to the ability, by an attacker, to infer information on the private behavior of
a system from the observable behavior.

To model a real time system that respects privacy, we can consider prop-
erties derived from the property NPr(d,i,a) considered in the paper.

The first step is to consider properties such as Ja € H.NPr(d, i,a), mean-
ing that the performance of some secret action follows a sequence of observable
actions, and 3i € [1, length(d)—1].NPr(d, i, a), meaning that the performance
of some secret action is implied by a sequence of observable actions. Both
properties are decidable, since NPr(d,i,a) is decidable and it is sufficient to
enumerate the cases.

An interesting property is 3d. NPr(d, i, a). This property holds if there is a
sequence of observable actions implying a secret action. In this case we cannot
enumerate the cases. Moreover, even if such a property would be decidable, we
cannot enumerate to prove the property 3d.3i € [1, length(d) —1].NPr(d, i, a).

So, one may consider weaker properties. As an example, the property
Ad. length(d) < n and NPr(d,i,a) considers only finite-length sequences
of observable actions. (It is usually sufficient to observe a finite number of
observable actions to describe time attacks on protocols). Note that the se-
quences d such that length(d) < n are not finite because times are infinitely
many.

We might also consider sequences d in (X x Interval)* instead of (X X
Time)*. This kind of sequences permit to consider more general behaviors.
As an example, a possible sequence is (a,[0,00))(b,[3,3])(c, [2,5)), meaning
that a is performed in the interval [0, 00), b is performed 3 units of time after
a, and c is performed when a time in [2,5) after b is elapsed.

Our aim is to study the decidability of such properties.
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Abstract

In this paper we examine an important property of correct system design that is
called non-Zenoness or time progress. We present a method that allows to check
non-Zenoness on a restricted subclass of real-time processes. The processes that
we examine are constructed by nondeterministic sum and parallel composition with
synchronization. The method is based on the construction of a finite representation
of the potentially infinite state space of a process, that preserves time progress.

1 Introduction

There has been a number of proposed formalisms to describe real-time sys-
tems, in which system designs could be formally specified, analyzed and tested
before implementation. The existing formalisms include real-time process al-
gebras, namely the Algebra of Communicating Shared Resources (ACSR) [4],
(6], Timed Automata [1], and Timed Systems (TS) [3], among others. The
process algebraic and timed systems frameworks slightly differ in their use of
time. In ACSR, there is a distinction between two types of actions: timed
actions and instantaneous events. Timed actions represent resource consump-
tion of a fixed time duration, whereas instantaneous events are used mainly
for process synchronization. In Timed Systems, (and similarly in Timed Au-
tomata), events represent state change and have no duration, however it is
possible to let time pass in any state of the system, while certain temporal
conditions are satisfied.
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There are many properties that are required from a correctly designed
process. The deadlock and livelock-freedom properties are among the most
important. A feature that pertains specifically to timed systems, is called non-
Zenoness or time progress. Informally speaking, this characteristic ensures
that a system cannot perform an infinite number of transitions within a finite
amount of time. Since this feature is usually defined as a quality of all infinite
runs of a system, it is in general undecidable. This property has been studied
for Timed Systems in [3], where the authors proposed a notion of structural
non-Zenoness as a condition on a finite graph underlying a TS. The presence
of this condition implies that in every infinite execution of the TS, time will
always progress.

For real-time process algebras, we need to distinguish between discrete and
dense time domain. When we consider discrete time domain where all timed
actions take exactly one time unit to execute, time progress can be expressed
as the quality that every infinite execution sequence contains infinitely many
timed actions. Testing this property on any ACSR, process may still involve
searching infinite runs of a process. It would be therefore helpful to be able to
define a similar condition as structural non-Zenoness in the context of process
algebras. Since process algebras are in general more expressive than TS (TS
are finite-state systems, whereas even rather simple ACSR process may be
infinite-state), we will limit our attention to a core class of (possibly infinite-
state) processes for which we will be able to construct a finite representation
that will preserve the non-Zeno property.

The class of processes studied in this paper is basically determined by the
operators of action and event prefix, nondeterministic choice and parallel com-
position where we allow event synchronization. For any process constructed
out of these operators we will show how to define a finite labeled graph whose
edges correspond in a precise way to the labeled transitions of the process.
Additionally, any cycle in this finite graph that will only consist of edges la-
beled by events will be related to a Zeno execution run of the initial process.
Although we have not been able to prove it yet, we also believe that the other
direction might work, i.e. any Zeno run of a process will manifest itself as a
aforementioned cycle. Later on in this paper we will add the restriction op-
erator and modify the construction so that an analogous condition holds for
this enriched class.

