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Foreword

The synergy between Logic, Computational Complexity and Programming
Language Theory has gained importance and vigour in recent years, cut-
ting across areas such as Proof Theory, Computation Theory, Applicative
Programming, and Philosophical Logic. Several machine-independent ap-
proaches to computational complexity have been developed, which charac-
terize complexity classes by conceptual measures borrowed primarily from
mathematical logic. Collectively these approaches might be dubbed IM-
PLICIT COMPUTATIONAL COMPLEXITY.

Practically, implicit computational complexity provides a framework for
a streamlined incorporation of computational complexity into areas such as
formal methods in software development, programming language theory.

After previous workshops in Indianapolis (1994), Baltimore (1998), Trento
(1999) and Santa Barbara (2000) the present meeting in Aarhus formed an-
other instalment of a series of workshops on these topics. The broad spectrum
and the quality of submissions shows that the subject has gained maturity
and it is hoped that workshops like this will further contribute to the growth
of the field.

The workshop was open to everyone and no formal refereeing took place;
the present proceedings are intended mainly as a reference for workshop par-
ticipants so as to enable better interaction. It is anticipated that participants
will submit their work to scholarly fora for publication after the workshop.

Many thanks are due to the local organisers Karen Kjeer Mgller and
Olivier Danvy for all their help; they made my own job a really pleasurable
one. I also would like to thank Neil Jones for offering an invited talk (whose
abstract is included in these proceedings) and the programme committee
consisting of Samson Abramsky, Bruce Kapron, Jean-Yves Marion, Sgren
Riis, and Helmut Schwichtenberg for advice and informal quality checks of
submissions.

Martin Hofmann (programme chair)
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Abstract. A typed lambda calculus with recursion in all finite types is
defined such that the first order terms exactly characterize the parallel
complexity class NC. This is achieved by use of the appropriate forms of
recursion (concatenation recursion and logarithmic recursion), a ramified
type structure and imposing of a linearity constraint.

Keywords: higher types, recursion, parallel computation, NC, lambda
calculus, linear logic, implicit computational complexity

1 Introduction

One of the most prominent complexity classes, other than polynomial time, is
the class NC of functions computable in parallel polylogarithmic time with a
polynomial amount of hardware. This class has several natural characterizations
in terms of circuits, alternating Turing machines or parallel random access ma-
chines, as used in this work. It can be argued that NC is the class of efficiently
parallalizable problems, just as polynomial time is often viewed as the correct
formalization of feasible sequential computation.

Machine-independent characterizations of computational complexity classes are
not only of theoretical, but recently also of increasing practical interest. Besides

* Supported by the DFG Graduiertenkolleg “Logik in der Informatik”

** Supported by the DFG Emmy Noether-Programme under grant No. Jo 291/2-1

*** The hospitality of the Mittag-Leffler Institute in the spring of 2001 is gratefully
acknowledged.

! Supported by a Marie Curie fellowship of the European Union under grant no. ERB-
FMBI-CT98-3248



indicating the robustness and naturality of the classes in question, they also
provide guidance for the development of programming languages [10].

The earliest such characterizations, starting with Cobham’s function algebra
for polynomial time [8], used recursions with explicit bounds on the growth of
the defined functions. Function algebra characterizations in this style of parallel
complexity classes, among them NC, were given by Clote [7] and Allen [1].
More elegant implicit characterizations, i.e., without any explicitly given bounds,
but instead using logical concepts like ramification or tiering, have been given
for many complexity classes, starting with the work of Bellantoni and Cook [4]
and Leivant [13] on polynomial time. In his thesis, Bellantoni [2] gives such a
characterization of NC using a ramified variant of Clote’s recursion schemes.
A different implicit characterization of NC, using tree recursion, was given by
Leivant [14]. Other parallel complexity classes, viz. parallel logarithmic and poly-
logarithmic time, were given implicit characterizations by Bellantoni [3], Bloch
[6] and Leivant and Marion [15].

In order to apply the approach within the functional programming paradigm,
one has to consider functions of higher type, and thus extend the function alge-
bras by a typed lambda calculus. To really make use of this feature, it is desirable
to allow the definition of higher type functions by recursion. Higher type recur-
sion was originally considered by Godel [9] for the analysis of logical systems.
Systems with recursion in all finite types characterizing polynomial time were
given by Bellantoni et al. [5] and Hofmann [11], based on the first-order system
of Bellantoni and Cook [4].

We define an analogous system that characterizes NC while allowing an appro-
priate form of recursion, viz. logarithmic recursion as used by Bellantoni [2], in
all finite types. More precisely, our system is a typed lambda calculus which al-
lows two kinds of function types, denoted ¢ — 7 and Oo — 7, and two sorts of
variables of the ground type ¢, the complete ones in addition to the usual ones,
which are called incomplete for emphasis. A function of type 0o — 7 can only
be applied to complete terms of type o, i.e., terms containing only complete free
variables.

It features two recursion operators LR and CR, the latter corresponding to Clote’s
[7] concatenation recursion on notation, which can naturally only be applied to
first-order functions. The former is a form of recursion of logarithmic length
characteristic of all function algebra representations of NC, and here can be
applied to functions of all O-free types. The function being iterated as well as
the numerical argument being recurred on have to be complete, i.e., the type of
LR is ¢ — O(0¢ —0 00 —0 ) —o Ot —o ¢ for o O-free.

The crucial restriction, justifying the use of linear logic notation, is a linearity
constraint on variables of higher types: all higher type variables in a term must
occur at most once.

The main new contribution in the analysis of the complexity of the system 1s a
strict separation between the term, i.e., the program, and the numerical context,
i.e., 1ts input and data. Whereas the runtime may depend polynomially on the
former, it may only depend polylogarithmically on the latter.



To make use of this conceptual separation, the algorithm that unfolds recursions
computes, given a term and context, a recursion-free term plus a new contezt. In
particular, it does not substitute numerical parameters, but only uses them for
unfolding; in some cases, including the reduction of CR, it extends the context.
This way, the growth of terms in the elimination of recursions is kept under
control. In earlier systems that comprised at least polynomial time this strict
distinction was not necessary, since the computation time there may depend
on the input superlinearly. Note that any reasonable form of computation will
depend at least linearly on the size of the program.

As opposed to the first-order system of Bellantoni [2], the numerical argument
that governs a concatenation recursion must be complete in our system, the
type of CRis (¢ —0 ¢) —o Ot —o «. The reason is that the amount of hardware
required depends exponentially on the number of CR in a term, thus we must not
allow duplications of this constant during the unfolding of LR. The only way to
avoid this is by the more restrictive typing. This weaker form of concatenation
recursion nevertheless suffices to include all of NC, when the set of base functions
is slightly extended.

A further feature of this work 1s the usage of a tree data structure to store nu-
merals during the computation. Whereas trees are used as the principal data
structure in other characterizations of parallel complexity classes [14,15], our
system works with usual binary numerals, and trees are only used in the imple-
mentation.

2 Formal Definition of the System

We use simple types with two forms of abstraction over a single base type ¢, i.e.
our types are given by the grammar

o,7i=t|oc—o7|0o—or

As the intended semantics for our base type are the binary numerals we have
the constants 0 of type ¢ and sy and s; of type ¢ —o ¢. Moreover we add the
constants half, len of type ¢ —o «, bit, drop of type ¢+ —o ¢ —o ¢ and sm of type
t —o ¢ —o ¢ —o ¢ for the corresponding base functions. We allow case-distinction
for arbitrary types, so we have a constant d, of type ¢« —o 0 —0 0 —o ¢ for every
type o. Growth is added to the system via the constant #, recursion via the
constant LR and parallelism via the constant CR. Their types are

# : O —o ¢
CR : (t =) o0t —ot
LR, : c—-o00t—o0—o0)—oTt—o0 o O-free

Terms are built from variables and constants via abstraction and typed appli-
cation. We have incomplete variables of every type, denoted by z, y, ... and
complete variables of ground type, denoted by x, y, ... . All our variables and



terms have a fixed type and we add type superscripts to emphasize the type: x7,
x*, t7. So terms are given by the grammar

,
s, on=cla? | x| (A7) (/\XL.tT)DaﬁT | (177 57)" | (tDU*T 50)
where in the last case we require s to be complete; a term is called complete if
all its free variables are. It should be noted that, although we cannot form terms
of type Qo —o 7 with ¢ # ¢ directly via abstraction it is still important to have
that type in order to express, for example, that the first argument of LR must
not contain free incomplete variables.
In the following we omit the type subscripts at the constants d, and LR,
if the type is obvious or irrelevant. Moreover we identify a-equal terms. As
usual application associates to the left. A binary numeral is either 0, or of the
form s;, (... (s, (510))). The semantics of « as binary numerals (rather than bi-
nary words) is given by the conversion rule s; 0 — 0. In the following defini-
tions we identify binary numerals with the natural number they represent. The
base functions get their usual semantics, 1.e. we add conversion rules lenn —
[logo(n + 1)] =:||n]|, drop nm — Lzlln—mllJ’ half n — LWJ ,bitni— L%J mod
2, smwmn — 2R med 2wl Moreover, we add the conversion rules

d, 0 — Az?y’

do (sin) — Axf x] . x;

#n — 50”"”2(51 0)

CRARO — 0

CRA(s;n) — d(i—) (h(sin))sos1 (CRAn)
LRg RO — g

LRghn — hn (LR g h (half n))

Here we always assumed that n, m and s; n are binary numerals, and in particular
that the latter does not reduce to 0. In the last rule, n has to be a binary numeral
different from 0.

As usual the reduction relation is the closure of — under all term forming opera-
tions and equivalence 1s the symmetric, reflexive, transitive hull of the reduction
relation. As all reduction rules are correct with respect to the intended semantics
and obviously all closed normal terms of type ¢ are numerals, closed terms ¢ of
type ¢ have a unique normal form that we denote by ™.

As usual, lists of notations for terms/numbers/ ... that only differ in successive
indices are denoted by leaving out the indices and putting an arrow over the
notation. It is usually obvious where to add the missing indices. If not we add a
dot wherever an index is left out. Lists are inserted into formulae “in the natural
way”, e.g., hm. = hmy, ..., hmg and M ((wty)...tx) and |g| + |s| =
ol + Isul - .+ Jswl.

As already mentioned, we are not interested in all terms of the system, but only
in those fulfilling a certain linearity condition.



Definition 1. A term t is called linear, if every variable of higher type in t
occurs at most once.

3 Soundness

Definition 2. The length |t| of a term t is inductively defined as follows: For a
variable x, x| = 1, and for any constant ¢ other than d, |c| = 1, whereas |d| = 3.
For complex terms we have the usual clauses |rs| = |r|+|s| and [Az.r| = |r|+ 1.

The length of the constant d is motivated by the desire to decrease the length
of a term in the reduction of a d-redex.

—
Inl)-

Definition 4. A context is a list of pairs (x,n) of variables of type ¢« and nu-
merals, where all the variables are distinct. If T is a list of distinct variables of
type « and T a list of numerals of the same length, then we denote by T ; 7" the

Definition 3. For a list W’ of numerals, define |77 | := max(

contert (x,n) .

Definition 5. For every symbol ¢ of our language and term t, §.(t) denotes the
number of occurrences of ¢ int. For obvious esthetic reasons we abbreviate §4 (t)

by §(t).

Definition 6. A term t is called simple if t contains none of the constants #,

CR or LR.

By a simple induction on [{| we can show an upper bound for the length of
numerals:

Lemma 1. Let t be a simple, linear term of type ¢+ and T'; @ a context, such
[

that all free variables in t are among T . Then for t* = t[7 = W]nf we have
[ < Je+ |77

Data Structure

We represent terms as parse trees, fulfilling the obvious typing constraints. The
number of edges leaving a particular node is called the out-degree of this node.
There 1s a distinguished node with in-degree 0, called the root. Each node is
stored in a record consisting of an entry cont indicating its kind, plus some
pointers to its children. We allow the following kinds of nodes with the given
restrictions:

— Variable nodes representing a variable x. Every variable has a unique name
and an associated register R[z].

— Abstraction nodes Az representing the binding of the variable z.

For each constant ¢, there are nodes representing the constant c.

— Application nodes @ representing the application of two terms. The obvious
typing constraints have to be fulfilled.



— Auxiliary nodes «; representing the composition of type one. These nodes
are labeled with a natural number 7, and each of those nodes has out-degree
either 2 or 3. They will be used to form 2/3-trees (as e.g. described by
Knuth [12]) representing numerals during the computation. We require that
any node reachable from a x.-node is either a x. node as well or one of the
constants sy or s;.

— Auxiliary nodes ' representing the identification of type-one-terms with
numerals (via “applying” them to 0). The out-degree of such a node, which is
also called a “numeral node”, either is zero, in which case the node represents
the term 0, or the out-degree is one and the edge starting from this node
either points to one of the constants sg or s; or to a x. node.

— Finally, there are so-called dummy nodes ¢ of out-degree 1. Dummy nodes
serve to pass on pointers: a node that becomes superfluous during reduction
is made into a dummy node, and any pointer to it will be regarded as if it
pointed to its child.

A tree is called a numeral if the root 1s a numeral node, all leaves have the same
distance to the root and the label ¢ of every k; node is the number of leaves
reachable from that node. By standard operations on 2/3-trees it is possible in
sequential logarithmic time to

— split a numeral at a given position ¢.
— find out the ¢’th bit of the numeral.
— concatenate two numerals.

So using ' and k. nodes is just a way of implementing “nodes” labeled with a
numeral allowing all the standard operations on numerals in logarithmic time.
Note that the length of the label ¢ (coded in binary) of a x; node is bounded by
the logarithm of the number of nodes.

Normalization Algorithms and Their Complexity

Lemma 2. Lett be a simple, linear term of type ¢ and T W a context such that

all free variables in t are among the T . Then the normal form of t[T’ = n’]

can be computed in time O(Jt| -log|™’]) by O(|t| - |”7|) processors.

Proof. Explicitly define and analyze an algorithm noting that that linear beta-
redexes can be reduced via alternating pointers and all the relevant copying
operations and computation of the base functions can be performed on our 2/3-
tree representation of numerals in time O(log |n”|) by O(|%’|) processors. O

Let f(n) < g(n) abbreviate f(n) < (14 o(1))g(n), i.e., limsup,_, ., % < 1.

Lemma 3. Lett be a linear term of O-free type and T ; 7 a context with all free
variables of t[Z’ := W] incomplete. Then there are a term simp(t, T7;7’) and
a context Y3’ such that simp(t, ®"; 7)) [y := m’] is simple and equivalent to

bl



[z =0

by

<t - |W)|2n(t)(uCR(t)+ﬁLR(t)+2)

and which can be computed in time < 2r(1). [¢].(20(t) Jog |77 |)fir()+2

?

processors, such that

fir(t) #(1)
jsimp(t, 7 7)< [t (20 Jog [2*]) " and || S |7

Proof. By induction on §r(¢), with a side-induction on [¢| show that the follow-
ing algorithm does it:

By pattern matching, determine in time O(Jt|) the form of ¢, and branch accor-
ding to the form.

If ¢ is a variable or one of the constants 0 or d, then return ¢ and leave Z*; 7”

unchanged.
If t is ¢35, where ¢ is one of t_h<>e constants s;, drop, bit, len or sm then
recursively simplify 57, giving s* and contexts ¥;7;m;’, and return cs*

and ?_)

If t is dr 5" then 51mphfy r giving ' and 7’ m’. Compute the numeral
o= [y = _>] , and reduce the redex d r* giving t', and recursively
simplify ¢ 57 with context Z'; @’.

Iftis#r then simplify » glvmg ¥ and y”;m’. Compute the numeral r* :=

[y = _>] , and return a new variable y and the context y/; 2" .
If t is CRhr, then 51mphfy r giving 7' and §”; ", and compute the numeral
= =]

Spawn |r*| many processors, one for each leaf of r* by moving along the
tree structure of 7*. The processor at bit ¢ of r* simplifies h z in the context
T, L /QZJ giving a term h; and context 7;’;m; , then he computes
hi = hly = mi]nf, retaining only the lowest order bit b;.

The bits b" are collected into a 2/3-tree representation of a numeral m,
which 1s output in the form of a new variable z and the context z;m.

tis LR g h m 3 then simplify m, giving m’ and Z;,;; @, . Normalize m’ in the
context T, Tn'; W7, iy, giving m*. Form k numerals m; = Half'(m*) and
sequentlally 51mphfy hm.”, giving h” . (Of course, more precisely simplify h »
for a new variable z in the context extended by #;m;.) Then form the term

= RY(h (R g)) T

and simplify it.

If t 1s of the form Az.r then recursively simplify r.

If ¢ is of the form (Az.7) s 37 and x occurs at most once in 7 then recursively
simplify r[z = s] 57.

If ¢ is of the form (Az.r) s 37 and x occurs several times in r, then simplify
s giving s’ and a context ¥’; 7. Normalize s’ in this context giving the

numeral s*. Then simplify 7 37 in the context T, z; 7", s*. a

Theorem 1. Lett be a linear term of type 00 —o 1. Then the function denoted
byt s in NC.



Proof. Let @’ be an input, given as 2/3-tree representations of numerals, and X*
complete variables of type ¢. Using Lemma 3, we compute ¢/ := simp(t X’, X’; ")
and a new context ;7 with |t/| < (log |77)°M) and || < |W|O(1) in time
(log |7)°™) by |W|O(1) many processors.

Then using Lemma 2 we compute the normal form ¢/ := m’]™ in time O(|t']-
log|m|) = (log |7 )™M by O(|t'| |?]) = |W|O(1) Imany processors.

Hence the function denoted by ¢ is computable in polylogarithmic time by poly-
nomially many processors, and thus is in NC. a

4 Completeness

Bellantoni [2] defines a two-sorted function algebra 2cLo characterizing NC,
which is an implicit variant of Clote’s function algebra A [7] that characterizes
NC by concatenation recursion and logarithmic recursion with explicit bounds.
2CLO 1s a class of functions of two sorts of arguments, the normal inputs written
to the left of a separating semicolon, and the safe inputs written to the right. It
is defined to be the smallest class of functions that contains the constant zero,
projections 71';1’”(1‘1, e T Tty - - Emgn) = Zj, successors S;, conditional
D, bit test Bit, binary length Len, smash #/(w; a, b) = 2llelI'1Pll mod 2wl and is
closed under the following operations:

— Safe composition: from g, h and k define f(Z7;y7) := g(/?(ﬁ; ); ?(1‘_}, 7).

— Concatenation recursion: from h define f by

f(@50,@) =0
J(T3Si(;0), @) = Spiz b, 2 )moaz(; F (750, a)) for S;(;6) > 0

— Log recursion: from g and h define f by

f0,z5a) =g(za

bl

)
fly, =5 @) = hy, 7@, f(Half ; y), &5 @) for y >0

It is proved in Chapter 7 of Bellantoni’s thesis [2] that this function algebra
characterizes NC:

Theorem 2 (Bellantoni[2]). A function f(Z7) is in NC if and only if f(T7;) €
2cLo.

We now define a modified version of the class 2cL0O, denoted by 2NC, as the
smallest class that contains all the base functions of 2c¢Lo and additionally
the functions Half and Drop with Half(;a) = La/?”laH/Z]J and Drop(;a,b) =
La/?”b”J , and 1is closed under safe composition and log recursion and the following
variant of concatenation recursion:

f(0,775a) =0
f(SZ(a y)a l‘_>; a_>) = Sh(y,?’;ﬁ’)modZ(; f(y, T); a—>)) for Sz(a y) > 0.

where the input that governs the recursion has to be normal.



Lemma 4. A function f(T7) is in NC if and only if f(T7;) € 2NC.

Proof. We show how to modify the proof of the corresponding proposition for
2¢Lo in [2]. The proof of the “if” direction can be left unchanged, one only has
to observe that the functions Half and Drop are in NC, and that the Bounding
Lemmoa still holds.

For the “only if” part, one has to show that for every function f(Z?) in NC there
is a function f’(w;Z’) in 2N¢ and a polynomial p; such that f'(w,z’) = f(Z7)
for all w with ||w]|| > pf(W). This is proved by induction on the definition of
f in Clote’s function algebra A. a

By embedding 2NC in the obvious way we can prove that our term system can
denote all functions in NC.

Theorem 3. For cvery function f(T7;7y") in 2NC, there is a closed linear term

t; of type 077 —o 77 —o ¢ that denotes f.
From Theorems 3 and 1 we immediately get our main result:

Corollary 1. A number-theoretic function f s in NC if and only if it is denoted
by a linear term of our system.
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1 Introduction

We wish to present here a transfinite hierarchy PAL, (o < €):

(a) based, at limits, on a constructive and unlimited operator;

(b) using, at successors, a form of predicative or safe recursion;

(c) fast enough to capture the class £ of all functions provably total in Peano Arithmetic;
(d) slow enough to capture classes like DTIMEF(f(n)) for f(n) = n®or f(n) = n.(n);

(e) in a way consistent with the spirit of Implicit Computational Complezity (ICC).

To this purpose, let us consider a computing device R3 with a read-only input register I, a
scratch register S, and a program register P. Unlike von Neumann architecture, no flow of
information between S and P is allowed. P decides what has to be carried-out on S, while
changes in P are determined by the, so to say, hardware of R3.

Let B denote the class of all recursion-free Lisp programs in which either argument of each
constructor is a constant. The programs for R3 are the closure of B under iteration for
|I| times. Let PAL.;; denote the programs defined by a single iteration of a program
in PAL... We have DTIMEF(n) C PAL, C DTIMEF(n“*!). Hence PL := PAL., is a
syntactic resource-free characterization of poly-time.

If, under certain conditions, Rj is allowed to copy some information from S into P, we obtain
a hierarchy PAL, such that PAL_., = £*. Its elements are programs of the form

gite (g€ PAL<y) ifa=p+1; g (gePL) if ais the limit .

Assume that all data y have been associated with an ordinal o[y]| < €y, and that codes f*, a*
have been assigned to the programs f and the ordinals «. The behaviour of R3 when an
input z is stored in both I and S, and when the code for a program is in P, is described by

while P not empty begin

X := head[P];
if X =g* and g € B then S := g[S];
if X = (gite)* then P:= (g*,...,g", tail[P]); (/1| copies of g*)
if  head[P] = X* and 0[S] < X then begin P := (tail[S], tail[P]); S := head[S] end
end
end

if P is empty then return S else return ill-syntaz.
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In other words, for all f € PAL, we have ({z} is the program coded by )
flz] = {g[x]}[x] for some g € PL such that {g[z]} € PAL,. (1)

Subrecursive hierarchies Z, are usually defined in two steps, both disagreeing with the ICC
philosophy. A transfinite sequence of hierarchy generating functions Z, is introduced first
in an impredicative and/or unconstructive way. Classes Z, are then defined by closure of
Z.o + Zo under limited PR and substitution. At limits, Z, is obtained by a diagonalization
scheme Zx(n) := Zyp)(n), which is an act of mere definition; in the sense that the values
Zxm)(n) are not assumed to be generated uniformly in n, and, therefore, existence of an
algorithm for 7, is not implied. At successors, there are four possibilities: outer vs. inner
recursion; and safe vs. full iteration. According to the former distinction we get respectively

Oa-l-l(n) = g(Oa(n)); ]a-l-l(n) = Ia(g(n));
by safe iteration we obtain Byy1(n) := B&(n), while full iteration gives all variants of the
fast (extended Grzegorczyk) hierarchy F,1(n) := E%(n). Let us say that an algebra is local
if, unlike A-calculus or full Lisp, it doesn’t access to its whole arguments. If we take as 7
a local function like the successor or a program in PALjy, O and I give the slow-growing
and the Hardy hierarchies G, and H,. The latter is closer to the fast-hierarchy than to the
slow one, since G, grows like H 3, while E, grows like H,.. By over-rating the influence of
adopting, in the outer definition of B, a sequence of step-functions B, monotonic in «,
one might guess that B,, if not fast-growing like H,, is at least much faster than G. So it
is not: we have B,(n) = G,«(n); hence G, is as close to B, as H, is close to Fi,.
In terms of ICC, one would prefer the outer hierarchies, which are point-wise, in the sense
that the value of O, at n depends on the value at n of some previous Og, not on values at
points m # n. However £* is too large for them. Indeed, we have H.., = £.., = £*, while:
(1) an ordinal lying midway between € and Fefermann’s Ty is needed for a hierarchy covering
€., (= PR functions, see [1]); (2) the whole Iy is needed for &,; (3) we get Gy = £* at the
not-countable Howard ordinal H (see remark above on unconstructivity of Zy).
To introduce our hierarchies (in this paper and elsewhere), we reverse the order of the two
steps above. PAL, is defined first by means of unlimited and constructive operators; the
hierarchy-generating sequences come afterwards, just to have an a posteriori estimate of
complexity and size. In order to achieve our initial goal (d), by fulfilling at the same time
conditions (b) and (e), at limits we need a pointwise operator; but, in this case, demand (a)
and promise (c) appear to be incompatible. A way to speed-up the functions growth at limits,
while keeping them safe at successors is obtained by clause “{g[z]} € Z, for some v < \ 7
in equation (1) above. It replaces the stronger condition {g[z]} € Z\[;) previously used in
Caporaso et al. [1, 2001] (by analogy with Zy(n) = Zp,)(n)).
We owe to Weiermann [4, 1999] the idea that one can speed-up an outer hierarchy by
altering the diagonalization scheme. We look forward to the workshop for an opportunity
of comparing our machinery with the beautiful intrinsic characterizations of Poly-time, &
and £* in Leivant [2, 1995] and [3, 2001].
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2 Another characterization of Polytime

Note 1 Lisp data consist of S-ezpressions, i.e. words u,...,z of the form (y - z), where
y and z are S-expressions or atoms a,b,a,... (symbols from a given finite alphabet AT,
denoted by sequences of capital letters). All S-expressions of the form (- (... (21 -NIL)...))
for n > 0 are called lists, and denoted by (z,,...,z1). For n = 0 we have the empty list
() which equals the atom NIL . We write A¢ for the list (A,..., A) (¢ times). In particular,
m = Z™ is the unary numeral for m. The atom T is used for the truth-value true. The
length |z| of x is the number of its atoms.

We now define a class of programs for the abstract machine R3 outlined in the Introduction.
Definition 2 The basic programs are the following de/con-structors and test

caf=cdla] = o eallwoy) = m cdla-g)] = o
const,[z] = (y-x); cons®[z] = (z-y); eq [r] = T iffz=a.

PAL, is the closure of the basic programs under the constructs
g h sbst e g h cond e,qg,h € PAL,.

Assume defined all PAL<,. PALy4: is the class of all programs of the form
h g ite sbst (h € PALy, or absent together with sbst; g € PAL,).

The class of all Poly-time Lisp programs is given by PL := PAL_,,.

Notation 3 By expressions of the form z y 2 = u w we mean that a number n of applications
of the productions below take the contents x,y, z of the registers I, S, P of R3 into x, u, w.
For n = 1, we omit the dot.

Definition 4 The interpretation of PL is given by (z possibly absent, together with the
parentheses, on both sides)

1z y (f2) = fly] = f is a basic program
2 x y (ghsbst’,z2) Y (g, h*, 2)
31 =z y (eghcond”,z2) Y (g%, 2) if vy (ef2) =T 2
32 z y (eghcond”, z) y (h*, 2) otherwise
4 = y (gite,z2) y (g*,...,9% 2) |x| copies of g*.

Notation 5 In principle, f[z] = y means that for all z we have x,z, (f*, 2)= z,y,2. In
practice, we let the context decide whether f[z] denotes the output of program f by input
x, or the function computed by the program f.

To improve readability we often write g[h[z]] instead of ¢ h sbst|[x].

f¢ is the program built-up from f by ¢ — 1 sbst’s, and f ite® is the one built-up by ¢ ite’s.
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3 Another characterization of the provable functions

Notation 6 «,f3,7,9, A, i, v will denote ordinals below ¢y; in particular, A, j, v are limits.
We write o =np [+ v (we write o =7 v+ ) when [ is the highest (lowest) term of the
Cantor form for o, and v > 0 is the sum of the other terms.

Given a function G(X), define G 1 0[X] := X;G T n+ 1[X] := G[G 1 n[X]]. We write
G T. m[X] =Y when we have G T n[X] =Y for some n > m.

Definition 7 PAL, is the class obtained by adding to PAL,, all programs of the form
h g X\ sbst (h € PALy or absent; g € PL).
Define the class of all PA Lisp programs by PAL := PAL, -

Definition 8 1. The codes f* and o* for the program f and the ordinal « are given by

ca® := (CA); cd” := (CD); eqy := (Q,y, EQ);
cons®/R, *:=(Q,y,COL/R);  ghsbst* := (g%, h*, SB); (gite)* := (¢*, IT);
e ghcond := (e*, g*,h*, CND); (g \)*:= (g%, \)

0* := NIL ; 1*:=U,

(wH)* :=((), ") for a > 0; o = (*,9") for o« =np B+ 7.

Exceptions. f* is (f*,SB*!) and fite®* is (f*, IT¢) (cf. Note 1 for A°).
Define |f| := |f*| and |a := |a*|.
2. Assign an ordinal o[z]| < ¢ to every x by

o[NIL] := O0;
olz] = 1 x is not a list, or its form is (Q, y);
o[(x1,...,mp)] = o[m]+ ...+ o[z,] x; # NIL for all 4;
o[(x1,...,2,)] = wolmlttolwn] otherwise.

Note 9 We have o[a*] = o and o[f] < w for all f € PL. Hence o[(f A\)*] = A.

Definition 10 #[z] is the result of dropping the leftmost NIL (if any) occurring in z. 0[x; ]
is 0 1 i[z] for 7 := (minj > 0)(0 1 j[z] < A).

Transfer of information from S into P is associated with the P.AL-programs.

Definition 11 The interpretation of P.AL is given by (z and parentheses like in Def. 4)

y ((gN*2) = y (952, 2)
(u,w) (N, 2) u (Blw, ], 2).
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Note 12 1. The standard assignment of fundamental sequences A[n], the Hardy and the
Grzegorczyk extended hierarchy-generating functions H,(n) and E,(n) are defined by

Wt n] == won;  whn] := wHn; (p+w*)n] =p+wn] if p>w?
Hy(n) = n; H,i1(n) := Hy(n+ 1); Hy(n) := Hypi(n);
Ei(n) :=n*+2; Eup(n+1):=FEy(Ea1(n)); Ex(n) := Eyp(n) FEo1(0) :=2.

2. & (w < a) is the closure of £3, under substitution and limited PR.

Theorem 13 1. DTIMEF(n¢) C PAL, C DTIMEF(n¢t!) (0 <ec<w).

2. DTIMEF(H,(n)) C PAL, C &, (3 < a<e).
Hence a function F'(x) is computable in polynomial time (is provably total in PA) iff it is
computed by a program belonging to PL (belonging to P.AL).

Proof. 'The left inclusions by Lemmas 17 and 18; the right ones by Lemma 21.

Note 14 The spread under part 1 can be eliminated if we replace P.AL, with another
algebra (see [1]); the one under part 2 can be reduced by means of a more accurate analysis.

4 Simulation of TM’s

Notation 15 1. We'll reatrict ourselves to many-tapes TM’s M over the alphabet AT, :=
ATU{- (,)}. Mlxy;...;x,] = z [7] means that M, by input the x’s on tapes 1, ..., n, writes
its output z in tape n + 1 within 7 steps, and enters an endless loop over last symbol of z.
Sometimes we omit the part [7].

2. Given a coding M* of the TM’s into the lists, M, is the TM coded by u (that is, M} = u).

Note 16 The following assertions are proved in [1]:

1. If runtime for M[z;y] is in O(n®) (¢ > 0), then there is M, whose runtime is in O(n°)
too, and such that M,[y] = M[u;y] (a variant of the recursion theorem).

2. A coding of the instantaneous descriptions (ID) of any given TM M into the lists can be
defined, together with a function nzy[z] € PAL, taking such ID’s into the next ones.
Moreover, a quadratic time TM NX can be defined, which returns the code for function nz,,
uniformly in M*, in the sense that for all x we have NX[z] = nzy, *.

3. A quadratic time TM FS can be defined such that FS[(z, \*)] = (z, A[2]z|]*).

Lemma 17 1. For all f € PALy we have fite’[z] = f 1 n°[z] (n:=|z]).
2. M[x] =y [kn°] implies na%, ite’[x] = y (see Notat. 5 for f¥ and ite®).
3. Hence we have DTIMEF(n¢) C PAL..
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Proof. 1. Induction on ¢, using prod. 4 and the I.H. for |z| times.

2. By part 1, with na%, as the f.

3. If we have M|[x] = F(z) [k|x|°] for some F' and M, then, by part 2, F' can be computed in
PAL.. By this same argument, the left inclusion of theorem 13.2 follows by next lemma.

Lemma 18 For all e € PAL, and ) there is ey € PAL, such that

exlr] =e 1, Hy(n)[7] (n = |z| > 2).
Construction. 1. Given e, we claim that there is a quadratic time TM M; such that
a Mly; (z,Lw*)] = (z,(eite™™)*)
b My (oLt w)] = (@ 200+ 0,u1), (ney, it 1))
¢ M@ LA = (200 DN+ D], (ma, 16620 A0+ 1)),

Indeed, in the worst case (line ¢), M; has to copy its input by infixing meanwhile the output
of FS and NX; since the calls to these TM’s are not nested, its time complexity is quadratic.
2. By Note 16.1 there is a quadratic time T™M M! such that M![z] = M;[M!*, z].

3. Let (co +n)? bound above the time complexity of M!, and define (for ¢ := ¢y + |A*|)

ey = ((Q, (¢, \*), COR), (nx ite® \)*, SB) (nx := nxpp).
Proof. Observe first that we have x = e} =

A= 2 ((cons®(ea+))*, (nx ite® X)*)  prod. 2, definition of e,
B = (z,¢,A*) (nxite®\)* prod. 1.

The result follows since we claim that for all [ > ¢ we have
z (z,L,X*) (nzite \)* =z 1, Hy(n+1) NIL. (1)

Induction on A, after observing that runtime for M![(z,1, \*)] is (n + 1+ ¢)? < n'.
Basis. A = w. We have v (z,L,w?) (nzite! w)* >

C = M!|(x,l,w")] w* prod. 5, def. of nx and ¢, Lemma 17.2
D = (=, (eite"™)*) w* line a
E = =z (e ite"™)* prod. 6, since of(e ite"™)*] < w.

The claim (1) follows by Lemma 17, since we obviously have n"*' > H, (n) = 2n.
Step. Define k := 2(n+1). Case 1. A = yu+w. Wehave = (1,1, u+w*) (nzite’ ptw)* =

C: = Mz, L, p+w)] p~+ w*  like line C
Dy = (z,k,pn) (nz ite® p)* line b, prod. 6, since u < .

The claim (1) follows by Lemma 17 and I.H., since it is known that H,,(n+1) = H,(k).
Case 2. Not A =5 1 +w. We have z (z,1,\)  (nwite \)* =

Cy = MV(x,1,\)] A like line C
Dy = (z,kAk]*)  (nzite® A[k])* like Dy, after replacing “line b” with “line c”.

The claim (1) follows by Lemma 17 and L.H., since Hy(m) < Hjjzm)(m).

6
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5 Simulation by TM’s

A k-tapes TM IN (k > 3), can be defined, which plays the role of interpreter for PAL,. While
x,1, 2 are stored in its tapes X,Y, Z, IN simulates the productions carried out by R3 when
the same values z,y, z are stored in registers I, S, P. We write IN: z y w |E w2z [1;0]
(7 or o sometimes omitted) to mean that IN replaces y and w by u and z in time 7 and in
space o.

Lemma 19 1. For all g € PAL and 2z we have

INtzy (g% 2) F gyl =z [Klgllyl;lgl] for a constant K.

2. Assume  IN:wzy (9% 2) Eglyl 2 [K|gllylT(n); |glo(n)] (n = |a]).
We have IN:zy (f*,2) E flyl = [Kmlylr(n)n;|glo(n)n]  (f = gite; m = |f]).

3. Hence for all f € TP we have IN:z y (f*,2) E fly] z [Kl|y|n™;n™].

Proof. 1. Induction on the definition of ¢, after noting that parsing y is a linear-time task.

2. IN needs time < Kn|g| (for prod. 4) + Kn|g||y|7(n) (for n simulations of g)
< Knlg|(ly|r(n) +1) < Knmly|r(n) (since |g| < m).

Similarly for the part about space.
3. Assume f = eite® (e € P.ALy). By parts 1 and 2 we have |f[z]| < |e[n® < nlelte,

Next note prepares the evaluation of the complexity at the transfinite of IN.

Note 20 1. By induction on A and cases with respect to A =, 8+ w” one proves that
a < A and |a| < n™ implies a < A\[n™].

2. From part 1, Lemma 19.3, and clause “g € TP” of Def. 7 we obtain for all f € PAL,
flx] = h[z] for some h € PALyp,m such that |h| < n™ (n:= |z|, m = |f]).

Lemma 21 PAL, C &, for all o > 3.

Proof. We show by induction on « that for all z,y, 2z, f € PAL, (w < ) we have

IN:zy (f%2) F fly] [KlylBa(nz(m?)); BEa(nz(m?®)] (0= lal, m:=[f]), (1)

where ng(l) = I; nepq(l) := n™®. (The result follows, for y = = and z absent, since
& (3 < @) is honest with respect to time, and since KnFE,(ng(m?)) < EET™H(n) € £,.)
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Basis. @ = w. The form of f is gw with g € TP. We have IN: z y (f*,2) E

F oy (95w 2) [Km;0] prod. 5
= gly] (w*,2) [K|y|na(m);ns(m)] Lemma 19.3 and Note 20.2

Step. We may assume that « is the limit A =, f + w? (since else the result follows by I.H.
and Lemma 19.2). Hence the form of f is g A with g € TP. Case 1. v > 1. By prod. 5 and
Lemma 19.3 we have

INzzy (f%2) F oglyl (A 2) [(K+Dly[n™;n™]. (2)
By Note 20.2, we have g[y] = (u, w) with w in the form (h A[n™])*. Hence we obtain

INczy (f%2) F u((hAR™])2) [(K+Dly[n™ 0™ (prod. 6 and 5).  (3)
By the LH. (with h A\[n™] as f and with A[n™] as a), since ny((n™)?) = n3(2m), we obtain

IN:zu ((hAR™])%2) = (W AR™)[u] 2 [K|u|Expm (ns(2m)); Expm(n3(2m))]. (4)
By summing-up the amounts of time (2)-(4) we obtain (since |u| < n™)

(K + 1)lgln™ + (K + Dlyl™ + Kn™ Eygny (n3(2m)) < K Eyo(ns@m +1). (5
From (4) we obtain (1) since we have (recall that we have F3(I) > I' and \ > w?)
Exppmy(n3(2m +1)) < Expum](E3(na(2m 4 1)) < Exam1(na(2m + 1)) < Bxpny m2y) (n2(m?)).