2 Background

The class of processes we will examine in this paper is a fragment of ACSR, a
timed process algebra that includes features for representing synchronization,
time, resource requirements, and priorities. The time domain of ACSR can
be either discrete [4] or dense [6], however in this paper we will concentrate
exclusively on discrete time. The actions of processes in this algebra are of
two kinds: timed actions and instantaneous events. A timed action takes one
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time unit to execute and is represented as a list of resources and associated
fixed priorities, e.g. {(data,?2), (cpu,1)}. A distinguished action () stands for
one time unit of idling. An instantaneous event takes no time to execute
and is represented as a pair of a label and a fixed priority, e.g. (chan,3). A
distinguished event label 7 is used to denote the synchronization of events.

For the purpose of simplicity, we will not consider the internal structure
of timed actions or events. We assume that capital letters A, B,... range
over timed actions, and letters e, f,... range over instantaneous events. For
every event e, there is a complementary event €, such that € = e. The special
synchronization event 7 arises when two complementary events are executed
in parallel. The Greek letter a will be used to denote either a timed action or
an event.

We will consider processes defined by the following syntax:

Pu=NIL|X|A:P|e.P|P+P|P||P|recX.P

NIL is a process that executes no action. There are two Prefix operators,
A : P and e.P, corresponding to the two types of actions. The operator P+ Q)
represents nondeterministic Choice. P||@ is the Parallel composition of P and
@, that can synchronize or interleave on events, whereas for timed actions, we
only consider interleaving. The Recursion operator recX.P allows to specify
infinite behavior.

The operational semantics of the process terms is represented by labeled
transition systems (LTS). These are determined by structured operational
semantics rules presented in Figure 1. We use P[recX. P/X] as the standard
notation for substitution of recX. P for all free occurrences of X in P.

ActT) — — Act) ——
(Acl)  ——— 5 At 5
(Sumt) L= (sumR) =
P+Q-5p P+Q-5Q
(Parl) PP (ParR) @G
P|Q — P'||Q PlQ — P|Q
(ParS) P — PT, Q ,—> ,Q (Rec) PlrecX. P/Xi —i P
P||lQ — P'||Q recX. P— P

Fig. 1. SOS rules

We assume commutativity and associativity of the parallel composition op-

erator (the notion of equivalence on labeled transition systems being strong

bisimulation). The n-th power of a process P, denoted P", stands as an abbre-

viation for the term PJ|...||P. In this work we allow for interleaving of timed
N—_——

n
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actions in the context of parallel composition. The reason for that will be
explained in Section 4, where the main construction of the paper is presented.

The full discrete version of ACSR (see [6]) contains these additional op-
erators: Scope PAS(Q, R, S), Restriction P\F, and Close [P];. In the Scope
operator, process P executes for a maximum of ¢ time units. If P successfully
terminates within ¢ units by executing an event labeled with e then control
proceeds to (). If P fails to do so then control proceeds to R. Lastly, at any
time while P is executing, it may be interrupted by S.

The Restriction operator P\ F' limits the behavior of P in the sense that no
events with labels in F' are permitted to execute. Finally, the Close operator
[P]; produces a process that monopolizes the resources in I.

3 Non-Zenoness on Restricted ACSR

The notion of non-Zenoness appears among other desirable properties in the
validation of process design correctness. Intuitively, the purpose of instan-
taneous events is process synchronization, whereas the actual performance is
represented by timed actions. Therefore we do not want a process to engage
in an infinite sequence of synchronizations where only finitely many timed
actions would be carried out. This motivates the following definition, taken
from [2].

Definition 3.1 An infinite execution sequence (trace) of actions is called
Zeno if it consists solely of instantaneous events. An ACSR process is non-
Zeno if its LTS does not contain any infinite Zeno trace.

As we mentioned before, searching a potentially infinite LTS for a Zeno trace
may result in a non-terminating algorithm. However, if we closely examine all
processes that may appear in an infinite run, we will see that they are built
out of only a finite number of basic process terms by the operator of parallel
composition (for the processes described by our fixed syntax). As an example,

consider the process P & recX. a.X?. There is only one infinite run of this
process, described below:

recX. a.X? -2 [recX. a. X?? %5 . recX. a. X -2 L

The reachable states of this process are all powers of one term, and that
is the process itself. It is (usually) only one component (or two, in case of
synchronization) in a parallel composition of more terms that can perform a
transition, and so if we construct all these basic processes and the transitions
that they can carry out, we have all the information necessary to detect what
types of actions are taken in any execution sequence of the original process.