Case 2. o = 1+ w. We obtain (1) by arguments like under Case 1, after observing that
E,\[nm](ng(Qm—l—l)) S Eu+nm (Eg(n2(2m+1))) S Eﬂ+nm+1(n2(2m+1)) S E/\[m(m2)}(n2(m2)).
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The strength of non-size increasing computation

Martin Hofmann*

Abstract

We study the expressive power non-size increasing recursive definitions over lists. This
notion of computation is such that the size of all intermediate results will automatically
be bounded by the size of the input so that the interpretation in a finite model is sound
with respect to the standard semantics. Many well-known algorithms with this property
such as the usual sorting algorithms are definable in the system in the natural way. The
main result is that a characteristic function is definable if and only if it is computable in
time O(2°() for some polynomial p.

The method used to establish the lower bound on the expressive power also shows
that the complexity becomes polynomial time if we allow primitive recursion only. This
settles an open question posed in [1, 6].

The key tool for establishing upper bounds on the complexity of derivable functions
is an interpretation in a finite relational model whose correctness with respect to the
standard interpretation is shown using a semantic technique.

1 Introduction
Consider the following recursive definition of a function on lists:

twice(nil) = nil (1)
twice(cons(z,l)) = cons(tt, cons(tt, twice(l)))

Here nil denotes the empty list, cons(z,l) denotes the list with first element 2 and remaining
elements [. tt, ff are the members of a type T of truth values. We have that twice(l) is a list
of length 2 - |I| where |I| is the length of /. Now consider

exp(nil) = cons(tt, nil) @)
exp(cons(z,l)) = twice(exp(l))
We have |exp(l)| = 2!l and further iteration leads to elementary growth rates.
This shows that innocuous looking recursive definitions can lead to enormous growth. In
order to prevent this from happening it has been suggested in [2, 9] to rule out definitions
like (2) above, where a recursively defined function, here twice, is applied to the result of a
recursive call. Indeed, it has been shown that such discipline restricts the definable functions
to the polynomial-time computable ones and moreover every polynomial-time computable
function admits a definition in this style.

*Fachbereich Mathematik, TU Darmstadt,Schlossgartenstr. 7, 64289 Darmstadt, Germany,
mhofmann@mathematik.tu-darmstadt.de
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Many naturally occurring algorithms, however, do not fit this scheme. Consider, for
instance, the definition of insertion sort:

insert(z, nil) = cons(z, nil)

insert(z, cons(y,l)) = if z < y then cons(x, cons(y,1)) else cons(y, insert(z,l))
sort(nil) = nil

sort(cons(z,l)) = insert(z, sort(l))

(3)

Here just as in (2) above we apply a recursively defined function (insert) to the result of a
recursive call (sort), yet no exponential growth arises.

It has been argued in [3] and [6] that the culprit is definition (1) because it defines a
function that increases the size of its argument and that non size-increasing functions can be
arbitrarily iterated without leading to exponential growth.

In [3] a number of partly semantic criteria were offered which allow one to recognise when
a function definition is non size-increasing. In [6] we have given syntactic criteria based on
linearity (bound variables are used at most once) and a so-called resource type < which counts
constructor symbols such as “cons” on the left hand side of an equation.

This means that cons becomes a ternary function taking one argument of type <, one
argument of some type A (the head) and a third argument of type L(A), the tail. There
being no closed terms of type & the only way to apply cons is within a recursive definition;
for instance, we can write

append(nil,l3) = [y

append(cons(d, a,l1),ls) = cons(d, a, append(l1,l2) 4)

Alternatively, we may write
append(l1,l2) = match [ with nil=ls | cons(d, a,l})=-cons(d, append(l1, [2) (5)

We notice that the following attempted definition of twice is illegal as it violates linearity
(the bound variable d is used twice):

twice(nil) = nil (6)
twice(cons(d, z,l)) = cons(d, tt, cons(d, tt, twice(l)))

The definition of insert, on the other hand, is in harmony with linearity provided that
insert gets an extra argument of type < and, moreover, we assume that the inequality test
returns its arguments for subsequent use.

The main result of [6] and [1] was that all functions thus definable by structural recursion
are polynomial-time computable even when higher-order functions are allowed. In [7] it has
been shown that general-recursive first-order definitions admit a translation into a fragment
of the programming language C without dynamic memory allocation (“malloc”) which on the
one hand allows one to automatically construct imperative implementations of algorithms on
lists which do not require extra space or garbage collection. More precisely, this translation
maps the resource type & to the C-type void * of pointers. The cons function is translated
into the C-function which extends a list by a given value using a provided piece of memory.
It is proved that the pointers arising as denotation of terms of type < always point to free
memory space which can thus be safely overwritten.

This translation also demonstrates that all definable functions are computable on a Turing
machine with linearly bounded work tape and an unbounded stack (to accommodate general
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recursion) which by a result of Cook' [4] equals the complexity class DTIME(20™). It was
also shown in [7] that any such function admits a representation.

In the presence of higher-order functions the translation into C breaks down as C does not
have higher-order functions. Of course, higher-order functions can be simulated as closures,
but this then requires arbitrary amounts of space as closures can grow proportionally to
the runtime. In a system based on structural recursion such as [6] this is not a problem
as the runtime is polynomially bounded there. The hitherto open question of complexity of
general recursion with higher-order functions is settled in this paper and shown to require a
polynomial amount of space only in spite of the unbounded runtime.

We thus demonstrate that a function is representable with general recursion and higher-
order functions iff it is computable in polynomial space and an unbounded stack or equiva-
lently (by Cook’s result) in time O(2P(™) for some polynomial p. The lower bound of this
result also demonstrates that indeed all characteristic functions of problems in P are definable
in the structural recursive system. This settles a question left open in [1, 6].

In view of the results presented in this paper, these systems of non size-increasing com-
putation thus provide a very natural connection between complexity theory and functional
programming. There is also a connection to finite model theory in that—as will be shown
below—programs admit a sound interpretation in a finite model. This improves upon earlier
combinations of finite model theory with functional programming [5] where interpretation
in a finite model was achieved in a brute-force way by changing the meaning of constructor
symbols, e.g. successor of the largest number NV was defined to be N itself. In those systems it
is the responsibility of the programmer to account for the possibility of cut-off when reasoning
about the correctness of programs. In the systems studied here linearity and the presence of
the resource types automatically ensure that cutoff never takes place. Formally, it is shown
that the standard semantics in an infinite model agrees with the interpretation in a certain
finite model for all well-formed programs.

Another piece of related work is Jones’ [8] where the expressive power of cons-free higher-
order programs is studied. It is shown there that first-order cons-free programs define polyno-
mial time , whereas second-order programs define EXPTIME. This shows that the presence of
“cons”, tamed by linearity and the resource type changes the complexity-theoretic strength.
While loc. cit. also involves Cook’s abovementioned result (indeed, this result was brought to
the author’s attention by Neil Jones) the other parts of the proof are quite different.

'This result asserts that if L(n) > log(n) then DTIME(2°L(™)) equals the class of functions computable
by a Turing machine with an L(n)-bounded R/W-tape and an unbounded stack.



22

2 Syntax and typing rules

The terms of the languag are given by the following grammar:

e = x variable

| fler,.-.,en) function application

t, ff boolean constant
|t
| if e then €’ else ¢ conditional
| e1®es pairing
| nil empty list
| cons(eq,es,e3) cons with res. arg.
| match e; with nil=-ez | cons(d, h,t)=>e3 list elimination

match e; with z ® y=-es air elim.

Yy b

| Az.e linear lambda abstraction
| eres linear function application

The match constructs as well as A bind variables.
The types are given by the following grammar.

A:T|<>|L(A)|A1®A2|A1—OA2

Here T is the type of truth values, L(A) stands for lists with entries of type A, A1 ® As is the
type of pairs with first component of type A; and second component of type As. The type
Ay —o Ay is the type of functions from A; to A, and finally < is the resource type. The
heap-free types contain T and are closed under ®. Variables of heap-free type may be used
more than once as described by rule CONTR below.

In [7] also tree types and disjoint union types were considered. We refrain from doing
so here for the sake of simplicity. However, it has been checked that all the constructions
presented here carry over to this richer setting.

A signature ¥ maps a finite set of function symbols to expressions of the form (Aq,..., A,)—B
where A; ... A, and B are types.

A typing context T is a finite function from variables to types; if z ¢ dom(T") then we
write I, 2: A for the extension of T' with  — A. More generally, if dom(T") N dom(A) =
then we write I, A for the disjoint union of I' and A. If such notation appears in the premise
or conclusion of a rule below it is implicitly understood that these disjointness conditions are
met. We write e[z/y] for the term obtained from e by replacing all occurrences of the free
variable y in e by z after suitable renaming of bound variables so as to prevent capture. We

consider terms modulo renaming of bound variables.
Let X be a signature. The typing judgment T' Fx e : A read “expression e has type A in
typing context I and signature %7 is defined by the following rules.

z € dom(T")

_ VA
by z:T(x) (VaR)
E(f):(Al,,An)—)B Fil—zei:Aiforizl...n (S G)
I
Ty,....,T. Fx fler,...,en) : B
I'z:A,y:Atse: B A heap-free
(CONTR)

I z:Atbs e[z/y]: B

4
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c e {t,ff}
_— CONST
Fkye:T ( )
Fl—zeiT Al—zeliA Al‘z@”:A (IF)
IbAbFxsifethene elsee’ : A
Fl—zeiA A'_Z e:B (PAIR)
NAbnere :A®B
'Fse:A® B Ayz:Ay:Brge : C
- (SpLIT)
I, A by match e with z @ y=¢' : C
[ by nil: L(A) (N1L)
I'yk : O 'y F A | :L(A
ilseq nbsen tFser:L(A) (Cons)

Fd, Fh, Ft l_E cons(ed,eh, et) : L(A)

IFkxe:L(A)
A I—E €nil - B
A,d:O h:A t:L(A) by econs : B
I, A bs match e with nil=-ey | cons(d, h, t)=-econs : B

(L1sT-ELIM)

I'z:AFse: B (Law)
M

I'Xze:A—oB
Fl_zeliA—OB Al‘@z:A (A )
PP

I''Absees: B

Application of function symbols is linear in the sense that several operands must in gener-
alnot share common free variables. This is because of the implicit side condition on juxtapo-
sition of contexts mentioned above. In view of rule CONTR, however, variables of a heap-free
type may be shared and moreover thesame free variable may appear in different branches of a
case distinction as follows e.g. from the form of rule Ir. It follows by standard type-theoretic
techniques that type checking for this system is decidable in linear time. More precisely, we
have a linear time computable function which given a context I', a term e in normal form?,
and a type A either returns a minimal subcontext A of I' such that A F e : A or returns
“failure” in the case where I' - e : A does not hold. This function can be defined by primitive
recursion over e.

A program consists of a signature ¥ and for each symbol f : (44,..., A, )— B contained
in ¥ a term ey such that z1:A4y,...,2,:4, Fx ef : B.

%j.e. one that does not contain instance of match applied to constructors (nil, cons, ®) or A-abstractions in
applied position
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3 Denotational semantics

In order to specify the purely functional meaning of programs we introduce a denotational
semantics following [10].

A partially ordered set D = (D, <) is a complete partial order, cpo for short, if each
increasing chain 2y < 1 < ... has a least upper bound \/, z; in D. A function from cpo D to
cpo E is continuous if it is monotone and preserves these least upper bounds. Any set forms
a (discrete) cpo. If D is a cpo its lifting D is formed by freely adjoining a least element L.
For cpos D and E we have their cartesian product D X FE with the component-wise ordering.
We write (x,y) for the pair with components z and y and if p = (z,y) we write p.1 = x and
p.2 = y for the first and second projections. We assume that x associates to the right so that
e.g. the second component of p € D x E x F' is obtained as p.2.1. We have the continuous
function space D — FE consisting of continuous functions from D to £ with the point-wise
ordering. Elements of D — E may be defined using A-notation if continuity is ensured. For
instance, if e € F the expression Az.e denotes the constant function in D — FE.

The cpo L(D) consists of finite lists of elements of D with lists of equal length ordered
component-wise and lists of different length being incomparable. We use the notation [] for
the empty list, a :: [ for the list with first element a and remaining elements [, we write
[a1,...,ay] for the list with members a1,...,a, and [} @y for the concatenation of lists [y
and lo. We write |/| for the length of a list /.

We assign a cpo to each type by

[T] = {&,%} [o]={0}  [L(A)] = L([AD)
[A@B]=[Al x[B]  [A—B]=[A] = [B].

To each program P = (X, (ef) fedom(x)) We can now associate a mapping [P] such that [ P](f)
is a continuous map from [A;] x --- x [4,] to [B], for each f: (Ai,...,A,)—=B.

This meaning is given in the standard fashion as the least fixpoint of an appropriate
compositionally defined operator, as follows.

A waluation of a context I' is a function n such that n(x) € [I'(z)] for each z € dom(T);
a valuation of a signature ¥ is a function p such that p(f) € [A1] x --- x [4,] — [B],
whenever f € dom(X).

To each expression e such that I' Fy e : A we assign a function mapping a valuation n of I’
and a valuation p of ¥ to an element [e], , € [A] in the obvious way, i.e. function symbols and
variables are interpreted according to the valuations; basic functions and expression formers
are interpreted by the eponymous set-theoretic operations, ignoring the arguments of type <
in the case of constructor functions. The formal definition of [[_]]77, , 18 by induction on terms.
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Here are a few representative clauses.

[=],,, = n(z)
[f(er,- - en)l, , = p(F)edl, - - lenl,, )
[cons(er, ez, €3)], , = [e2l,, , = [esl, ,
[match e with nil=-e; | cons(d, h,,t):>62]]n7p
= ledd,,
when [e], , =[] and
= [[eQHn[dHO,hi—)vh,tl—)vt],p
when [e], , = v, v
[[Ax‘e]]n,p(/u) = [[e]]n[am—)v},p
[erea],,, = lealy p(Le2ly )
A program (%, (ef) fedom(x)) 18 interpreted as the least upper bound of the following (point-
wise) increasing sequence of valuations: po(f)(7) = L and

pit1(f)(vi,. . vn) = [ef],, , (7)
where 7(z;) = v;, for any f € dom(X). Notice that p =/, p; satisfies
p(f) (v, ... vn) = [ef],, (8)

and is minimal with this property.

We stress that this order-theoretic semantics does not say anything about computational
complexity. Its only purpose is to pin down the functional denotations of programs so that
we can formally state what it means to implement a function. Accordingly, the resource type
is interpreted as a singleton set, ® and —o are interpreted as ordinary product and function
space disregarding linearity.

If f is a function symbol in defined in a program P that is clear from the surrounding
context then we may abbreviate [P](f) to [f].

3.1 Examples

Reverse:
rev_aux : (L(N),L(N))—L(N)
reverse : (L(N))—L(N)
€rev_anx ([, acc) = match [ with nil=acc | cons(d, h,t)=rev_aux(t, cons(d, h, acc))
ereverse (/) = rev_aux(l, nil)

Insertion sort
insert : (&, N,L(N))—L(N)
sort : (L(N))—L(N)
€insert (d, a,l) = match [ with
nil=nil
| cons(d’,b,t)=if a < b
then cons(d, a, cons(d’, b, t))
else cons(d, b, insert(d', a,t))
esort (I) = match [ with
nil=-nil
| cons(d, a,t)=-insert(d, a, sort(t))
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Apply a function to the tail of a list

AppTail: (A — A,L(A))—L(A)
eapprai1 (f,a,l) = match [ with
nil=-nil
| cons(d, b, t)=-match ¢ with nil=-cons(d, f(b), nil)
| cons(d’,b',t')=AppTail(cons(d', b, t'))

Composing all functions in a list

ComposeList : (L((C® A) — A))—»A — A
€ComposeList ({, @) = match [ with

nil=-Aa.a

| cons(d, f,t)=Aa.f(d ® ComposeList(t)(a))

Higher-order tail recursion

Contrived: (A, A — A)—A
eContrived(x? f) = if p(ZE) then f(,’L‘)
else if q(x) then Contrived(a(z), \y.g(f(g(z))))
else Contrived(b(z), \y.h(f(h(z))))

In the last example, p,q : (A)—T and a,b,g,h : (A)—A are arbitrary function symbols
defined independently or indeed simultaneously with Contrived. The point of the example
is that under a functional evaluation strategy the intermediate term denoting the currently
accumulated function grows arbitrarily. Many more examples are given in [6, 7].

4 Expressivity

In this section we characterise the functions of type (L(T))—L(T) definable in the system.
We will say nothing about higher-order functionals definable in the system, notice, however,
that a first-order function may involve a higher-order functional as part of its definition. This
situation is encompassed by our characterisation.

Let us write W for the type L(T) and T for the set {tt, ff} and W for the set 7" = [L(T)] =
[W]. For a set A we define L,(A) = {w € A* | |lw| = n} as the set of lists of length n over
A. We write W,, = L,,(T) so that W,, C W. Elements of W,, will be identified with the set
{0,...,2" — 1} using the binary encoding. E.g. W5 > [ff, t, tt, ff, ff{] = 12.

If Ay,..., Ay, B are types and f : [A;] x---x[A,] — [B], is a function then we say that
f is representable if there exists a program containing a function symbol f : (Ay,...,A,)—B
such that [£f] = f. Our aim in this section is to prove the following result.

Theorem 4.1 Let f: W — W be a function such that |f(w)| < |w| and such that f(x) is
computable in time O(2p(|x|)) for some polynomial p. Then f is representable.

Definition 4.2 Let s : N — N be a function with s(n) < 2" and k£ € N be a number. A
(k, s)-storage device is given by the following data:

e aset S =[S] for some type S
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a family of subsets S, C S for n € N.

e a representable function (a constant) init :— S, i.e. there is init : ()—S with [init] =
init,

e a representable function read : W x W x § - W x W x T x S, i.e., there is read :
(L(T),L(T),8)—L(T) @ L(T) ® T ® S with [read] = read,

e a representable function write : W x W xT xS - W x W x S, i.e., there is ...

such that for all n € N and w, wy,we, w3 € Wiy, a,a’ € Wy, and s € S, the following are
satisfied:

e init() € Sy,

e read(w,a,s) = (w',a’,b,s') implies w' € Wiy, a' € Wy, s' = s

e write(w,a,b,s) = (w',ad,s") implies w' € Wi,,a' € W,,s" € S,
e read(wy, a, write(ws, a, b, $).2.2) = b provided that a < s(n)

o read(wy,a, write(wsy,a’, b, s).2.2) = read(ws, a, s) provided that a,a’ < s(n) and a # d'.
[l

This means that an element of S, is capable of holding s(n) bits of information. The call
read(w, a, s) reads the a-th bit contained in s; the call write(w,a,b,s) sets it to b when
a < s(n). Otherwise, the behaviour of these functions is left unspecified.

The first argument w plays the role of a “scratch pad”; its contents are unimportant; it
is used as an item of auxiliary space to perform reading and writing. Both read and write
return an equally long list for possible subsequent use as a scratch pad. Similarly, the address
a and (in case of read the store s itself) are being returned as part of the result. In a linear
setting this is crucial as otherwise these arguments would be lost.

Lemma 4.3 Let c € N be a constant. There is a (0, An.c)-storage device.

Proof. Forn € Nweput §=5,=T¢
We put

init = (t,...,t)

read(w, a, s) = (w,a, by, s), if a < ¢

read(w, a, s) = (w, a, tt, s), otherwise

write(w, a, b, s) = (w,a, (by,...,ba-1,0,b441,---,bc-1)), ifa <c
write(w, a, b, s) = (w, a, s), otherwise

when s = (bg, ..., be—1)-

We have S = [S] where S = T® ... ® T) with ¢ factors. Since ¢ is a constant we can
“hardwire” all possible ¢ addresses, i.e., we use a case distinction on a of depth log(c) to
distinguish all possible different values of a. We omit the details. U
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The key to larger sizes is the following lemma which shows how to “hide” information
inside a (constant) function:

Lemma 4.4 Let S be any type and put S = [S]. There is a representable functional
O:L(S) — (W—L(S))xW (9)
with the property

(1) = (f,w) = | = I| AV Ju'| = [l]= f(') =1 (10)

Proof. The following program represents f:

es(l) = match [ with
nil=(Az.nil) @ nil
cons(d, s,1")=match ®(I") with
fRw=
(Az.match z with
nil=-nil
cons(d', b, w')=cons(d’, s, f(w")))
®cons(d, tt, w)

0

The idea is that if ®(I) = (f,w) then f holds all the information contained in [ yet the
abstract space (in the form of <-values) occupied by [ is returned as w. Of course, in order
to read the information contained in f we need an argument of size |I|.

Lemma 4.5 If there exists a (k, s)-storage device then there exists a (k+1, An.n-s(n))-storage
device.

Proof. Suppose the storage device of size s is given by the sets S, C S and the functions
init, read, write. We define the desired storage device on

S'=W = L(S)1 = [L(T) — L(s)] (11)
where [S] = § and

S =A{f | Yw € Wy.f(w) € Ly(Sn)} C &' (12)
We put

it ([]) = ]

ingt (x 2 w) = init() = init (w)

so that init’ € S'.
Notice that we have init’ = [init’] where

€iniy’ = Aw.match w with nil=nil | cons(d, z, w;)=cons(d, init(),init’ (w1))

10
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The definition of read” will be given as a sequence of intermediate results assuming the exis-
tence of certain helper functions whose definition we omit.

For read'(w,a, f) we start with w,a € W and f € S'. We intend that w € W1y,
a €W,, f€S] for somen e N

We split w into wi, wy such that |wi| + |we| = |w| and |wq|/|we| = 1/k. If this is
impossible we immediately produce some default result. Notice that if |w| = (k + 1)n as
intended then such decomposition is possible and |wi| = |a| = n,|ws| = kn. We now apply

f to wy yielding I € L(S), actually [ € L,(Sy,) in case f € S). We decompose [ into
li,l2 € L(S),s € S,d € O where [; @[s]@Qly = [ and s is the (a mod |a|)-th entry of I. We let a4
be a div |a| where |a1| = |a| = n and call read (w3, a1, s). This yields the desired boolean value
b which forms the main result of read (w3, a, s). The other return values comprise s and a list
wh with |wh| = kn = |ws|. From s,l;,l2,d we reconstruct | and then—using Lemma 4.4—we
reconstruct f and obtain w| with |w}| = |w1| = n. We return w} @ wl, a1,b, f.

The definition of write’ is analogous. O

Proof of Theorem 4.1 Suppose that f : W — W is a function such that f([) is computable
on a Turing machine M in time 2P("). Let k be the degree of p. By Lemmas 4.3 and 4.5
there exists a (k, An.p(2kn))-storage device S.

This means that in the presence of a list w € W, 5 serving as a scratch pad we can store
p(n) bits.

Starting from the input presented as an element | € W where n = |I| we first construct
by recursion on [ an element (w,l’) € W2 X Ln/2(T x T) such that I’ contains the entire
information of [. Notice that this is possible as a diagonal map diag : T — T X T with
diag(x) = (x,x) is definable by egiag(2) = if & then t @ tt else ff @ ff. Alternatively, we can use
rule CONTR.

Thus w can be used as a scratch pad for the storage device to store the required amount
of p(n) bits occurring as work tape inscriptions. Additionally we can simulate an unbounded
stack by general recursion, see [7] for details.

Thus, by Cook’s result [4] the function f is representable. O

We will now provide a corresponding upper bound on expressivity:

Theorem 4.6 If f : W — W is representable then f(l) is computable on a deterministic
Turing machine in time 0(2”(‘”)) for some polynomial p.

The proof of this result is based on two intuitions: Firstly, due to the linear typing disci-
pline the size of all intermediate results is a priori bounded by a function of the size of the
input. Second, linear functions can be simulated as argument-result pairs if one allows for
nondeterminism: when constructing a linear function one guesses an argument and stores it
together with the corresponding result. When applying such a linear function, one checks
whether the actual argument agrees with the previously guessed one and in this case returns
the precomputed result. Otherwise, the result is undefined.

To make this precise we construct an appropriate finite relational model for the language
and show that evaluation in that finite model yields the same result as evaluation in the
official order-theoretic (infinite) model.

11



30

Let N € N be a fixed parameter. We define finite sets (A|) together with functions
| —la:(A) = {0,...,N} for types A inductively as follows.

(©) = {0} 0o =1

(T) = {t, fF} |z[r =0

(L(A)) = {w € L((AD) | [wlLay < N} [a1, .- an]lLa)y = n+ 320 laila
(A® B) = {z € (A) x (B) | |z|azp < N} |(@,b)| 4B = |ala +[b]B

(A — B) = (4) x (B) (@, 0)|a—~p = [blB = lala

For context I' we define
(T) = {n | Vze dom(T').n(z) € (T'(z)) A [nlr < N} Il = > scdommy [7(2) |r(z)

When we use, e.g., |z|agp in the definition of (A ® B)) it refers to the defining expression for
| — |agp given afterwards. The “modified difference” z — y is defined as z —y if x > y and 0
otherwise. Notice that for nonnegative numbers z,y,z one has z +y > z iff z > z - y.

For U C (A| we define |U|s = maxzecy |ala.

A relational valuation of a signature ¥ assigns to each f : (Ay,...,A,)—B declared in &
a relation
p(f) C (A ®... A" x (B) (13)

such that (ai,...,a,)p(f)b implies |b|g < Y0 | |ai|a;-
Given relational valuation p of ¥ we define a relation

(e, < (T'D > (A) (14)

12
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by induction on a typing derivation I' -y e : A as follows:

(CFz:T(x)), ={(n0)[v=mn(=)} (VAR)
(I]:‘la"'a]:‘r I_f(ela"'aer):B|)p:{(nvv) |
n=md---ydnA

Aimi(Ti e 0 Ai) vi A (v1, ... vp)p(f)o} (S16)
(T,xz:AkFe: BDp = {(n,v) |
ndy— n(z)](T,2:A,y:AF e: BJ) v} (CONTR)
(CFe:T),={(n0v)[ne(l)v=I[]} (ConsT)
(T, A Fif e then € else e” : A) , = {(n,v) |
n=myn A
m(CEe:T)tAn(AEe: A),oV
m(CEe:T),FAR(AF": A),v)} (Tr)
(T F il L(A)), = {(n,[) [ 7 € (T) (N1L)
(Ta, Ty, Tt = cons(eq, en, er) : L(A)), = {(n,vp 2 1) |
n="nd Y1 YA
’I]d(]Fd F €q : <>|)p0/\
nh(IFh = ep : A|)p1)h/\
n(Te = er : L(A)) v} (CoNs)
(T, A = match e with nil=>eq;i | cons(d, h, t)=econs : B)), = {(n,v) |

n=mYn

m(CFe:L(A)),[JAn(AF en: B),vV

m (T = e: L(A)),on = vA

M2[d—0, h—vp, t=v] (A, d: O, hi A, t:L(A) F econs : A 0} (LisT-ELIM)

(T,AFer®er: A® B)) = {(n, (v1,v2) |

m(C e A) o1 Ama(A ezt B) v2} (PAIR)
(T, A+ match e; with z @ y=res : C)), = {(n,v) |

n = n YA

’)71(IF Fel:A® B|)p(1)1,1)2)/\

nelz—vr, y—vo] (A, A, y:B = eg : O v} (SpLIT)
(T'FAze: A— B), ={(n,(a,b)) |

nlz—al(T,z:A e : BJ),b} (LaM)
(0, AF exes s B, = {(n,D) |

n=1myn

m(l' e : A—o B))(a,b)A

n(AFex: A)a} (APpp)

The thus defined interpretation of a program is non size-increasing in the following sense.

Lemma 4.7 If p is a relational valuation of ¥ and ' by e : A then whenever n(T' F e : A[)pa
one has |al4 < |n|r.

Proof. Direct induction on typing derivations. O
For a given program P the mapping which sends p to the relational valuation

fr—>GxI:Al,...,xn:Anl—ef:BDp (15)

13
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is clearly monotone (with respect to inclusion) so that we can define the relational semantics
of a program as the least fixpoint of this functional which in view of the finiteness of the
domains is actually reached after a finite number of iterations starting from the relational
valuation assigning the empty relation to each function symbol.

We write (P|)(f) or simply (f]) for the thus obtained interpretation of a function symbol
f in some program P. Since the empty relation is a relational valuation and by the previous
lemma the semantics maps relational valuations to relational valuations, the thus defined
semantics of a program is also a relational valuation, i.e., non size-increasing.

Proposition 4.8 Suppose that P is a program containing some function symbol f : (W)—W
and let | € W where |l| < N (recall that N is a fized parameter). Notice that in this case
L e [L(T)] as well asl € (L(T)). Then I(f)' < [f](1) =1 for alll' e W.

This means in particular that (f|) is a partial function.

Before we prove this result let us remark that it allows us to evaluate any function
f : (L(T))—L(T) in a finite amount of time (regardless of its termination behaviour un-
der an evaluation strategy based on rewriting) by computing (f| for appropriate parameter
N. We will later estimate the amount of time required for this so as to obtain the desired
characterisation. Let us first come to the proof of the proposition, though:

Proof. For each n < N we define inductively a family of simulation relations
~AC [A]l x{U S (A) | U #OA[UJa < n} (16)

between elements of [A] and nonempty subsets of (A|) of size < n. Recall that |U|s4 =
maxger |z]A.

To simplify the notation we introduce the following shorthands: if U C (A]) and V' C (B))
then U x V :={(a,b) |a e UNb eV} Wehave U xV C (A® B) iff [U|a + |V|g < N and
in this case |U X V|agp = |U|a + |V|B-

IfU C (A) and V C (L(A)) then UV :=={a 2w | a € UANw € V} We have U::V C
(L(A)) iff [U]4 + V] a) +1 < N and in this case |U :: V| 4y = [U|a + VB + 1.

IfUC(A—oB|)and V C (A) then U(V) :={b| 3a € V.(a,b) € U} We have |U(V)|p <
|Ua—B + |[V]a.

We formally extend ~% by putting L ~" (. Notice that whenever z € [A] U {L} and
z ~"% U and z # L then U # 0.

The defining clauses are now given as follows.

g ) o () 0BT {0} [~y ()
(a,0) ~Miop W <= 3ny,ng, U, Ving +n2=n
Na~ P UANDSZ VAW =UXV
[~ .gU <~ Vni,zn+n <N
Az~ VY = fz) SETMUV)
m::lwf(A)W <~ dn,n, U, Vini+no+1<n
Az~ U/\lw’f(zA) VAW=U:2V
Notice that if m <n < N then z ~}' U implies z ~"; U. Notice also that if A is heap-free and
z ~4 U then U has at most one element; exactly one if x # L. We write n ~3 U for n € [I']
and U C (T')) if there exist dom(T')-indexed families (n4)s, (Uz)az such that 3° cqon iy 2 < n
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and U = [, cqomr) U and n(z) N?Q(Dx) U for all z € dom(T"). If X,Y aresetsand f: X - Y
and U C X we define

fOU):={yeY |z ecUyc€ f(z)} (17)
Similarly, if 'Fe: A and U C (') we define
(Tre:A)y,=1{b|3neUn(TFe: A),b} (18)

Suppose that we are given a domain-theoretic valuation 1 and a relational valuation p
of a given signature . We will write ¢y ~ p to mean that for each function symbol
n;

f:(Ar,...,A;)—B declared in ¥ and whenever n = nj + -+ +n, < N one has A, u; ~7
Ui = ¢(f)(u1,...,ur) ~% p(f)"(Ui,...,U,;) We now have the following sublemma, :

Sublemma: Suppose that ¢ ~ p. If Uty e A and n ~{ U then [e], , ~%4 (I'Fe: A)y,

Proof of sublemma: By induction on typing derivations. For rule VAR we use the fact
that U is nonempty.

Rule SicG follows from the assumption made on ¢ and p.

Rule CONTR uses the fact that elements of heap-free type have zero size as well as the
observation that whenever v ~4 U for heap-free A then U has at most one element which
implies that whenever 1 ~rp 4.4 4.4 U where U, = U, and n € U then n = nfy — n(z)]. These
are the only two properties of heap-free types used thus allowing for possible extensions. All
other cases are direct.

O

Now let 1y be the valuation defined by y(f)(Z) = L and pg be the relational valuation
that assigns the empty relation to each function symbol. Clearly, 1g ~ pg and so the sublemma,
shows that ., ~ pp, for all m where

1 (D1, 00) = leflgmn, o] vm (19)
Pm+1 (f)(vla s aUT) = (Ief|)[xl»—>vl,...,xr»—>vr],pm

As already mentioned, in view of the finiteness of the sets (A there exists mg such that
(P)(f) = pmo(f) for all f € dom(X). Therefore, Vm > mg.pp, ~ (P).

Now, [P](f) =V pm(f) = Vinsme Pm(f). 1t is readily seen by induction on types that
each relation ~" is continuous in the sense that Vi.z; ~% U implies (\/; z;) ~"; U assuming
of course that the z; form an ascending chain. We have thus proved that [P] ~ (P] which
yields the desired result when specialised to the type L(T). O

The idea is now to compute for a given N the iterations p,, by stepwise updating a big
value table holding the relations p,,(f).

To estimate the size of such a value table we must estimate the number of elements of the
sets (A)). Writing #X for the cardinality of set X we have

log #(T) = 1 log #() =0 log #(L(A)) < Nlog #(A)

log #(A ® B)) < log #(A) + log #(B) log #(A —o B|) < log #(A) + log #(B)
(20)
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Therefore, for a given program P we can find a polynomial p such that log #(A|) < p(N) for
each type A occurring in P.

The space required to store a relational valuation for P in the relational model is therefore
O(2*™)) where the hidden constant involves the number and arities of function symbols.

Now, using the definition of (I" - e : A the computation of p,4+1 given a value table
for p,, and space to hold pp,+1 can be performed with O(p(N)) extra space which would be
required e.g. to hold particular elements of (A.

In order to compute (P| we maintain space for two value tables initialising both with
the empty relational valuation. If at any time one of the two tables holds p,, we perform
the necessary computations to achieve that the other one holds p,,+1. Thereafter, p,, is not
needed anymore so that we can overwrite it with p,,12 and so forth, until no more changes
take place and we have found (P)).

Since pp, € pma1 the number of iterations is O(2p(N )) as well (in the worst case each
iteration adds one single tuple to p), so that we have given a DTIME(O(2P(N))) algorithm for
computing (| P]) hence [P](f)(l) for f: (L(T))—L(T) when |I| < N.

References

[1] Klaus Aehlig and Helmut Schwichtenberg. A syntactical analysis of non-size-increasing
polynomial time computation. In Proceedings of the Fifteenth IEEE Symposium on Logic
in Computer Science (LICS ’00), Santa Barbara, 2000.

[2] Stephen Bellantoni and Stephen Cook. New recursion-theoretic characterization of the
polytime functions. Computational Complexity, 2:97-110, 1992.

[3] Vuokko-Helena Caseiro. Equations for Defining Poly-time Functions. PhD thesis, Uni-
versity of Oslo, 1997. Available by ftp from ftp.ifi.uio.no/pub/vuokko/Oadm.ps.

[4] Stephen A. Cook. Linear-time simulation of deterministic two-way pushdown automata.
Information Processing, 71:75-80, 1972.

[5] Andreas Goerdt. Characterizing complexity classes by higher type primitive recursive
definitions. Theoretical Computer Science, 100:45-66, 1992.

[6] Martin Hofmann. Linear types and non size-increasing polynomial time computation.
To appear in Theoretical Computer Science. See www.dcs.ed.ac.uk/home/papers/icc.
ps.gz for a draft. An extended abstract has appeared under the same title in Proc. Symp.
Logic in Comp. Sci. (LICS) 1999, Trento, 2000.

[7] Martin Hofmann. A type system for bounded space and functional in-place update.
Nordic Journal of Computing, 2001. To appear, see www.dcs.ed.ac.uk/home/mxh/
papers/nordic.ps.gz for a draft. An extended abstract has appeared in Programming
Languages and Systems, G. Smolka, ed., Springer LNCS, 2000.

[8] Neil Jones. The Expressive Power of Higher-Order Types or, Life without CONS. Journal
of Functional Programming, 2001. to appear.

[9] Daniel Leivant. Stratified Functional Programs and Computational Complexity. In Proc.
20th IEEE Symp. on Principles of Programming Languages, 1993.

16



35

[10] Glynn Winskel. The Formal Semantics of Programming Languages: An Introduction.
MIT Press, 1993.

17



36



37

Program Analysis
for Implicit Computational Complexity

Neil D. Jones

DIKU, University of Copenhagen
Universitetsparken 1, DK-2100 Copenhagen @), Denmark

e-mail: neil@diku.dk

This talk brings together ideas from two lines: automatic estimation of program
running times, and implicit computational complexity. It describes ongoing re-
search. Recent work in the two areas has been done by Bellantoni and Cook,
Benzinger, Hofmann, Jones, Crary and Weirich, Leivant, Marion, Schwichten-
berg, and others.

A main goal of implicit computational complexity is to “capture” complexity
classes such as PTIMEF (polynomial-time computable functions) by computing
formalisms that do not impose explicit bounds on time or space resources. Several
researchers have succeeded in reaching this goal, a well-known example being the
Bellantoni-Cook “safe primitive recursion on notation.”

It must be said, however, that recursion-theoretic formalisms such as primi-
tive recursion are not very close to programming practice. In particular natural
algorithms, as seen in introductory algorithm courses, often do not fall into
existing implicit complexity classes. In some cases this has even been proven im-
possible, e.g., Colson established that primitive recursion alone cannot express
computing the minimum of two numbers by the obvious linear-time algorithm.

In this work we identify a decidable class of algorithms such that all can be
executed within polynomial time (or logarithmic space); and as well, the class
includes many natural algorithms that are used in solving real problems.

For a standard first-order functional language we devise a type system giv-
ing information on the wvariations of its function parameters in terms of program
inputs, and on run-time bounds for program-defined functions. Every syntacti-
cally correct program is well-typed, i.e., the language has a so-called “soft” type
system.

The type information is extracted by data-flow analysis algorithms that ex-
tend the “size-change” framework of our POPL 2001 paper to account for run-
ning times as well as termination. The analysis allows automatic detection of
programs that are guaranteed to run (or be runnable) in polynomial time.