For this purpose, we will introduce the notion of a prime w.r.t. parallel
composition, called here only prime for brevity. A prime of a process P is any
process reachable from P that cannot be expressed as parallel composition of
two or more processes.
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Definition 3.2 The set of primes Pr of a process is defined recursively, fol-
lowing the syntactical structure of the process:

(i) Pr(NIL) = {NIL}

(vi
(vii) Pr(recX.P) = {recX.P} U{Q[recX.P/X] | Q € Pr(P)}

The purpose of the set of primes is to describe all reachable processes in a com-
pact way. It will be used to reduce a potentially infinite semantic description
by means of labeled transition system into a finite graph, that will preserve
the properties that we are interested in. The significance of this notion is
stated in the lemma that follows.

Lemma 3.3 Fvery reachable state QQ of a process P can be expressed as par-
allel composition of primes from Pr(P).

We will prove Lemma 3.3 indirectly, by combining the following propositions.

Proposition 3.4 Fvery process P can be expressed as parallel composition of
primes from Pr(P), i.e. P = P\||Py||...||Px, where Py,..., Py € Pr(P).

Proposition 3.5 For a process P, a prime P, € Pr(P), and a process R
reachable from P; in one transition step, R can be expressed as parallel com-
position of primes of P.

The correctness of Proposition 3.4 can be easily verified directly from the
definition of primes. Throughout the paper, we will refer to this form as
mazimal decomposition of P. The proof of Proposition 3.5 follows here:

Proof. We will prove the claim by induction on the structure of P.

(i) Case NIL - obvious.
(ii) Case X - obvious.
(iii) Case A: P
The primes of A : P are A : P and the primes of P, and we assume
as induction hypothesis that the statement holds for Pr(P). The only

reachable state of A : P is P, which can clearly be expressed in the
required form.

(iv) Case e.P - proved analogously to Case (iii).

(v) Case P+ (Q
The primes of P+ @ are P+ Q) itself, together with Pr(P) and Pr(Q).
Induction hypothesis covers primes from Pr(P) and Pr(Q), and so only
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the case of P + () remains to be checked. All processes reachable from
P+@ are derivatives of either P, or (), to which the induction hypothesis
applies.

Case P||Q

The primes of P||@ are the union of Pr(P) and Pr(Q), and so the
verity of the statement can be concluded from induction hypothesis for
the two sets.

Case recX. Q

If P =rec X.QQ then we will assume that for every @Q; € Pr(Q), for
every ); — R, R can be expressed as composition of primes of Q.
What we need to verify is that for every prime P; of P and every process
R reachable from P; in one step, R can be expressed as composition of
primes of P.

By definition, Pr(P) = {rec X.Q}U{Q;[P/X] | Q; € Pr(Q)} Therefore
we will consider two cases:
(a) P;=rec X.Q
(b) P, = Q;[P/X], for some @Q; € Pr(Q)
Regarding (a), we need to use the semantic rule for recursively defined
processes, which says that

rec X.Q - R <= Qlrec X.Q/X] - R.
From that, we can deduce that
Qlrec X.Q/X] - R < 3R. Q > R AR = R'[rec X.Q/X].
The induction hypothesis holds that R' = Q|| ... ||Qk, where these Q;
are primes of @), and so R = (Qq|...[|Qk)[rec X.Q/X]. Clearly, this
expression is equivalent to Qq[rec X.Q/X]||...||Qk[rec X.Q/X], which
then is the desired composition of primes from Pr(P).

To validate the latter, we assume that we have P, —— R, and P, =
Qilrec X.Q/X], for some Q; € Pr(Q). For a particular prime Q);, we
again have that,

Qilrec X.Q/X] R < 3R. Q; = R AR = R'[rec X.Q/X],
where R' = Q1] ... ||Qk. Asabove, R can be expressed as @ [rec X.Q/X]||

. ||Qk[rec X.Q/X], which is the form we sought.
O

Now we can combine Propositions 3.4 and 3.5 to justify Lemma 3.3. For a
fixed process P, P itself can be expressed as parallel composition of its primes.
Every other process R reachable from P is derived after m transition steps, for
some m. If m = 1 then Proposition 3.5 guarantees that R is of the required
shape. Every R derived in m+1 steps will be an immediate successor of some

@ derived in m steps, which can be written as Py||...||Ps, P; € Pr(P), and
R will be obtained by taking one (or two, in case of synchronization) prime
P; and replacing it by one-step expansion, i.e. R = Py||...[|P']|...|| P, where

P; — P'. By Proposition 3.5, P’ is itself a composition of primes, and so the
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resulting derivative R will be parallel composition of primes from Pr(P).

Example 3.6 An example of primes construction is demonstrated on a simple
process Bz £ recX. e.(X]|X) that will be used throughout the paper.

(i) Pr(recX. e.(X|[|X)) = {recX. e.(X||X)} U{Q[recX. e.(X||X)/X] | Q €
Pr(e.(X|| X))}, following rule (vii);
(ii) Pr(e.(X||X)) = {e.(X[|X)} U Pr((X||X)), by rule (iv);
(iii) Pr(X|[|X) = Pr(X)U Pr(X), by rule (v);
(iv) Pr(X) = {X}, by rule (ii).
By applying the recursive definition we obtain
(iv) Pr(X) ={X};
(iii) Pr(X[X) = {X}
i) Pr(e.(X[| X)) = {e.(X]|X), X};
i) Pr(

(ii
(i) Pr(recX. e.(X||X)) = {recX. e.(X||X), e.[recX. e.(X|| X)]*}.

1

3.1 Finite representation graph

Now we can define the finite representation graph Gp of a process P to be a
labeled directed graph (Vp, Ep), where

* the set of vertices Vp is the set of reachable primes of P, i.e. Vp = {P' €
Pr(P)|3Q. P — P'|Q};

« the set of edges Ep is defined as Ep = {P, - P, | 3Q. P, —5p B||Q},
where —=5 5 is the transition relation generated by P.

We have defined the graph so that all its vertices can be reached from P in the
context of parallel composition, and every edge in the graph can be generated
by SOS rules from the description of P. In Section 4, we will provide an
algorithm to construct the graph G.

Definition 3.7 A (directed) cycle in a graph G is called Zeno if all edges
alongside the cycle are labeled by events.

We will demonstrate this idea on process Fx. The corresponding LTS and
the (desired) finite graph are shown in Figure 2. We can see that process Ex
produces an infinite LTS, with a Zeno trace (—)“. That trace is captured
by the — Zeno loop in the respective finite graph.

Note that the set of primes may contain an expression not reachable from
the original process. In this case, e.[recX. e.(X||X)]? cannot be reached from
recX. e.(X||X), and so it is eliminated in the graph definition.

3.2 Main result
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recX. e.(X||X) recX. e.(X||X)
O

€ ¢

[recX. e.(X || X))?

e

[recX. 6.;(X||X)]3

V
Fig. 2. Labeled transition system and finite graph of process Ex

Theorem 3.8 Let P be a process defined by the syntax above. If there is a
Zeno cycle in the graph Gp, then P is Zeno.

Proof. We assume that in the graph Gp, there is a Zeno cycle P; s p, 2
... P ks P,. The vertices of Gp only contain primes that are reachable from
P, therefore there must be an action sequence w and a process () such that
P % Py||Q. Now we can construct a Zeno trace of the form w(eyes .. .e;)Y
in this way:

P PQ =5 Py||R||Q 25 Ps||Ro||Ru||Q ... =55 P||Ry. .. ||Ry|Q = ...

where P, - P;,y||R; is some transition that gave rise to the directed edge
P, =5 Py,
O

4 Testing for Zeno Property Algorithmically

An algorithm that will detect a Zeno behavior of a given process consists of
two parts. First part constructs a finite graph according to the definition in
Subsection 3.1, and the second half searches that graph for Zeno cycles.

4.1  Graph Construction

The graph G (set of vertices and set of directed edges) is created recursively,
following the definition of primes of a process. The construction is sketched
in the procedure below, where the expression P; —¢ P; denotes a directed
edge from P; to P;, labeled by «, in the graph G.

(i) Case NIL
The set of vertices is Vo = {NIL}, and there are no edges in the graph
induced by this vertex, i.e. Eg = ().
(ii) Case X
The set of vertices is Vi = { X}, and there are no edges in the graph
induced by this vertex, i.e. Eg = (.
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(iii) Case A: P
Assuming that we already have the complete graph Gp for P, we will
add to it the vertex A : P with edges A : P 2> P,, where Pi|...|| Py is
the maximal decomposition of P.

(iv) Case e.P
Analogously to (iii), we will add to the graph defined by P the vertex
e.P with edges e.P —¢ P;, where Py||...||P is the maximal decompo-
sition of P.