Theorems are proven that this is indeed the case; and that the class is a
proper generalization of “safe recursion” and some related schemes provided by
other researchers. Several representative natural and efficient algorithms are seen
to fall into the class, providing evidence that the class is “large enough.”
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By the term ‘proof mining’ we denote the activity of transforming a prima facie non-constructive
proof into a new one from which certain computational information can be read off which was
not visible beforehand. That new proof in general will not and need not be fully constructive.
On the contrary, usually only small parts of a given proof need to be considered at all. Proof-
theoretic techniques based on a monotone version of functional interpretation and additional
specially designed proof interpretations allow such extractions of effective data from fairly large
classes of proofs ([3],[4]). Moreover, these proof interpretations show which parts of a given
proof are relevant for its computational content.

The area of analysis (and in particular numerical functional analysis) is of special interest in con-
nection with proof mining since here non-effectivity is due not only to the use of non-constructive
logical reasoning but at the core of many principles (like compactness arguments) which are
used to ensure convergence and which provably rely on the existence of non-computable reals.
In mathematical terms this non-computability often is an obstacle to obtain a quantitative sta-
bility analysis and rates of convergence.

We report on the results of a recent case study of this proof-theoretic approach to computability
and complexity in analysis in the fixed point theory of non-expansive mappings, one of the most
active areas in nonlinear functional analysis.

Our results provide even new qualitative information about the asymptotic regularity of so-called
Krasnoselski-Mann iterations and strengthen classical theorems of Ishikawa ([2]) and Borwein-
Reich-Shafrir ([1]).
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TERMINATION PROOFS AND COMPLEXITY CERTIFICATION
Extended Abstract
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Daniel Leivant*

Abstract

We show that simple structural conditions on proofs of convergence of functional programs,
in the intrinsic-theories verification framework of [20], correspond to resource bounds on pro-
gram execution. These conditions may be construed as reflecting finitistic-predicative reasoning.
The results provide a user-transparent method for certifying the computational complexity of
functional programs. In particular, we define natural notions of data-predicative formulas and
of data-predicative derivations, and show that induction for data-predicative formulas captures
precisely the primitive recursive functions, data-predicative derivations the Kalmar-elementary
functions, and the combination of both the poly-time functions.

1 INTRODUCTION

1.1 Main results

In [20] we put forth, for each sorted inductive algebra A(C) over a set C of generators, a
formalism IT(C) for reasoning about recursive equational programs over A(C). We showed that
the resulting formalisms have the same proof theoretic power as first order (Peano) arithmetic.
Here we consider simple structural properties on formulas in derivations, which guarantee that a
program proved terminating in fact runs within certain resource bounds.

We consider two forms of structural restrictions on natural deductions:

1. Induction is restricted to “data-predicative” formulas; these are the formulas where data-
predicates do not occur both positively and negatively; they properly include the 2(1) and H(l)
formulas of PA.

2. There are no data-positive working assumptions, i.e. assumptions that are closed in the deriva-
tion, and where data-predicates occur positively. It suffice to disallow such assumptions over
the major (i.e. leftmost) premise of induction.

We show that programs whose termination is provable under these restrictions characterize ex-
actly major complexity classes, as listed below: every provable program uses the indicated resources,
and every function in the indicated complexity class is computable by some program provable with
the indicated restrictions:

e Condition (1) yields exactly the primitive recursive functions (Theorem 3).

*Computer Science Department, Indiana University, Bloomington, IN 47405. leivant@cs.indiana.edu. Research
partially supported by NSF grant DMS-9870320
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e (2) yields exactly the (Kalmar-) elementary functions (Theorem 4(1)).

e (1) and (2) combined yield linear space for programs over N, and poly-time for programs over
symbolic data, e.g. {0,1}* (Theorem 5(2)).

Restrictions (1) and (2) can be construed as reflecting a certain “finitistic-predicative” view
of data. In broad strokes, the underlying views can be stated as follows. Take the position that
an inductive data system, say the set N of natural numbers, comes into being through a process,
but cannot be admitted as a completed totality. In particular, determining the elements of N
should not depend on assuming that the full outcome of the generative process for N is already in
hand. To constructively justify an inference by Induction of a formula ¢[t] one needs then to posit
that the induction formula ¢[z] is well-defined for all values for z, and that the induction eigen-
term t is well-defined. A formula in which N occurs only positively, say 3z N(f(x)), asserts that
the process of generating N eeventually yields an element in the range of f; no invocation of N as
completed totality is needed. This justifies induction for data-non-negative formulas. For data-non-
positive formulas, the rationale is sensitive to the underlying logic: with the principle of excluded
third available, data-non-positive and data-non-negative induction are equivalent. However, in
constructive logic, data-non-positive formulas are extremely weak; roughly, knowing that an object
z is not obtained by an inductive process yields no computationally useful information.

Consider, in contrast, a non-data-predicative formula, say Vz N(xz) — N(f(z)), which classically
is equivalent to V2 —=N(z) V N(f(z)). The meaning of such a formula clearly depends on admitting
N as a completed totality.

The consequence of the finitistic-predicative viewpoint is even more dramatic when it comes
to the eigen-term t of induction (recall that in our framework t may contain arbitrary function
identifiers). Consider our Data-Elimination (i.e. Induction) rule, say for N,

N(t) [0]
p[t]

If we assert the major premise, N(t[z]), on the basis of N(x) as assumption, and z is later quantified
in the derivation, then we implicitly posit that the scope of N is well delineated.

1.2 Motivation and benefits

The simple framework of [20] yields surprisingly rich benefits. Practically, it enables explicit rea-
soning about functional programs without recourse to numeric codes or a logic of partially-denoting
terms. This includes programs whose termination cannot be proved within the formal theory used.
Conceptually, the framework lends itself to a delineation of various forms of finitistic and pred-
icative ontologies of data, and to proof theoretic characterizations of computational complexity
classes, as we do here. Such formalisms are quite different from the well developed framework of
Bounded Arithmetic, and offer an expressively rich and unobtrusive setting for formalizing Feasible
Mathematics, e.g. Poly-time or Poly-space Mathematics.

This novel proof theoretic framework has other promising applications. For instance, it yields a
simple and attractive notion of provable functions of all finite types, with, as a result, natural notions
of feasibility in higher types. In pure proof theory, intrinsic theories lead to natural definitions of
a constructive analogue of Kleene’s arithmetical hierarchy. (The hierarchy is infinite, but relations
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defined by prenex formulas are at level 2.) These and related issues will be presented in other
papers, and are mentioned here to illustrate the scope of the method.

1.3 Comparisons

Several connections have been discovered between proof complexity and the computational
complexity of provably-terminating programs. Godel’s famed Dialectica translation [5] can already
be seen as such a connection, showing that the provably recursive functions of first-order arithmetic
are precisely the functions definable by primitive-recursion in all finite types.

More recent connections between the complexity of program-termination proofs and computa-
tional complexity have used a number of paradigms.

1. RESTRICTION ON INDUCTION FORMULAS. Parson [21] showed that restricting induction to
¥ formulas yields precisely the primitive recursive functions, a special case of our Theorem 3
below. Inspired by Cobham’s characterization of poly-time by bounded recursion, induction
on bounded formulas was studied by Buss and others, leading to characterizations of several
classes, notable poly-time and poly-space [4].

2. RESTRICTED SET EXISTENCE in second and higher order logic [16].

3. DATA RAMIFICATION. Data ramification for functional programming was introduced inde-
pendently in [26, 1, 15], and was subsequently shown to yield functional languages that
characterize precisely major computational complexity classes.

First order theories based on ramification were introduced in [18].2 The ramified theory with
first order induction yields linear space for numeric data, and poly-space for symbolic data.

4. LINEAR RAMIFIED THEORIES. Data ramification for functional programs was reformulated by
Hofmann as a type system based on linear logic, notably leading to a type system that allows
recursion in all types without leading out of poly-time [8, 10, 9, 3]. A proof theoretic analogue
of these formalisms were developed in [25, 2]. One the characterizations we give below for
poly-time is also based on structural proof theoretic conditions akin to linear logic (they
are based on ideas developed in [19], predating the papers above and independent of them.)
However, our formalism is dramatically simpler than the ones above. In particular, they do
no involve an extension of first order formulas with modal and linear operators. Even if it can
be shown that more algorithms can be proved terminating in the formalisms of [25, 2|, the
availability of a much simpler framework with similar properties, is of fundamental interest.

Like the ramified formalisms mentioned under (3) above, the research reported here is based
on the framework of intrinsic theories for inductive data [18, 20]. The salient aspects of this
approach are (1) programs are referred to explicitly at the assertion level, not through coding
or modal operations; and (2) there are explicit predicates to convey that terms denote data of
particular sorts. However, contrary to (3) the restriction on proofs considered here are articulated
in terms of restrictions on formulas in crucial positions in a proof, rather than a type-like labeling
system. This approach offers a number of advantages, including a generic framework for direct and
flexible reasoning about declarative programs (including divergent terms), a novel proof theoretic

'A new proof of this result, in the spirit of the project reported here, can be found in [20].
2A more complete account of this development is in [12].
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treatment of inductive data and of the type hierarchy over such data, and transparent ways of
verifying resource bounds for program execution. Here we report progress on the latter.

1.4 Technical background

In [20] we put forth, for each sorted inductive algebra A(C), over a set C of generators, a
formalism IT(C) for reasoning about recursive equational programs over A(C). We refer the
reader to the definitions and discussion there. The simplest non-degenerated inductively generated
algebra is the set N = A(0,s) of natural numbers, generated from the constructors 0 and s (zero
and successor). The intrinsic theory I'T(N) is the first order theory over the vocabulary consisting
of 0, s, and a unary relational identifier N. The axioms are:

1 Generative axioms: N(0) and Vz. N(z) — N(sz);
2 The axiom schema of Induction: A[0] A Vz.(A[z]— Alsz]) — Vz.(N(z)— Az]).

We also consider an extension IT(N) of IT(N), with separation axioms for the constructors of N
(i.e. Peano’s third and fourth axioms):

3 Vz.-s(x)=0,
4 Vz,y.scr=sy — z=y.

We shall use Gentzen-style natural deduction calculi for these theories, with the usual inference
rules for equality, and a rendition of the axioms by inference rules:

Data-introduction

Data-Elimination (i.e., induction)

A degenerate form of data-elimination is

N(#) o[0] ¢lsz]

that is, proof by cases on the main constructor.

Separation
st=t d st=st'
L an t= t,

We shall use freely common concepts and terminology for natural deduction calculi, as presented

e.g. in [28]. We call a derivation of IT(N) simply-normal if it is induction-free and normal (in the
sense of first order logic). If D is a natural deduction derivation, we write |D| for its height.
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We say that an r-ary function f over N is provable in IT(N) if there is an equational program
(P, f) that computes f, and for which

N(Z) - N(f(Z))

where N(Z) abbreviates the conjunction N(z1) A--- AN(z;), and provability is in IT(N)+ P, where
P is the universal closure of the conjunction of the equations in P. Function provability in TT(N)
is defined analogously.

Analogous theories are defined for any inductively generated data-system A(C'), where C' is the
set of constructors. When referring to a single-sorted data-system, such as N or W = {0,1}*, we
use D as a generic predicate identifier for data, in par with our use of N above. Thus, for example,
we have a data introduction rule for each constructor c: if arity (c) = r, then the rule is

D(z1) --- D(z)
D(c(zy...z,))

We refer the reader to [20] for detail and examples. We write IT(C) for the intrinsic theory for
A(C), and IT(C) for the extension of that theory with separation axioms.

In [20] we showed that the functions provable in IT(N), as well as those provable in IT(N),
are precisely the provably recursive functions of Peano Arithmetic. This remains true if in place
of N we take any non-trivial inductive data-system. The underlying logic can be either classical or
constructive (i.e. intuitionistic).

2 STATEMENT OF THE RESULTS

2.1 Data-predicative induction and primitive recursion

As usual, we say that an occurrence of D in a formula ¢ is positive (respectively, negative) if it
is in the negative scope of an even (respectively, odd) number of implications and negations. We
call a formula ¢ in the vocabulary of IT(C)

e data-positive if D has positive occurrences in ¢,
e data-non-positive if D has no positive occurrences,
e data-non-negative if D has no negative occurrences, and

e data-predicative if it does not have both positive and negative occurrences, i.e. is either data-
non-positive or data-non-negative.

We define IT"(C) to be IT(C) with induction restricted to data-predicative formulas. ﬁ+(0)
is defined analogously.

For example, formulas of the form 3z ( D(z) A E ), E an equation of primitive recursive
arithmetic, are data-non-negative, and so data-predicative. These are precisely the interpretations
in IT(C) of Xy formulas of primitive recursive arithmetic. Similarly, all D-free formulas are data-
predicative, as are all formulas of the form Q.(a — D(t)) where Q is a block of quantifiers and
a is D-free; these formulas are not interpretations in IT(C) of formulas of first order arithmetic.
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The interpretation in IT(N) of a TIY formula Vz. E, E an equation, is Vz.(N(z) — E), which
is data-non-positive, and so also data-predicative. However, the interpretation of a Hg—formula
Vz 3y E is Vo (N(z) — Jy N(y) A E'), which is not data-predicative.

Let A(C) be an inductive data-system. Our results for induction restricted to data-predicative
formulas are as follows.

PROPOSITION 1 Every function definable by simultaneous recurrence over A(C') is provable in
IT(C), based on minimal logic, and with induction for conjunctions of atomic formulas.

In particular, all primitive recursive functions are provable in IT(N) using induction for such
formulas.

PROPOSITION 2 Every function provable in IT(C'), based on classical logic, and with induction
for data-predicative formulas, is definable by simultaneous recurrence over A(C'). In particular, all
provable functions of IT(N) are primitive recursive.

From Propositions 1 and 2 we conclude

THEOREM 3 The provable functions of ITT(N) (or ﬁ+(N)) are precisely the primitive recursive
functions.

More generally, if C' is a data-system, then the constructively provable functions of IT(C) (or
ﬁ+(0 )) are precisely the functions over the algebra A(C') that are generated from the constructors
by composition and simultaneous recurrence. (These are also the functions that are primitive
recursive modulo a canonical coding of C' in N.)

2.2 Data-predicative derivations

The results stated above show that the restriction of Induction to data-predicative formulas
reduces the class of provable functions quite dramatically, from the provably recursive functions
of first order arithmetic to the primitive recursive functions. However, from the viewpoint of
feasible computation and computer science, the latter is still a stratospherically large class. In [18]
we defined a ramified intrinsic theory of data, yielding provable functions that fall precisely into
major complexity classes, notable the poly-time, linear space, and Kalmar-elementary functions,
depending on allowable instances of induction and on the underlying data system. Here we use an
alternative approach, where impredicative references to data in derivations are prohibited explicitly.

Call a natural deduction derivation D of IT(C) data-predicative if no major premise of non-
degenerate data-elimination (i.e. induction) depends on a data-positive assumption closed in D. As
discussed above, this property reflects a finitistic-predicative concern.

We have:

THEOREM 4 For any data-system A(C'), a program P is provable in IT(C) by a data-predicative
derivation iff P is computable in Kalmar-elementary resources.
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For the next result we refer to the generic register machines over a data-system A(C'), as defined
in [17].

THEOREM 5 For any data-system A(C'), a program P is provable in IT(C) by a data-predicative

derivation with data-positive induction iff P is computable in poly-time on a register machine over
A(O).

In particular, P is provable in IT(N) by a data-predicative derivation with data-positive in-
duction iff P is computable in linear space. And for any word algebra A(C'), such as {0,1}*, P is
provable in IT(C) by a data-predicative derivation with data-positive induction iff P is computable
in polynomial time on a Turing machine.

Note the generic character of Theorem 5. Here we get different complexity classes (according
to common separation conjectures) depending on the underlying data. This is because the coding
of one algebra in another exceeds here the computational complexity under consideration, contrary
to broader classes, such as the Kalmar-elementary functions.

2.3 Classical vs. constructive logic

The relations between the constructive and classical versions of the results above are slightly
more complex than in unrestricted intrinsic theories. In [20, §3.6] we exhibited a trivial proof that
a function provable in an intrinsic theory based on classical logic, is already provable in that theory
based on minimal logic. However, that proof uses a formula-substitution that may convert data-
predicative formulas to ones that are no longer data-predicative, and similarly for data-non-positive
formulas. More subtle proofs are therefore needed here. Below we present a rather direct proof of
Proposition 2 for the constructive logic case. However, as of this writing we do not know whether
this proof can be modified to apply also to classical logic; we therefore give a separate proof for the
classical logic case, in Appendix I, using a different technique, and somewhat more complex.

The difference between the classical and constructive variants of the theories is manifest with
non-data-positive induction. On the one hand we have:

PROPOSITION 6 Based on classical logic, data-non-positive induction is equivalent to data-non-
negative induction.

The proof here is, for N, similar to the proof that II{-induction is equivalent to X%-induction (see

e.g. [6] or [27]). A bit more work is needed for other data systems. We don’t know if Proposition
6 remains true for data-predicative derivations.

In contrast to Proposition 6 we have:

PROPOSITION 7 Every function provable in IT(C'), based on constructive logic, and with induction
for data-non-positive formulas, is explicitly definable from the constructors of C.

This is a consequence of Theorem 18 below.

2.4 Relativized results
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All results above can be relativized, as follows. If f is an r-ary function-identifier, we write
Tot[f] =q¢ Vzi...2..D(z1)A---D(z,) — D(f(Z))

Suppose A(C) is an inductive data-system, which without loss of generality and to avoid clut-
tered notations we assume single-sorted. Let g1, 92 ...} be discourse-level parameters ranging over
functions over A(C), and g;,8, be corresponding formal function-identifiers (thus arity(g;) =
arity (g;)). The aforementioned results then hold with “primitive recursive” replaced by “primitive
recursive in g1, ...”, and with “provable” replaced by “provable from Tot|[g, ], Tot[gy], ... .”

Relativization of the results is of interest when embedding traditional first order theories in
intrinsic theories. For example, embedding Peano’s Arithmetic in IT(N), as in [20], introduces
into IT(N) addition and multiplication as new primitives. This augmentation is inconsequential
in virtually any application, since addition and multiplication are provable functions in very weak
variants I'T(N). However, not so in IT(N) with induction restricted to data-non-positive formulas.
The relativized analog of Proposition 7 is then worth independent consideration:

PROPOSITION 8 The functions provable in IT(C), based on constructive logic, and with induction
for data-non-positive formulas, from the statements of totality of functions fi ... fy, are precisely
the functions explicitly definable from the constructors of C' and fi ... fx.

In particular, the provably recursive functions of Heyting’s Arithmetic with induction restricted
to data-non-negative formulas, are precisely the functions explicitly definable from 0,1,+ and X.
The latter part of Proposition 8 improves one of the results of [29].3

Another illustration of the crucial difference between constructive and classical version of the
theories, when induction formulas are structurally restricted, is this:

THEOREM 9 The provable functions of constructive IT(N) with induction restricted to prenex
formulas are (classically, whence constructively) provable using II-induction.

It is easy to extract from Theorem 18 below a proof outline: prenex formulas are mapped to
types of order 2, and functions definable by order-2 primitive recursion are well known to be the
same as the functions provable by ITp-induction.*

3 FROM COMPUTATIONAL COMPLEXITY TO PROVABILITY

We start with the forward implication of Proposition 1.

3The latter states that the provably recursive functions of HA based on II¢-induction are bounded by polynomials,
and are the same as the provably recursive functions of HA with induction for formulas in either one of the classes
=34, =3y, -II4, or =—II;. It should be noted, though, that induction for formulas with no strictly-positive data
information is useless only when it comes to proving program termination. Indeed, one can prove by induction on
IT; -formulas, i.e. of the form Vz N(z) — a, a quantifier-free, that addition is commutative, a result which cannot
be proved using only 3i-induction, even though the latter theory is so much more powerful than the former with
respect to proving program termination.