(v) Case P+ Q
Assuming that G'p, resp. G, are the graphs determined by P, resp.
@, the graph G for P+ () is created as the union of Gp and G, where a
new vertex P + () is added. The vertices P and () are removed together
with all outgoing edges (under the condition that there are no incoming
edges to P or ). A new edge P+ QagP; will be added to G, if and only
if there is a corresponding edge P — P, in Gp, or Q — P, in Go.
(vi) Case P||Q
The graph G for the process P||@ is taken to be the union of Gp and

G, the respective graphs for P and (). No new vertices or edges are
added.

(vii) Case recX. P
We assume that Gp = (Vp, Ep) is the graph for P. We will construct

G for the process recX. P in two steps:

(a) we construct G by taking the set {Q[recX. P/X]| | Q € Vp} as
vertices, with an edge Pi[recX. P/X]| — Pj[recX.P/X], if there
was an edge P, LN P; in Gp;

(b) we construct the final graph G,..x. p by adding an edge recX. P -
P; whenever there was an edge PlrecX. P/X]| -+ P; in G;. After
adding all such edges, we remove the vertex P[recX. P/X].

We will illustrate this algorithm on process Ex, by following the steps (iv) to
(i) from Example 3.6, that describe its recursive decomposition:

(iv) Subprocess X
Vy = {X}, Ex = 0.
(iii) Subprocess X || X
Vxix = {X}, Exx =0.
(ii) Subprocess e.(X || X)
Ve = {e(X[1X), X}, Bexx = {e(X]1X) — X}
(i) The original process Ex = recX. e.(X||X)
(a) Vi = {recX.e.(X||X),e.[recX. e.(X||X)]?}, By = {e.[recX. e.(X[| X)]? =
recX. e.(X||X)};
(b) we add the edge recX. e.(X||X) - recX. e.(X||X), and remove vertex
e.[recX. e.(X||X)]% the end result is Vieex. e.xx) = {recX. e.(X[|X)},
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Ereex. eqx|x) = {recX. e.(X||X) —= recX. e.(X]|X)}. In this way, we
obtain a one-vertex graph with a Zeno loop, as pictured in Figure 2.

4.2 Algorithm Correctness

The correctness of the procedure follows from the two lemmas below, which
state that the construction outlined above complies with the definition in
Subsection 3.1.

Lemma 4.1 For a process P, all vertices in Gp are reachable primes of P,
i.e. for any P; € Vp, P; € Pr(P) and there exists Q and w so that P — P}||Q.

Proof. By induction on structure of P, we will show that all vertices in G'p
are reachable primes of P. From the construction it is clear that Vp only
contains primes of P, and therefore, it only remains to be checked that these
primes are reachable from P.

(i) Case NIL - obviously true.
(ii) Case X - obviously true.
(iii) Case A: P

If  is a vertex in G p then by induction hypothesis (IH), P — @ for

some word w. Clearly, A : P LN P, therefore also A : P A p Q.
(iv) Case e.P is proved as Case (iii).
(v) Case P+ Q

P; is a vertex in Gpyq if it is equal to P + @, or it is a vertex from
Gp (other than P), or it is a vertex in G (other than Q); if P, = P+ Q
then it is trivially reachable from itself, and so we need to examine the
other two possibilities.

If P, belongs to Gp, then either P, # P, and then by IH, P - P,
which implies that P + Q@ — P, or P, = P and there is an incoming
edge to P in the graph G'p. Since all vertices in Gp are reachable from
P, it means that also P is reachable from itself, and so P — P = P,
and therefore P + Q —— P;. We would use a similar argument for Q.

(vi) Case P||Q
P; is a vertex in Gp|q if and only if P; belongs to Gp or Gg. By IH it
follows that either P =+ P; or Q — P;, hence either P||Q — Bi||Q,
or P|Q -2 P||P.
(vii) Case recX. P
P; is a vertex in Gy, p if there exists a Q € Pr(P), Q # P, so that
P, = QrecX. P/X]. By IH, such @ would be reachable from P, i.e.
P - @, which induces derivation P[recX. P/X] - Q[recX. P/X].
From the second step in the construction of G,..x. p, we may conclude
that recX. P — Q[recX. P/X] = P,, and so P; is reachable from the
original process recX. P.
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Lemma 4.2 There is an edge P; — Pj in Gp if and only if P, —p P;||Q,
for some process Q).

Proof. This statement is again proved by induction on the structure.

(i) Case NIL is straightforward as there are no edges in the respective graph.
(ii) Case X is straightforward as there are no edges in the respective graph.
(iii) Case A: P

New edges in the graph G4.p are of the form A : P A, P;, where
Pi|| .. .|| Px is the maximal decomposition of P into primes. The semantic
rule for action prefix dictates that A : P i>, and so clearly, A : P LN
PIQ with @ = Pul... [P | Pra ||

(iv) Case e.P is proved analogously to Case (iii).

(v) Case P+ Q@

Any new edge in the graph Gp g is P + @Q — P;, which is induced
either by P 5 P, in Gp, or Q — P, in G¢. Since induction hypothesis
holds for both, we can assume existence of a transition P >+ Bj||R, or
analogously starting from (). By the semantic rule for Choice, we can
conclude that in either case, P + Q — P;||R.

(vi) Case P||Q is straightforward as there are no new edges in the graph G pjjq.
(vii) Case recX. P

We will start from the assumption that P — ) in Gp if and only if
there exists a transition P —— Q|| R generated by definition of recX. P.
Now, an edge recX. P -+ Q[recX. P/X] in Gre.x. p relates back to
the edge P —*+ @ in Gp, and an auxiliary edge P[recX. P/X] -+
Q[recX. P/X] in the intermediate graph. From the induction hypothe-
sis, we have that P[recX. P/X] -5 Q[recX. P/X]||R[recX. P/X] is a
transition generated by recX. P, and from the operational rule for recur-
sion we can conclude that recX. P - Q[recX. P/X]||R[recX. P/X].

O

Now we have validated that a Zeno cycle in a graph constructed in the above
way represents a Zeno trace that can be derived from the original process (see
Theorem 3.8).

4.8 Algorithm Complexity

The overall complexity of the algorithm depends on its two parts: graph
construction and Zeno-cycle search. We will express it as a function of process
size, which will be determined by the sum of the number of all operator and
variable occurrences.
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For a process of size n, the number of vertices in the completed graph is
at most n: in each recursive step we add at most one vertex, and the number
of steps corresponds to the number of operators and variable occurrences.
Clearly, we can then bound the number of edges by n?, even though a more
subtle analysis would probably yield a considerably smaller result. Even if we
consider the worst case, i.e. the complete graph on n vertices, the construction
will be quadratic in n.

In order to search a graph Gp of process P for Zeno cycles, we will em-
ploy the depth-first-search technique ([5]). Several searches of the graph will
be carried out, with initial vertices being all primes P; in the decomposition
of P. The running time of depth-first search is linear in size of the graph,
expressed as the sum of number of vertices and edges, which is O(n?) here.
From these observations we can conclude that the total complexity of the pro-
posed algorithm, comprising both graph construction and Zeno-cycle search,
is O(n?).

5 Adding Restriction

In this section, we will add the restriction operator P\F, where F is a finite
set of events, and modify the graph construction so that we can identify some
Zeno behavior as previously. The transition rule for restriction is described
below:

P3Pl eed¢F
P\F % P'\F

(Res)

If we want to be able to decompose the initial process into primes as before,
we need to find a way to handle the restriction operator. The approach that
we have chosen is to keep restrictions as extra information, and work with
pairs (@, F'), where @) is a prime of some initial process P that occurs in
the definition of P within restriction context F. The graph construction is
modified to reflect this fact, and works as follows:

(i) Case (NIL,F)

The set of vertices is Vo = {(NVIL, F)}, and there are no edges in the
graph induced by this vertex, i.e. Eg = ().

(ii) Case (X, F)

The set of vertices is Vi = {(X, F)}, and there are no edges in the

graph induced by this vertex, i.e. Eg = ().
(iii) Case (A: P, F)

Assuming that we already have computed the graph for (P, F'), we will
add to it the vertex (A : P, F) with edges (A : P, F) A, (P, F'), where
Pi||...|| P is the maximal decomposition of P into subprocesses w.r.t.
parallel composition.
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(iv) Case (e.P, F)

Analogously to (iii), we will add to the graph defined by (P, F') the ver-
tex (e.P, F) with edges (e.P,F) —¢ (P;, F),ife,e ¢ F and P/||...||P:
is the maximal decomposition of P into subprocesses w.r.t. parallel com-
position.

(v) Case (P+Q,F)

Assuming that Gp, resp. Gg, are the graphs determined by (P, F'),
resp. (@, F'), the graph G for (P + @, F) is created as a union of Gp and
G, where a new vertex (P + @, F) is added, and vertices (P, F') and
(@, F) removed together with all outgoing edges (under the condition
that there are no incoming edges to (P, F) or (@, F)). There will be a
new edge (P + Q,F) - (P, E) in G, if and only if there is an edge
(P,F) — (P, E) in Gp, or (Q,F) = (P, E) in Gq.