*This follows, e.g. from Godel’s “Dialectica” interpretation [5]. A consequence of Theorem 9 is that the functions
provably-recursive in HA with prenex induction are provably-recursive in HA with IT> induction, which is the main
theorem of [29].
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LEMMA 10 Every function over A(C) definable by simultaneous recurrence is provable in IT(C)*;
moreover, the derivation uses induction only for conjunctions of atomic formulas.

In particular, all primitive recursive functions over N are provable in IT(N) using such restricted
induction.

Proof. See [20, Proposition 6]. —|

LEMMA 11 Addition and multiplication are provable by data-predicative derivations, with induc-
tion over atomic formulas. Exponentiation is provable by a data-predicative derivation.

Proof. We use the following programs for addition, multiplication, and base-2 exponentiation:

r+0 = z rx0 = 0 e(0,y) = sy

z+sy = s(z+y) rxsy = (zxy)+z e(sz,y) = e(ze(z,y)) exp(z) = e(z,0).

The corresponding proofs are as follows, where for readability we omit uses of the programs’
equations, and use instead double-bars to indicate such uses (via equational rules).

N(z + z)
N(z)  N(s(z+2))
N(y) N(z+0) N(z+sz)

N(z +y)
N(z) 3 N(z + 2)
N(0) N((z x z) +z))
N(y) N(z x0) N(z x (sz))
N(z x y)
Vy (N(y) — N(e(u,y))
Vy (N(y) — N(e(u,y)) N(y) —N(e(u,y))  N(y)
N(y) N(e(u,y)) — N(e(u, e(u,y))) N(e(u,y))
N(sy) N(e(u,e(u,y)))
N(e(0,y)) N(e(su,y))
N(z) Vy(N(y)—N(e(0,y))) Vy (N(y) — N(e(su, y)))
Vy (N(y) — N(e(z,y))
N(e(z,0))
N(exp(z))
Note that here the induction formula has N in both positive and negative positions. -

Building on the construction of Proposition 11, we can prove the forward direction of Theorems
4 and 5.
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PROPOSITION 12 Let A(C') be a data-system, f a function computable by a register machine over
A(O).

1. If the register machine for f terminates in time that is Kalmar-elementary in the height of
the input, then f is provable in IT(C') by a data-predicative derivation, in minimal logic.

2. If the register machine for f terminates in time polynomial in the height of the input, then f
is provable in IT(C) by a data-predicative derivation, using induction on the conjunction of
atomic formulas.

Proof Outline. As in [17, §3.3] we refer to the coding of register-machine configurations by tuple
of terms of A(C). Given a deterministic m-register machine M over A(C), there are functions
T0sT1-+ yTm : A™Tt— A such that, if M has a transition rule for state s, then (s, [u1,... ,un]) Far
(s, [ul, ... up,)) i Ti(#s,u1, ... ,upy) = u) for i = 1...m, and 7o(#s,u1,... ,um) = #s'; and if
M has no such transition, then 7;(ug . .. u;,) = u;. The transition functions 7; are provable, in the
strong sense that A; D(u;) — D(7;(%) has a data-predicative derivation, that uses only degenerate
instances of data-elimination.

As in the proof of [17, Lemma 3.4], we replace the successor function in the derivations for
addition, multiplication and exponentiation above, by the tuples (7¢...7,), and conclude the
every computation that terminates with the given bounds are provable with the corresponding
predicativity restrictions. -

4 FROM PROVABILITY TO COMPUTATIONAL COMPLEXITY

By the well known Curry-Howard morphisms, natural deductions can be viewed as A-terms
[24, 11]. In [13, 14] we presented a version of such mapping which yields directly an applicative
program for a function f from a derivation for the provability of f in various formalisms. We
summarize here a similar construction for intrinsic theories.

4.1 Typed lambda calculus with recurrence

We shall map derivations of IT(C) to terms of an applied simply typed A-calculus. We focus
attention first on single-sorted data systems C, and write D for the unique sort.

Let 1 be the simply typed lambda calculus with type products, and with pairing and projec-
tions as term-constructs. We let — associate to the right, and write py,... ,p, —7 for p; —»---—
p, — 7 as well as for p; x --- x p, — 7. If all p,’s are the same type p, we write p" — 7 for the
above. We write (t,t') for pairing of the terms ¢, ¢, and 7, 71 for the two projection functions. The
computational rules are the usual 3-reduction, contracting (Az.t)s to {s/z}t, and pair-reduction,
contracting 7;{tg, 1) to t; (1 =0,1).

Let C'={cy...c;} be a single-sorted data-system, with ¢; of arity r;. The extension 1A(C) of
1) is defined as follows. Each c; is admitted as a constant, of type "¢ — . For each type 7, we
also have a constant R¢ = R, of type o1[7],... ,0%[7],t — 7, where oy[r] =gr 7" — 7. Aside from
the f-reduction and pair-reduction, 1A(C') has for each type 7 a rule of recurrence in type 7:

R M --- Mk(CiAl R A,«l) = MZAII s A;l where A; =4t Ry My --- MkA]
A term is normal if no subterm can be reduced.

The Tait-Prawitz method is easily applicable to 1A(C), yielding
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LEMMA 13 Every reduction sequence in 1A(C) terminates. —|

Note that each element of A(C) is represented in 1A(C) by itself (modulo currying), and that
every closed normal term of type ¢ is an element of A(C'). Thus, every expression of type :" — ¢
represents an r-ary function over A(C'). Clearly, the constant R; denotes the operation of recurrence,
i.e. iteration with parameters, over type 7, that is, the function (g; ...gx) — f, where f is defined
by f(ci(ai...ar,)) = ¢i(f(a1)...f(ar,)) (i = 1...k). It follows that the functions over A(C)
represented in 1A(C') are precisely the functions generated by explicit definitions and recurrence in
finite types.

Various extensions of this calculus are discussed in [20].

4.2 Natural deduction derivations as applicative programs

Let C be a single-sorted data-system. We map ND derivations of IT(C'), based on minimal
logic, to terms of 1A(C'), as follows. Our mapping is in the spirit of Curry-Howard’s formula-as-
type analogy, but with a twist. In [14] we defined a mapping that disregards the first order part of
formulas, notably application of predicates to terms, and first order universal quantification. Our
present mapping also disregards equality, and is therefore potentially oblivious to large parts of
derivations. In fact, no proper term will correspond to a derivation of an equation. To convey this
approach, we use an auxiliary atomic type L (for “undefined”), as well as an auxiliary atomic term
0, of type L.

We first define recursively a mapping « from formulas to types:
. k(D(#)) =qr D

. k(t=t") =qr L

k() if () = L

* K(p—x) =ar ¢ L if () =1
kY — kX otherwise
k(x) if K(¢p) = L

. k(Y AX) =ar § k(1)) if K(x) = L
K1 X kx otherwise

. K(Vz.4p) =qr K

We call a formula ¢ data-negative if k(p) = L, data-positive otherwise. Thus, ¢ is data-positive iff it
has a strictly-positive atomic subformula D(¢). We call a derivation D data-positive (data-negative)
if its derived formula is data-positive (data-negative, respectively).

We proceed to define recursively a mapping from ND derivations of IT(C), based on minimal
logic and using only the closed-version of C-Induction, to terms of 1A(C). Without danger of
ambiguity we write k also for this mapping. If D is a derivation from labeled open assumptions

(AP 1/)31" to conclusion ¢, then kD will be a term of type k¢, with free variables among z;, ... z;,,
of types K1y ... K1y, respectively.® The type L and the object () will be used in the definition only

when equality is present.

5We posit a concrete syntax for natural deductions, which assigns a common numeric label to each assumption
class, i.e. the open assumptions that are closed jointly by an inference. Distinct labels are assigned to different
assumption classes.
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The term D is defined by recurrence on D, as follows, using momentarily the convention that
if D is a derivation, then Dy, D1, ... are D’s immediate sub-derivations, in that order.

1. If D is data-negative, then kD = ().

The following cases refer to a data-positive D.
2. If D is a labeled open assumption 97, then kD = m?d’ (the j-th variable of type k).

3. If D derives ¢ A ¢, by conjunction introduction, then kD = (kDy, kKD;) if both Dy and Dy
are data-positive. If only D; is data positive, then kD = kD;.

4. If D derives g, from pyAp; (i = 0 or 1), then kKD = m;kDy if both ¢, and ¢, are data-positive,
kD = KDy otherwise.

5. Suppose D derives 1) — ¢ by implication introduction, closing labeled assumption 7. If 4 is
data-positive, then kD = )\x;w. kDyg; otherwise, kD = kDy.

6. Suppose D derives ¢ by implication elimination, from ¢ — ¢ and . Since D is data-positive,
the sub-derivation Dy of ¢ — ¢ is also data-positive. If ¢ is data-positive as well, then
kD = (kDy)(kD1); otherwise, kD = KDy

7. If the main inference of D is V-introduction, V-elimination, or Replacement, then kD = kDj.

8. If D derives D(c;(#; ... t-.)) by the generative rule for ¢;, from sub-derivations 7; ... 7, then
6

[3

kD =ci(kT1,--+ ,kTy,).

9. If D derives ¢[t] by the closed-version of C-induction from D(¢) and Cl¢;[Az¢] (j =1...k),
then kD = Ry, (kD) -+ (kDy)(£Dy). Note that ¢ here is assumed data-positive, hence all
sub-derivations are data positive.”

LEMMA 14 If D is a derivation of ¢ from labeled open assumptions 1,&{1, e ,1/1%”, then kD is a
term of type k¢, with free variables among xj,, ... ,x;, of types ki,...kK,,, respectively.

m

Proof. By a straightforward structural induction on D. -

4.3 Function provability and recurrence in higher type

LEMMA 15 For every a € A(C) there is a normal deduction T, in IT(C) deriving D(a), such that
kT, = a.

Proof. Trivial induction on a. =

LEMMA 16 If D reduces to D' in IT(C), then either kD = kD', or kD reduces to kD' in 1A(C).

5Note that in this case all sub-derivations 7; are data-positive.
"This is no longer true for multi-sorted C, where C-Induction may be used to derive a data-positive ,[t] with
some other inductive formulas ;[z] being data-negative.
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Proof. Straightforward inspection of the reductions. Note that for the case of Replacement
reductions for Induction it is important that we allow non-atomic eigen-formulas in instances of
Replacement.®

LEMMA 17 Let P be an equational program. If D is a normal derivation of IT(C), deriving an
atomic formula D;(t) from P, where t is closed, then kD is a base term and t= kD is derived from
P in equational logic.

Proof. By basic properties of normal derivations D is without C-induction, and so every formula
in D is atomic, or of the form VZ.t=t for some equation t=%" in P.

We proceed to prove the Lemma by structural induction on D. If D is a singleton derivation,
then it must be D;(c), where c is a 0-ary constructor of C'. The Lemma holds trivially.

IfDis

Do o
D;(t') =t
D;(t)

then KD = KDy, where by IH Dy is a base term, with P - t'=xD,. Also, P F t'=t. Thus, D is
a base term, and P - t=xD.

Finally, if D is
T Tri
Dpu (tl) Dpiri (tri)
Dy, (ci(ty...t,))
then kD = ¢;(k7T1,...,£7T,,). By IH £7; is a base term, where P - t;=xT7; (j = 1...7).
Therefore kD = ¢;j(k71,... ,kT ;) is a base term, and Pt ¢;(t1...t,,)=kD. =

THEOREM 18 [Representation] Let (P,f) be a program computing a function f over A(C). If D is
a deduction of I'T(C) deriving D(£) — D(f(Z)) from P, then kD represents f in 1X(C).

Proof. Without loss of generality, let f be unary. Given a € A(C) let D, be the result of
substituting a for free occurrences of x in D. We have kD, = kD trivially from the definition of .
Let T, be the straightforward derivation of D(a), using the data introduction rules for C'. Then,

for
D Ta

D(a)—D(f(a)) D(a)
D(fa)

Dyso =ar

we have k(Dj,) = (kDa)(k7T ). By Lemma 13 Dy, reduces to a normal derivation D, and by
Lemma 17 x(D,) is a base term. We thus have

(kD)(a) = (kDy)(kT,) by Lemma 15
kD fa
kD', by Lemma 16
f(a)
SWithout this stipulation D would not reduce to xD', but to a term to which kD’ 5-reduces. The gist of our
results would be preserved, but in a less transparent setting. Moreover, we must refer to Replacement reduction over

Induction (data elimination), so using Replacement reduction over logical elimination rules only enhances uniformity
and symmetry.
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Thus «D represents f. -

4.4 Data-positive induction and primitive recursion

An immediate consequence of Theorem 18 is the backward direction of Theorem 3:

COROLLARY 19 Every function provable in IT*(N) (or IT" (N)) is primitive recursive.

Proof. By Theorem 18 every function provable in IT"(N) is representable in 1A(N) by a term
with the recurrence operator used for types of the form N* (k > 1), i.e. the functions defined by
simultaneous primitive recursion at based type. All such functions are primitive recursive (see e.g.

[23].) o

4.5 Data-predicative proofs

Proof outline. In [20] we exhibited proofs for addition, multiplication, and exponentiation. The
derivations there for addition and multiplication are data-predicative and with data-positive in-
duction. The derivation for exponentiation is data-predicative. It is easy to see that the provable
functions (under any one of the paradigms above) are closed under bounded recurrence and compo-
sition. It follows that every function defined from addition and multiplication by bounded primitive
recursion, i.e. function in Grzegorczyk’s class €9 = linear-space for numeric functions, is provable
by a data-predicative derivation of IT(N) with data-positive induction. This establishes (3). (1)
and (2) are analogous.

More complex and interesting are the converse implications. We use here the results of [19].
The mapping x of proofs to functions, developed for Theorem 18 above, maps data-predicative
derivations to 1A(C)-terms dubbed input-driven in [19], and shown there to define only functions
computable in elementary resources, completing the proof of (1). Similarly, x maps data-predicative
derivations with data-positive induction to input-driven 1A(C)-terms with recurrence for first-order
types only, which by the results of [19] yield (2) and (3). End of Proof Outline.
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5 APPENDIX: THEOREM 3 FOR CLASSICAL LOGIC

Theorem 3 above refers to theories based on constructive logic, since we show that every provable
function is primitive recursive by a Curry-Howard mapping that we are unable as of this writing
to adapt to classical logic. However, the theorem holds for classical logic as well, as we show
in this Appendix using a different method, namely a direct proof-theoretic analysis of ﬁ+(N).
The analysis uses a novel technique that recursively unfolds inductions in data-closed derivations,
without addressing the normalization of T’ (N) in general.

We shall freely use common concepts and terminology for natural deduction calculi, as presented
e.g. in [28]. We call a derivation of IT(N) simply-normal if it is induction-free and normal (in the
sense of first order logic). If D is a natural deduction derivation, we write |D| for its height.

5.1 Converting data-non-negative proofs to induction-free proofs

Suppose D is a (classical logic, Gentzen-style) natural deduction of IT(N), deriving a formula A
from (open) assumptions Bj ... By,. By the normalization theorem for Gentzen’s natural deduction
(see e.g. [28]), we may assume that D is normal. If D is in intuitionistic logic, then each formula-
occurrence in it must be a subformula of either A, some B;, or some eigen-formula of an instance
of the induction rule. If classical logic is used, then we might also have in D negations of formulas
as above; each such negation must be an assumption of D closed by the L-rule, and the major
premise of Implication-Elimination.

We dub an (open) assumption of a derivation D contradiction-assumption if it is negated and
the major premise of Implication-Elimination.

Now suppose that D is a derivation of IT*(N) that derives a data-non-negative formula A
from data-non-negative formulas and contradiction-assumptions. As noted above, we may assume
without loss of generality that A and the data-non-negative assumptions, as well as the eigen-
formulas of instances of induction in D, are all in prenex-disjunctive form. Since subformulas of
data-non-negative prenex-disjunctive formulas are also data-non-negative, all formulas in D, with
the possible exception of contradiction-assumptions, are data-non-negative. We call such deriva-
tions data-non-negative. Finally, a data-non-negative derivation is data-closed if all assumptions
are N-free.

The usual normalization procedure for first order natural deductions [22, 28] yields:

LEMMA 20 There is a primitive recursive mapping that, modulo canonical encoding of syntax,
yields from induction-free derivations of IT(N) equivalent simply-normal derivations.? In particular,
there is a primitive recursive function 6 such that for every induction-free derivation D there is an
equivalent simply-normal D', with |D'| < §(D).

LEMMA 21 Suppose D is a simply-normal data-closed derivation of a data-positive formula A.
Then the main inference of D is not an elimination.

In particular, if a simply-normal data-closed D derives an atomic formula N(t), then the main
inference of D must be Substitution or Data-Introduction.

9The procedure is in fact at the fourth level of Grzegorczyk’s hierarchy.
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Proof. By induction on D. If the main inference of D is an elimination, then that inference’s major
premise, call it F', is also data-positive, and derived by a simply-normal data-closed derivation Dy.
(Note that F' cannot be a contradiction-assumption, because A is data-positive, whence cannot be
1.) Moreover, since D is normal, the main inference of Dy cannot be an introduction; and since F'
is not atomic, that inference can only be an elimination, contradicting induction assumption. -

LEMMA 22 Suppose that

{Alz]}
D _ Dy Do Dslz]
= N(t) Al0] Afsa]

Alt]
where Dy is simply-normal and data-closed, Dy is simply-normal, and where for every simply-

normal and data-closed derivation A[n] there is a simply-normal and data-closed derivation equiv-
alent to

&
Aln]
Ds[n]
Alsn|
of height < ((|€]|), where ¢ is primitive recursive and increasing. Let ¢ be the number of instances
of Successor-Introduction in Dy, m the height of Dy, and a the number of logical symbols in A.

Then there is a simply-normal and data-closed derivation D° equivalent to D, of height < CL@(|D0|),
where (,,(z) =g¢ 6(C(z + 2ma)).°

Proof. By induction on |Dy|. By Lemma 21, N(¢) can be derived only by Data-Introduction or
Substitution. If the inference is a Zero-Introduction, i.e. Dy is the singleton N(0), take D? = D,.

Here n = m = 0, and indeed |Dy| = C%O](|D|).
Suppose that the main inference of Dy is Successor-Introduction,

Do
Dy = N(')
N(st")

where t is st’. D is then equivalent to
Dl
Alt']
Dl - st [tl]
Alst’]

where
{A[z]}
, Dno Do Dy
D = N(t') A[0] Alsz]

Alt']

By induction assumption, D’ can be mapped to an equivalent simply-normal derivation of height
< C%_H(|D0|), and by the Lemma’s assumption about ¢ it follows that D; can be converted to an

OWe write f19 for the ¢’th iterate of the unary function f.
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equivalent derivation of height < (¢ %_1](|D0|)), whence an equivalent simply-normal derivation of
height

8¢¢h H(IDo))
8¢¢E, (| Dol + 2ma)
= (5(Do))

Finally, if the main inference of Dy is Substitution,

Dno D=
Dy = N() t=t
N(t)
then D is equivalent to
D D=
Dy = Alt) t=t'
Alt]

where D' is as above. By induction assumption D’ can be mapped to an equivalent simply-normal
derivation D], of height < C[g]_l(|D0|). Consider

Dy D
D = Alt] t=t
Alt]
The derived inference from A[t'] to A[t], using t=t' as an assumption, has height at most 2a, as
can be seen by a trivial induction on a. Thus

D"

N

max(|D=|,|D}|) + 2a
max(|D=|,m) + 2a

max (¢} (IDol),m) + 2a

max () (Dol +2a),m + 2a)
¢l Dol)

INCININ N

LEMMA 23 Suppose that

Dlz]
AlZ]
is a data-non-negative derivation of formula A, with data-positive assumptions among B ... B,

(and possibly equational assumptions and contradiction-assumptions), and the free variables in
By ...B, among & = x; ...x,. There is a primitive recursive function {5 that, modulo canonical

coding of syntax, maps input numbers i = ny ...n, and induction-free data-closed derivations'!
C1 Cq
B i By[]

"Note that the derivations C; are data-closed, and so the singleton derivation B; is excluded.
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to a derivation

D[]
Alril
which is simply-normal and equivalent to
i -
Bi[n] - Byln
1 _ q
b= Dlii
Alri]

Proof. We proceed by induction on D. If D is a single formula A, then we have two cases.