(vi) Case (P||Q, F)

The graph G for the process (P||Q, F) is taken to be a union of Gp
and G, the respective graphs for (P, F') and (Q, F'); no new vertices or
edges are added.

(vii) Case (recX. P, F)
We assume that Gp = (Vp, Ep) is the graph for (P, F'); we will con-
struct G for the pair (recX. P, F') in two steps:
(a) construct G by taking the set {(Q[recX. P/X],F') | (Q,F') € Vp}
as vertices, with an edge (Pj[recX. P/X], F;) — (P;[recX.P/X], P}),
if there was an edge (P;, F;) — (P}, F};) in Gp;
(b) construct the final graph G,ccx. p,r) by adding an edge (recX. P, F') LN
(P;, F;) whenever there was an edge (P[recX. P/X], F) - (P, F}) in
(1, and after adding all such edges, remove the vertex (P[recX. P/X], F);
(viii) Case (P\E,F)
The graph for (P\E, F) is taken to be the graph for (P, E U F).

We will always initialize the construction with ' = (). We will explain the

algorithm on a process P defined as P & recX. (e.X]|f.X)\{e}. The cor-
responding LTS and the constructed graph representation are presented in
Figure 3. For conciseness we will write @) for (e.X||f.X)\{e}. The algorithm
is initialized with the pair (recX. (e.X||f.X)\{e}, ). Then we decompose the
process according to the current top-level operator, and finally, after having
reached the base case, we go back up, constructing the graph along the way.
(i) We call the algorithm with ((e.X||f.X)\{e}, D).

(ii) We make a recursive call to (e.X||f. X, {e}).

(iii) We make two procedure calls for (e.X, {e}) and (f. X, {e}).
(iv) From (e.X, {e}) we call (X, {e}); likewise for (f.X,{e}).

(v) The base case (X, {e}) returns the graph with vertex set V"= {(X, {e})}
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and edge set £ = (), to both calls.
(iv) For (e.X,{e}), the call returns graph with V; = {(e.X,{e}), (X, {e})}
and E; = (); for (f.X,{e}), we get Vo = {(f.X,{e}), (X,{e})} and E, =
f
(iii) The graph of (e.X||f.X, {e}) is a union of the already constructed graphs:

V= {(eX,{e}), (X.{e}), (f. X, {e}), (X, {e})} and E = {(f.X,{e})
(X, {e})}-

(ii)) We keep the graph and pass it to the higher level.

(i) We perform substitution first, and obtain these vertices (recX. @, {e}),
(e.recX. Q,{e}), (f-recX. @, {e}); then we add the edge (recX. @, {e}) SN
(recX. @, {e}).

recX. @) (recX. @, {e})
y ki

f
[e.recX. Q||1€CX. Q\{e}
f
le.recX. Q||[e.recX. QHT@CX. Q\{e}\{e}

v
Fig. 3. Labeled transition system and finite graph of process P

The resulting graph contains an f loop from and to the initial state, therefore
it will be discovered by DFS. It can be easily observed that this loop indeed
corresponds to an infinite Zeno trace of the process P.

5.1 Algorithm Correctness and Complexity

For a given process P, we perform a depth-first search on the graph G con-
structed for (P,(). The initial vertices for Zeno cycle search will be all pairs
(P;, F;) satisfying the condition that P; is contained in the maximal decompo-
sition P into subprocesses w.r.t. parallel composition, and there is no vertex

We will utilize a couple of lemmas analogous to the previous section that
will validate the correctness of our procedure. Firstly, we will spell out an
analog of Lemma 4.2.

Lemma 5.1 For a process P and restriction set F, every edge (P;, F}) =
(P, F}) in G(pry corresponds to some transition P; —p P;||Q, where o ¢ F;
and F; C Fj.
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Proof. The notation (@, F) captures the fact that @ occurs in P within
restriction context F', and therefore ) —=p R, only if e and e do not belong
to F'. We will prove the claim by structural induction.

(i) Case (NIL,F) is trivial as there is no transition in the corresponding
graph.
(ii) Case (X, F) is trivial as there is no transition in the corresponding graph.
(iii) Case (A: P, F)

We assume that the statement is valid for (P, F'). A new edge must be
one of (A: P, F) - (P;, F), with P; contained in the maximal decom-
position P into subprocesses w.r.t. ||. Timed actions are not effected by
restriction, therefore clearly A : P A, P;||Q, where @ is the remaining
part of P. Additionally, A ¢ F and F C F.

(iv) Case (e.P, F)

We assume that the statement is valid for (P, F'). A new edge must
be one of (e.P,F) - (P;, F), with P, being of the proper form, and
e,€ ¢ F. This implies that the transition is possible also in the context
of P,i.e. e.P 5 PJ|Q, and again, F C F.

(v) Case (P+Q,F)

The semantic rule for Choice dictates that any transition of P + @) is
induced by P or (). The restriction set remains the same, which concludes
this case.

(vi) Case (P[|Q, F)

There are no new edges added for this operator, therefore this case is

valid by application of induction hypothesis to (P, F') and (Q, F).
(vii) Case (recX. P, F)

Since the the restriction set remains the same, this case would be proved

analogously to Case (vii) of Lemma 4.2.
(viii) Case (P\E,F)

An edge (P;, F;) — (P}, F}) in the graph for (P\E, F) corresponds to
an edge (P, F}) - (P}, Fj) in the graph for (P, E'U F'). Therefore, by
IH, o ¢ F{ and F] C F}. Additionally, Fj = FU F; and F] = EUF;
which in turn implies that o ¢ F; and F; C F}.

(I

In the graph construction, we may now obtain vertices that are not reachable
from the initial process. However, our algorithm is still correct because the
depth-first search only visits those graph vertices that correspond to reachable
subterms of the initial process. That is summed up in the lemma below:

Lemma 5.2 If (P', F') is a vertex visited in the DFS of graph G for (P,0)
then there exist Q, E and w so that P — (P'||Q)\E, where E C F".

This lemma is basically a corollary of the previous Lemma 5.1. Now we can
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put these two claims together to obtain the final correctness theorem:.

Theorem 5.3 Let P be a process defined by the syntax above. If the depth-
first search algorithm of the graph G pyg) finds a Zeno cycle, then P is Zeno.

Proof. A Zeno cycle (P, F)) -2 (Py), Fy) 25 .. (P, F) 25 (P, Fy) has
the property that F} C F, C ... F), C F}, i.e. all these sets are equal. We can
relate the graph cycle to a Zeno trace using Lemma 5.2 and 5.1:

(i) there exists a sequence w and @ such that P - (P||Q)\E, where
E C Fi;

(ii) each edge (P;, F}) - (Pyyy, Fi41) in the Zeno cycle translates back to a
transition P, —=p Py ||Q:, where e; ¢ F;.

The initial segment of the Zeno trace that we thus obtain is specified below:

P % (PIQ\E - (B]|Q1 [Q\E -2 (P3| Qs|Qi|Q\E ...
(PIQk - - IQUIQNE = ... A

The overall complexity of this procedure can be estimated as in Subsection
4.3. If we now include the size of restriction sets in the size of an input process
P, then we can again limit the time complexity of graph construction by n,
the size of P, as each recursive step adds at most one vertex and there may
only be n steps.

If we use the worst case scenario and assume our graph to be complete,
then as before, the Zeno-cycle search will be performed in O(n?), which limits
the total complexity.

6 Conclusion

The method presented in this paper enables us to identify some cases of Zeno
processes, by constructing a finite representation for a limited subclass of
ACSR processes that preserves Zeno property. The algorithm creates a finite
graph out of a syntactic definition of a process and then searches for Zeno
cycles within the graph. If such a cycle is found then the given process can
engage in Zeno behavior.

The condition so far only works one way. We would like to extend it to an
iff characterization by showing that every Zeno trace a process can perform
manifest itself in the respective graph. We believe that this will certainly hold
for the class of processes specified in Section 3. However, it seems that when
synchronization together with restriction (hiding) on events is present, it may
no longer be possible to obtain an iff condition.

Another issue is synchronization of timed actions, that is one of the main
features of ACSR. It seems that a straightforward application of the graph
construction is not feasible, the problem being that whenever timed action

126



STRIBRNA AND LEE

synchronization is performed, all processes within a parallel composition must
carry out a timed action. However, we may have derivations with ever growing
number of parallel components, and clearly this may not be captured within
the finite graph. Since timed actions are not of much interest in the Zeno
property, we have chosen to ignore the synchronization mechanism, however
this will be a topic of future interest. Other possible themes of future work
might be to examine if a similar method may work for other enriched classes
of processes, such as parametric processes or process algebras with dense time.
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