1. A is a data-positive formula, we have

where C is a data-closed induction-free derivation. The code of D’ is trivially primitive
recursive in 77 and C, and applying the function § of Lemma 20 yields D*.

2. A is not data-positive, in which case D* = D' = A[fi], and the Lemma’s statement is trivial.

If the main inference of D is a data-introduction rule, an equational rule, or a logical rule that
does not invlove closing an assumption, then the induction step is straightforward. We consider
two typical cases, for Implication-Elimination and for V-Introduction. If the rule is Implication-

Elimination,
Bi---B, Bi---B,
" D D
Dlz} = Aoa A
A

then, by induction assumption, we have a primitive recursive function that maps 7 and data-closed
induction-free derivations

Cl .. Cq
B lii] Bq[ﬁ]

to simply-normal data-closed derivations D, equivalent to

Cy Cq
By[i] - By[n]
Dy 7]
A'lr] — Aln]

and Dj, equivalent to

Then
Dy Dy
A'li)— Aln]  A'[n]
Al
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is induction-free and data-closed, and can be normalized by applying 6.

If
By --- B,
" Dy
bl = Alv]

Vu. Alu)
then, by induction assumption, we have a primitive recursive function that maps 7 and data-

closed induction-free derivations C; ...C, as above to a simply-normal data-closed derivation Dg,
equivalent to
C1 Cq
Biffi] -+ Byl
Dy|1]
Alv]

Note that v cannot be among x; ...x,, by the scoping restriction on the V-Introduction rule, and
so is not affected by the substitution of 7 for Z. Thus

Dy
Alv]

Vu. Alul

is induction-free and data-closed, and can be normalized by applying 6.

We have four logical inferences that close assumptions.

1. Implication introduction:

Since both Ay and Ag— A are data-non-negative, it follows that Ay is not data-positive, and
cannot be one of the B;’s. Thus we may proceed as above.

2. Classical falsehood:

-A By --- By
D,y
1

A

D =

Since we did not include contradiction-assumptions among the assumptions B;, we may again
proceed as before.

3. Disjunction elimination:
B F, B F B
Dy Dy Dy
FyV EF A A
A

If Fy V F} is not data-positive, then neither are Fy and Fj, and are therefore not among the
B;’s. We may thus proceed as in the previous cases.
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Suppose then that Fy V F} is data-positive. By induction assumption we obtain primitive-

Dy
recursively from input 7, Cy, ...C4 a simply-normal data-closed derivation Fy[7i]V Fi[fi],
equivalent to

Cy Cq

B, --- B

' _ q

by = Dy il
Fy[ri] v Fy ]
Consider the derivation
Fy[#] B[i] Fi[i] Bl

DY, Dy D[]

Fy[ii] v Fyi) Al Al

By the subformula property of simply-normal derivations, if Fy V F} were derived in DY, by
an elimination rule, then it would be a positive subformula of an open assumption of DY,
contradicting the fact that DY is data-closed. Thus the main inference of DY, must be either
a Classical Falsehood or a Disjunction Introduction.

In the former case, we have
~(Folni] V F1i])
k

Dy, = e
Fy[ri] v Fy ]
Then the derivation
—(Fol7]
—(Fo[ni] V F1li])
Vo
_L
Fy[ri]
is also data-closed and induction-free. Applying induction assumption to Dy, and using {p,
we obtain a simply-normal data-closed derivation, equivalent to

ok _
Dy =

Dy Gy Cq
Folii]  Bi[ni] -+ Byl
Dy 1]

Alr]

If the main inference of DY is Disjunction-Introduction, say
DYy
D% = Folr]
Folii] v B[]
then we again apply induction assumption to Dy, and using {p, obtain a simply-normal
data-closed derivation, equivalent to

D§, Cy Cq
Fy[n]  Bili] ---  Bylii]
Dy 1]

Al
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4. The case for Existential-Elimination is similar.

We are left with the case of Data-Elimination (i.e. Induction), with

Bl#]  B[z] Alu,# B[7

D = Dy  Dol7] Dslu, 7]
N(t[#]) Al0,Z]  Alsu,d]
Alt[], Z]

By induction assumption, we obtain primitive recursively in C as above, a simply-normal data-closed
derivation

equivalent to

If A is not data-positive, we also get a simply-normal data-clsoed derivation

Alu]
Dy [u]
Alsu, ]

equivalent to

C
Alu] - Bli]
D[u, 1)
Alsu, ]
We then have, by simple normalization of induction-free derivations, a primitive recursive map-

£

ping from data-closed induction-free derivations A[f] to a simply-normal data-closed derivation
equivalent to

D = Alsng, 7]

On the other hand, if A is data-positive, then we have, by induction assumption, primitive
£

recursively in data-closed induction-free derivations Alfig] a simply-normal data-closed derivation
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equivalent to ng as above. Note that we may use induction assumption for Dy, because u may be
renamed to be different from all z;’s, since no open assumption of D, may have u free.

In either case, the premise of Lemma 22 is satisfied, and we obtain primitive-recursively a
simply-normal data-closed derivation equivalent to D’. —

5.2 From induction-free proofs to primitive recursion

LEMMA 24 Suppose that D is a normal data-closed induction free proof of N(t) in ﬁ+(N) + P.
If n is the number of Successor-Introductions in D, then P F t=n.

Proof. By induction on D. By Lemma 21 the main inference of D is a data introduction or a
substitution. If D is the singleton derivation N(0) (by Zero-Introduction), then the lemma is trivial.
If the main inference is Successor-Introduction,

Dy

D = N(#')
N(st")

with ¢ being st’/, then we have, by induction assumption, P F #'=m, where m is the number of
successor introductions in Dy. Thus P + st'=sm, i.e. P+ t=n where n = m+1 = the number of
successor introductions in D.

Finally, suppose that the main inference of D is a substitution:

Dy D=

N(t) ¢=t
N(%)

D

Since D— is a simply-normal derivation of an equational formula from the equational formulas P, it
is purely equational, thus establishing P - t=t. Also, the number n of successor introductions in
D is the same as the number of successor introductions in Dy. By induction assumption we have
PFt=n. So we have P - t=n. =

PROPOSITION 25 If a function f over N is provable in ﬁ+(N), then f is primitive recursive.

Proof. Assume, without loss of generality, that f is unary. By assumption f is computed by some
program (P, f), for which )
IT(N), P - N(z) — N(f(z)).

Let D be a normal derivation in ﬁJr(N) of N(f(z)) from assumptions P and N(z). For each n € N,
let C,, be the direct derivation of N(n) using the data-introduction rules. By Lemma 23 there is a
primitive recursive function that maps every n and C,, to a simply-normal data-closed derivation Dj,
of N(f(72)). By Lemma 24 we have P  f(72) =m, where m is the number of successor introductions
in D;. Thus f is primitive recursive. o

This concludes the proof Theorem 3
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THE BOUNDEDNESS PRINCIPLE
Preliminary Summary
May 2001

Daniel Leivant*

1 The boundedness principle and the unity of implicit computa-

tional complexity

1.1 Limiting size versus limiting abstraction

Implicit computational complexity characterizes computational complex-
ity classes through rather different approaches, such as function algebras,
recurrence schemas, typed applicative calculi, descriptive characterizations
in finite model theory, and provable totality in formal theories. Across this
diversity is a dichotomy: some characterizations use explicit bounds, i.e. lim-
its on data size, and others use limits on conceptual abstraction. Bounding
is central, for instance, to Cobham’s bounded recurrence, Buss’s Bounded
arithmetic, and the global predicates and global functions of finite model
theory (more on that below). In contrast, limits on conceptual abstraction
are manifested in data ramification (in recurrence or induction), linear logic,
and weak comprehension principles in second order logic.

Most of the recent work has focused on limited abstractions, for both the-
oretical and practical reasons. Conceptually, limiting abstraction is closely
related to foundational issues, such as strong forms of predicativity, whereas
boundedness is really a machine-level measure in disguise. Practically, con-
ceptual abstractions are promising as a methodology for automatic inference
of the computational complexity properties of programs and proofs.

But what is the relation between these two approaches? Can one be
explained in terms of the other? If so, we should expect that the more
concrete of the two, i.e. boundedness, be explained in terms of the more

“Computer Science Department, Indiana University, Bloomington, IN 47405.
leivant@cs.indiana.edu. Research partially supported by NSF grant DMS-9870320
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foundational, i.e. limited abstraction. For instance, can Cobham’s bounded
recurrence be justified directly by ramified recurrence, as defined in [5]?
Here bounded recurrence for a word algebra A(C) (where C is the set of
constructors) is the definitional template

f(c,Z?) = gc(&) ¢ a constant of C'
f(sw,Z) = gs(Z, w,f(w,Z)) s a unary function identifier of C
f(w,7)] < |B(w,d)]

Put differently,

fle,7) = g(7)
f(sw,Z) = gs(&,w,f(w,Z)) truncated to length |B(w,Z)]

Indeed, we’ll show momentarily that functions defined by ramified re-
currence are closed under bounded recurrence. Underlying the proof is the
following observation, which is a simplified form of [5, Lemma 4.1].

LEMMA 1 Let A(C) be a word algebra. For each i > j > 0 there is an
upward-reconstruction function U; ; : A;, Aj — A;, such that U; j(u,v) is v
in tier i, whenever |u| > |v|.

Lemma 1 can be construed as stating that one need not worry about ram-
ification of recurrence if all one’s operations are is capped by some bound
u of higher tier. It seems that the phrase Boundedness Principle befits this
observation. Interestingly, we have an analogous situation in set theory. The
fundamental antinomies of naive set theories, such as Russell’s Paradox, are
manifestly related to circularity, not to size of sets. Yet the most widely
acceptable solution to that problem relies on a doctrine of size: Zermelo
replaced the unrestricted comprehension principle by a Separation Schema
(Aussonderungsaxiom), stating that one need not worry about comprehen-
sion if it is used within an already accepted set.

1.2 Bounded recurrence

We recall some terminology from [6]. The g.’s and gs’s functions in the
recurrence template above are the recurrence functions. For each function g
in the template above, the arguments instantiated to f(w, ¥) are the critical
arguments. If f : A;,... ,A;, — Ay, and d > 0, then the d-shift of f is
the copy of f of type Aj 14,...,Aj, tg — Agrq. Notice that all classes of
functions defined by ramified recurrence are closed under all d-shifts.

The following observation is trivial.
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LEMMA 2 For each i > j > 0 there is a downward-coercion function D; ; :
A; — A, defined by ramified recurrence, and mapping a canonical term ¢ in
A; toa in Aj.

LEMMA 3 Let A be a word algebra. Given a ramified function B : A;, A; —
Aj1, there is a ramified function B' : A, A; — Ay, (m = max(i,k+1)),
defined by ramified recurrence from B, and such that

1. |B/(sw, )| > |B'(w,)], and
2. |B'(w,2)] > |B(w,x)|

Proof. Define

B'(c,z) = B(c,z) for each constant c;
B'(sw,z) = B(sDy,w,z) ® B'(w,z) for each successor s

Here & : Apy1,Ar — A is a tiered version of the concatenation function,
used in infix notation. -

THEOREM 4 Let F be a set of ramified functions over an inductive word
algebra A(C), closed under tier-shifts. If a function f over A(C) is defined
from the (un-tiered version of) functions in F by bounded recurrence, then
it is definable from F by ramified recurrence and composition.

Proof. Let f be defined as above, where the recurrence functions and
the bounding function are (un-tiered version of functions) in F. To avoid
cluttered notation, suppose that Z consists of a single variable x. Since F is
closed under tier-shift, we may assume that the recurrence functions have a
common output tier, ¢ say. Let k& be the highest tier of the critical arguments
of the recurrence functions. Using again closure under tier-shifts, we may
assume that B has output-tier k+1. Moreover, by Lemma 3 we may assume
that B is length-increasing with respect to the first argument. Let £ be the
largest tier assigned to z in the latest ramified versions of the recurrence
functions and of B, and let rg be the largest tier of w in these ramified
functions. Let r =g¢ max(rg, k+1).

Define functions gl : Ay— Ay (c a constant of C)m gl : Ay, Ay, Ay, A1 —
A (s a function identifier of C), by

g.(z) =ar 8c(Dei(x)) where i is the tier of z in g,
8. (r,w,2,y) =at Bo(Des(w): Doy (), Ups14(y,2))) where i, j are the tiers of o and w in g,
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Now define the function f': A, Ay, Ap1 1 — A, by the ramified recurrence

f’(C,Jt,y) = glc(x)
f'(sw,z,y) = gi(z,w,f'(w,z,9),y)

Since r = the tier of the recurrence argument is > k = the tier of the critical
arguments, this is a correct ramified recurrence. Now define by ramified
composition

f(w,z) = f'(w,z, B(w, z))

By induction on |w| one verifies that this yields a definition of f, using
the facts that j majorizes f and is size-increasing with respect to its first
argument. o

1.3 Bounded induction

Analogously to the simulation of bounded recurrence by ramified recur-
rence, Ramified Intrinsic Theories (as defined in [6] justify Bounded Arith-
metic). This can be stated for the proof rules, as well as for the definable
functions. For instance, we have

THEOREM 5 The schema X%-PIND of the system Sy of bounded arithmetic
is derivable in the ramified intrinsic theory for binary words, with induction
restricted to data-predicative formulas.!

THEOREM 6 If a function f over binary words is % definable in Buss’s S3,
then f is provable in the ramified intrinsic theory above.

More general statements, as well as proofs, are postponed to the full
version of this paper.

1.4 Global predicates of finite model theory

If C is a class of finite structures over a common vocabulary, then a global
r-ary predicate over C is a function that assigns to each structure § € C an
r-ary relation over the universe |S| of S. A global predicate can be viewed as

!See [6] for the definition of the latter. Note that data-predicative formulas are the
intrinsic-theory analogues of the XY formulas of arithmetic. Also, recall that S3 is a theory
of binary words disguised as a number theory.
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a query over the structures in C, considered as data-bases. Global predicates
can be defined by descriptive devices, such as formulas, or computational
devices, such as programs in an imperative or declarative style. Descriptive
computational complexity, initiated by Immerman, relates such devices to
the complexity of computing the global predicates that they define [4]. In
most all cases the structures considered are assumed given with an order.

Global predicates over ordered finite structures can also be viewed as
binary-valued functions over binary words. If § is a structure with universe
{0,1,... ,n — 1}, then the given unary relations of S are codified by their
characteristic functions, which are 0-1 words of length n. More generally,
r-ary relations are codified as a words that list the entries of r-dimensional
matrices of size n, e.g. by using auxiliary character to separate dimensions.?
While a direct computation over S yields the truth value of a relation for
given arguments as a single step, the simulation would require a polynomial
number of steps, with the degree of the polynomial being the arity of the
relation. This yields a simulation of Descriptive Complexity Theory by
bounded recurrence over words. We give several concrete examples of this
change of perspective in the full version of this paper.

The simulation of global predicate by version of bounded recursion is the
final chapter in the use of the boundedness principle as a unifying thread in
implicit computational complexity.

2 The boundedness principle in use

2.1 Non-size-increasing functions

Much has been said in recent years about the limitation of ramified
recurrence to permit common poly-time algorithms. We argue that to a
large degree these shortcomings are related to inessential constraints. In
particular, the behavior of non-size-increasing functions is related to the
boundedness principle.

A typical example is the insertion sort algorithm, for lists over a data

2For instance, a binary relation is coded by its 2 dimensional 0-1 matrix, coded as a
word in {0,1,$}", with $ used to separate the listings of rows.
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type A with an order relation <:3

insert(a,[]) = [a
insert(a,b:: 1) = ifa<b
then a :: (b :: 1)
else b :: insert(a, )
sort([]) = 1]
sort(a :: [) = insert(a,sort(l))

The definition of insert can be trivially ramified, but with the input-list at
higher tier than the output tier. This blocks the ramification of sort. The
algorithm is nonetheless in poly-time, because insert does not increase the
combined size of its input. Hofmann has developed a type system to address
this and similar issues [3]. Among its several innovative features, it deals
with the issue of size-increase by typing the constructors not as functions
from objects to objects, but as functions that also consume a singleton type
o, a “construction permit token” so to speak.

Hofmann’s formalism is highly innovative on many counts, and opens
new possibilities for automatic inference of type systems that guarantee
complexity bounds. The complexity of his type system is then relatively
inconsequential, since it is transparent to the programmer. The point we
raise here is that from a purely mathematical viewpoint, non-size-increasing
functions have a straightforward treatment in the framework of ramified
recurrence, albeit not one that lends itself to easy type inference. Indeed,
non-size-increasing functions can be defined by free use of recurrence, simply
by using the input itself as the bound. In the particular example above, one
might even use simply the list input of insert as a “clock”, that is, defining
sert : Ay, Lo,y — Lo, where L is the type of A-lists. The last list
argument is the clock:

insert(a,[],m) = |[a]
insert(a,b::l,c:m) = ifa<b
then a :: (b :: 1)

else b :: insert(a,l,m)

*We follow [3] in using [] for the empty list, and a :: I for cons(a, ).
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We can now define sort: L; — Ly by ramified recurrence:

sort([]) = ]

sort(a :: 1) = insert(a, D gsort(l),!)

A caveat is that the definition above of insert is no longer a recurrence,
but rather a recurrence with parameter substitution. However, the substi-
tution is performed exactly once, and it has been known for a while (see e.g.
[1]) that this form of more liberal ramified recurrence still preserves poly-
time. The general form for such recurrences is (for a single sorted inductive

algebra A(C))

f(C(ZEl...,’L'r),g,Z) = gC(fagafcla"'fCT‘)
where

fei = f(@i, 9, hei(¥, 2))
for each constructor ¢ of C, where r = arity(c) > 0

In the ramified version we require that the recurrence argument be of tier
higher than the critical arguments. Note that in the parameterizing func-
tions h¢; the argument z has the same tier as that of the function’s output,
so such functions, if defined by ramified recurrence, are explicitly defined
from the algebra constructors.

The ramified schema above preserves the function feasibility, in the fol-
lowing sense: if all parameterizing functions are computable in constant
time on a pointer machine for A(C), then f is computable in poly-time on
such machines from the functions g.. If the algebra A(C) has constructors
of arity > 2, then pointer machines over A(C') are not in general simulated
by Turing machine. Thus, we obtain truly poly-time complexity only when
the recurrence argument has only one predecessor.

2.2 Singly-parameterized recurrence in multi-sorted data-
systems

Consider now multi-sorted data-systems, as described in [6]. The general
form of recurrence requires in general simultaneous recurrence for all the
sorts, since those may be generated simultaneously. However, if the sorts are
generated hierarchically, then there is no need for simultaneous recurrence.
For example, in the data system consisting of a sort W of binary words and a
sort IL of lists over W, then the generation of W is completed independently of
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L. The list constructor cons, of type W, L. — L, has therefore one destructor,
and the corresponding clause of the recurrence template takes the form

f(cons(w, l), '!77 Z) = gc(wa l, '!77 fc)
where

fC = f(l7 g) hC(ﬂ) Z))

2.3 Ramified regression

The starting point of our discussion was the presence of fast algorithms,
stated as equational recurrences, that cannot be ramified. But the issue goes
beyond ramification. Consider the following algorithm for the difference (in
absolute value) of two natural numbers:

diff(0,z) = =
diff(z,0) = =z
diff(sz,sy) = diff(z,y).

From Colson’s work [2] we know that diff has no primitive recursive definition
that runs in time proportional to the smallest of the inputs, a property that
is evident for the definition above.

It seems, therefore, that we should be interested not only in ramifica-
tion/typing systems that admit more definition by recurrence, but in new
types of recurrence as well, i.e. in the broader question of rewrite systems,
and their ramification. As a modest beginning, let us propose a schema of
ramified recurrence that admits all examples above. For clarity, we state
it first for word algebras A(C); the generalizations to arbitrary inductive
algebras, and further on to multi-sorted inductive data-systems, is unprob-
lematic.

We call the terms generated from variables and the constructors of C'
base terms. For base terms t,t’ we write t < t’ if t is a subterm of t,
and t < t/ if it is a strict subterm of t’. For tuples t = (t1...t;) and
t' = (t]...t}) we write t <t/ if t; < t\ fori =1...k, and t; < t; for at
least one j.

The schema of singly-parameterized regression allows the definition of a
partial function f over A(C') by clauses of the form

f(EZ;Z) = gé(fazafﬁ)
where

fl = f(téafah(faz))
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Here Z are the variables in t. The latter are dubbed the regression argument
of the clause. The essential requirements are:

1. ¥ < t in each clause.

2. If £y and t; are the regression arguments of two clauses, then they
cannot be unified. This guarantee that the clauses do not generate
multi-valued functions, but we see no reason to exclude the definition
of partial functions.

In the ramified version of the schema above we require that the tiers of
the regression arguments all exceed the tier of the critical argument fy; i.e.:
if there is a critical argument, then the tiers of the regression arguments all
exceed the output-tier.

Note that Colson’s algorithm is a simple case of the template above;
moreover, it is obviously ramified.

THEOREM 7 If a function f over an inductively generated algebra A(C') is
defined by ramified singly-parameterized regression, then if is computable in
poly-time on a pointer machine over A(C). In particular, if A(C) is a word
algebra, then f is poly-time.

THEOREM 8 If a function f as above is defined by an (un-ramified) singly-
parameterized regression, with a bounding function j, then f is defined from
the regression functions and j by ramified singly-parameterized regression.

2.4 Flat versus non-size-increasing functions

Consider again the example above of insertion-sort. We have shown
that the recursive definition can be ramified, provided we admit singly-
parameterized recurrence. The input list [ is used in two ways: as a higher-
tier object to clock the computation, and as lower-tier object that is being
transformed into another list of the same low tier. Put differently, the high-
tier copy of [ iterates a “flat” function (albeit a function with a high-tier
parameter). The fact that insert is non-size-increasing was a related facet
of the same situation, but not an essential facet.

To see the difference consider the following program, which when given a
list of elements as input, produces a sorted list with each element duplicated.
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dupinsert(a,[])) = [a,aq]
dupinsert(a,b:: 1) = ifa<b

thena:a: bl
else b :: dupinsert(a, )

dupsort([]) = ]
dupsort(a :: I) = dupinsert(a, dupsort(l))

Here dupsort is not length-preserving, and yet the definition can be

ramified just like the definition of sort above.
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We refer to termination proofs for equational programs, in the framework of [26]
for verification of equational programs, dubbed intrinsic theories. We show that a
natural notion of data ramification yields variants of intrinsic theories, whose provably
total functions are precisely poly-time, linear-space, or Kalmar-elementary, depending
on the underlying data and the allowable instances of induction. Using an orthogonal
approach, we showed in [27] that natural structural conditions on the use of induc-
tion lead to restricted intrinsic theories whose provably total functions are precisely
major computational complexity classes: depending on the theories, the classes are
poly-time, linear-space, or primitive recursive. All these theories provide, therefore,
a setting for automatic inference of program complexity, without explicit reference to
implementation, machine models, or dataflow analysis.

In those intrinsic theories above that characterize poly-time, linear-space, or prim-
itive recursion, induction is limited to “data non-negative formulas” (a generalization
of Y formulas). When induction is permissible for all formulas, additional functions
become provable: the formalisms for poly-time and linear-space yield then the Kalmar-
elementary functions, and those for primitive recursion the provably recursive functions
of Peano Arithmetic. Here we also consider these intrinsic theories, with induction
permissible for all formulas in the language, but where the multiplicity of working
assumptions (in a natural deduction) is restricted, at least for non-data-positive for-
mulas. We show that when multiplicity is disallowed, unrestricted induction does not
yield any new provably total functions: we still get poly-time and linear-space, as for
the original intrinsic theories.
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1 INTRODUCTION

1.1 Implicit computational complexity

This paper is a contribution to Implicit Computational Complexity, i.e. the collection
of approaches to computational complexity that have emerged over recent years, which de-
fine and classify the complexity of computations without direct reference to an underlying
machine model. The motivation is that the complexity of a computation should be visible
from its high level specification, without a machine level examination of resources, such as
time and space. The machine-independent high-level approaches for characterizing com-
putational complexity cover a wide range, including applicative functional programming
languages, linear logic, bounded arithmetic and bounded set theory, database languages in-
terpreted over finite structures, and structural restrictions on program termination proofs.
Each such approach introduces measures of resources and corresponding notions of com-
plexity, such as complexity of proofs, kinds of set existence principles, numbers and order
of variables, etc. Close correspondences have been unraveled between such approaches and
major computational complexity classes, as well among various approaches. These are testi-
mony to the fundamental and robust nature of the concepts being explored. The hope is that
the conceptual approach to computational complexity being developed will not only enhance
our understanding of difficult questions in complexity but also, through migration of these
concepts into database theory, functional programming languages, and formal methods in
hardware and software design, aid in the engineering management of complexity.

1.2 Proof theoretic computational complexity: general aims

The proof theoretic approach to implicit computational complexity identifies major func-
tional complexity classes as consisting precisely of the computable functions that are proved
to be well defined (i.e. terminate for all input) in particular formal theories. There are two
broad application areas for this effort. From the viewpoint of software engineering, one
would hope to have formal tools for program verification development that would guaran-
tee feasible execution of those programs verified and generated, without direct reference to
the implementation of these programs. On the other hand, from the viewpoint of Feasible
Mathematics the aim is to identify proof methods that are “feasibly safe”; that is, where
theorems proved using only such methods are guaranteed to be true feasibly; e.g., such that
if one proves a formula Vz3yp[z, y| over alphanumeric words, where ¢ is quantifier free, then
there is a poly-time functions f such that ¢z, f(x)].

A number of characteristics are beneficial in meeting the two broad aims above. These
might not be all completely achievable or compatible, but they are desiderata worth keeping
in mind.

1. Fit with programming languages. Formal tool for reasoning about programs should
mesh well with the programs themselves.
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2. Data genericity. The natural numbers have been the underlying data of foundational
mathematics, whereas the canonical data of computing theory is words over finite
alphabets. The two approaches are basically isomorphic within sufficiently powerful
tools, where words are coded by numbers. They are quite disjoint in feasible mathemat-
ics. Our formal methods should therefore address primarily symbolic data, not natural
numbers. Better yet, it might address generically all forms of inductively generated
data, including tree algebras (which are useful for fast data-retrieval in implementations
of databases).

3. Transparency. The formalisms should be compatible with a user friendly formal devel-
opment of mathematics. The fact that the structure of certain proofs guarantee certain
computational properties of the theorems they derive is then to be automatically de-
duced as an afterthought, so to speak. One may then envision a library of formal
mathematics, presented in an un-obstructive style, and where useful computational
complexity bounds automatically ensue from a simple observation of the proofs.

4. Programming generality. Clearly, the programming language one refers to must be gen-
eral: it would make no sense, for instance, to study proof theoretically a programming
language already known to capture poly-time, say Bellantoni-Cook’s safe recursion [2].
More interestingly, one wishes to capture not only all functions of complexity class X,
but as many programs/algorithms in X.

1.3 Contributions of this paper

We refer here to the verification methodology for equational programs of [23, 26|, dubbed
intrinsic theories. The underlying idea is very simple, yet surprisingly fruitful: for each
inductively-generated data system C' we create a skeletal theory IT(C'), whose axioms are
merely data-introduction axioms, i.e. the closure of data under the basic constructors, and
data-elimination, i.e. induction axiom-schemas for the data types.

The results reported here are in two directions. First, we define ramified intrinsic the-
ories, for reasoning about general equational programs, and we show that they capture
precisely poly-time, linear-space, and Kalmar-elementary, depending on structural restric-
tions on induction. These formalisms were described in broad strokes in [23], but the results
are unpublished. We then investigate options for allowing induction for all formulas, without
spilling out of poly-time. The conditions we obtain can be stated either by structural prop-
erties of proofs, or, more attractively, by substructural logical rules. These rules bear loose
relation to linear logic, but do not invoke modal operators or linear connectives.! Similar
results hold for the predicative induction of [27], as reported above. These results further
the usefulness of intrinsic theories as a framework for transparently deriving computational
complexity properties of equational programs, as they allow greater flexibility in permissible
proof methods.

!The relation to Linear Logic is more tenuous than may first seem.
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1.4 Comparison with other works

Proof Theory has a long tradition of investigating relations between provable properties
of (computable) functions and their computational complexity. Most significant was Godel’s
discovery that the provably recursive functions of first order (Peano) arithmetic are precisely
the functions definable by primitive recursion in all finite types [9]. This approach was
applied by Buss to computational complexity by focusing attention on formulas in which
quantifiers are suitably bounded [6, 16]. Bounded Arithmetic ties well with traditional proof
theory and its well-developed tools, but has virtually no fit with any programming language
(functions are referred to via codings, as only a few basic functions are explicitly named).

Proof theory for direct, coding-free reasoning about equational programs was introduced
in [19], and related to computational complexity in [21]. These studies focused on second
order formalizations, with feasibility of provable functions being guaranteed via restrictions
on set-existence (i.e., comprehension). First order intrinsic theories were introduced in [23],
with the feasible variant using data ramification, a concept considered earlier for function
definition by recurrence, and introduced independently in [28], [20], and [2].?

Ramified recurrence for higher-type functions leads to functions of exponential growth,
by allowing size-duplication at each cycle of an iteration ([17], revised as [25]). Analogously,
induction for arbitrary formulas has the same effect on the provable functions of ramified
intrinsic theories. Recent studies have attempted to counteract these computational effects
of higher-type recursion and unrestricted induction, by using syntactic restrictions that block
duplications. One variant of this approach simply refers to an applicative calculus for recur-
rence, and simply disallows duplications of certain variables; this idea is basically due to Neil
Jones [14], and refined in [24].> Another variant uses linear types and modalities to achieve
a similar effect [5].*

A proof theoretic analog to [5] was developed by Bellantoni [4]. This was greatly stream-
lined in [3], a formalism which does away with the explicit use of linear implication, and
uses the modal O to both simulate ramification and to permit limited forms of duplications.
This work bears substantial similarities to our Theorem 7 (though not to the rest of the
paper, in particular not Theorem 5, which is of independent interest). However, Theorem
7 is stronger than [5] in at least two important ways. First, we permit multiplicity of as-
sumptions for a much broader class of formulas than [5]. Second, induction in our system
is for all formulas, including references to all tiers, whereas induction in [5] is restricted to
O-free formulas, i.e. to formulas that refer to base tier only. Moreover, our entire treatment
is generic with respect to the underlying data. Finally, our formalism is more transparent, in
the following sense: each of our proofs is a correct proof in the unrestricted intrinsic theory,
with tiering information added. A proof in [5] would typically contain extensive uses of
axioms and inference rules for the O operator; this machinery can be eliminated, yielding an

2The use of ramified data as a sorted algebra with well-typed composition was introduced in [22].

3This method is combined there not with data ramification, but with an alternative method of controlling
unfolding of recurrence.

4A modal type constructor O is used there to generate tiers, a method introduced independently in [11]
and [25], where p is used in place of O. However, it seems that the modality also serves there to prevent
duplication, in combination with the linear implication.
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unrestricted proof, but it is a far trickier feet to recover the original, modal proof, from the
latter “collapse”.

2 INTRINSIC REASONING ABOUT EQUATIONAL PROGRAMS

2.1 Intrinsic reasoning about equational programs

In [23, 26] we introduced a verification methodology for equational programs, dubbed
intrinsic theories. For each inductively-generated data system C' one uses a skeletal theory
IT(C), whose axioms are merely data-introduction axioms, i.e. the closure of data under the
basic constructors, and data-elimination, i.e. induction axiom-schemas for the data types. We
focus here on a single-sorted set C' of constructors, so the functionality of each constructor is
determined by its arity, a natural number > 0. The constructors of arity 0 are the constants.
If C' has no constant then there are no C-terms, and if it has no constructor of arity > 0
then the set of terms is finite. In either case we say that C'is trivial. If all constructors in C'
have arity < 1, and at least two constructors have arity 1, then the generated algebra A(C')
is a word algebra. If a non-trivial C' has only constants and one constructor of arity 1, then
A(C) is a unary algebra.

The vocabulary of the intrinsic theory A(C') consists of the constructors of C, and one
unary relation identifier D (or one for each sort, for multi-sorted data system). Suppose C
refers to a single ground type /N, and has the constant 0 and the unary constructor s, thus
generating the set N of natural number (in unary notation). Writing N for the unary relation
identifier D, the axioms of IT(N) are then the data-introduction axioms, which written as
inference rules read

_ N(t
N(©)  and N((st))

and the induction schema (only one for a single-sorted data-system),

N(t) [0] V. plz]— plsz]
elt]

See [26] for the generic rules.

We refer to equational programs over the data-system in hand. Each such program
consists of a finite set P of equations between terms, where the terms are built from variables,
the constructors (0 and s in the case of N), and program function-identifiers. One identifier, f,
is singled out as the program’s principal identifier. If fis r-ary, and f is an r-ary function over
the data-system, then we say that P computes f when, for all base terms a; ...a,,b € A(C),
f(ai,...,a,) = b exactly when the formal equation f(a,...,a,)<b is derived from P in
equational logic. Note that this definition allows arbitrary recursion, including simultaneous
recursions.

A program P with principal function identifier f, say a unary function over N, is said to

be provable, if
IT(C),YP,N(z) - N(f(x))
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where VP is the universal closure of P.

THEOREM 1 [23, 26] The provable functions of IT(N) are precisely the provably-recursive
functions of Peano Arithmetic. More generally, if A(C') is a non-trivial inductive algebra, then
the provable functions of IT(C) are precisely the functions over A(C') whose numerically-
coded counterparts under any of the standard numeric data codings) are provably-recursive
in Peano Arithmetic.

The intrinsic framework is generic with respect to data systems, and it enables explicit
reasoning about functional programs without recourse to numeric codes or a logic of partially-
denoting terms. Among these programs are ones whose termination cannot be proved within
the formal theory used. This makes it possible to freely refer to partial computable functions
whose termination cannot be proved; for example, in a formalism for poly-time we can refer
to Ackermann’s Function, though its termination is surely unprovable. Conceptually, the
framework lends itself to a delineation of various forms of finitistic and predicative ontologies
of data, and to proof theoretic characterizations of computational complexity classes, as we
do here. Such formalisms are quite different from the well developed framework of Bounded
Arithmetic, and offer an expressively rich and unobtrusive setting for formalizing Feasible
Mathematics, e.g. Poly-time or Poly-space Mathematics. Moreover, the framework can
be adapted to other form of declarative programming, such as logic programs. We refer
the reader to [26] for additional details, motivation, background, and fundamental proof
theoretic results.

2.2 Easy proofs of unfeasible functions

The intrinsic framework makes it clear why certain rapidly growing functions have easy
proofs. For reference in the sequel, let us show that exponentiation over N is provable,
by referring to two definitions of exponentiation. First, we have the usual definition by
(primitive) recurrence of exponentiation from addition and multiplication.

r+0 = =z rx0 = 0 x#0 = s0
r+sy = s(x+y) rxsy = (zxy)+z z#sy = (z#y) Xz
For this program we have the following proof, where for readability we omit uses of the

program, and use instead double-bars to indicate such uses (via equational rules), as well as
other trivial short-cuts.

N((z#p) x z + u)

N((z#p) x z)  N(s((z#p) x z +u))
N(z#p) N((z#p) x z+0) N((z#p) X z + su)

N(0) N(((z#p) x 2) + z#p)
N(0) N(z) N((z#p)x0) N((z#p) x sz) .
N(s0) N((z#p) x x)
N(g) N(z#0) N(z#(sp)) o
N(z#q)

MaAy 2001



81

Leivant SUBSTRUCTURAL PROOFS AND FEASIBILITY 7

Note that here the induction assumption N(xz#p) is used as the major premise of a (nested)
induction.

An alternative definition of the base-two exponential function exp is

eﬁO,y) = sy exp(z) = e(z,0).

e x,y) = e(x,e(x,y))

A natural deduction in IT(C) for this program:

Vy (N(y) — N(e(u,y)) N(y) —N(e(v,y)) N(y)
N(y) N(e(u, y)) — N(e(u,e(u,y))) N(e(u,y))
N(sy) N(e(u,e(u,y)))
N(e(0,y)) N(e(su, y))
N(z) Vy(N(y)—N(e(0,y))) Vy (N(y) — N(e(su,y))) o
Vy (N(y) — N(e(,y))

Note that here the induction formula has N in both positive and negative positions. More-
over, the assumption Vy (N(y) — N(e(u,y)) is used twice.

2.3 Intrinsic theories and computational complexity

Intrinsic theories lend themselves to at least four sorts of restrictions: data ramification,
structural conditions on induction formulas, structural conditions on working assumptions
of inductions, and conditions on multiplicity of working assumptions.

Structural conditions on induction formulas and assumptions are studied in [27]. Two
sorts of restrictions are considered there: limiting the form of induction formulas, and limiting
the dependence of induction’s data (=leftmost) assumption. As usual, say that an occurrence
of N in a formula A is positive (respectively, negative) if it is in the negative scope of an even
(respectively, odd) number of implications and negations. Call a formula ¢ in the vocabulary
of IT(C) data-positive if D has positive occurrences in ¢, and data-predicative if it does not
have both positive and negative occurrences of D. For example, the renditions of X9 and
of IIY formulas in IT(N) are data-predicative. Indeed, a X} formula 3z ¢,, where ¢, is
a quantifier-free formula of primitive-recursive arithmetic, is rendered by 3z N(z) A ¢, in
which N occurs only positively. Similarly, the IT formula Vz ¢, is rendered by Vo N(z) — ¢y,
in which N occurs only negatively. However, the renditions of £ and of IT5 has N occurring
both positively and negatively, and are therefore not data-predicate. Note, also, that the
induction formula in the proof above for the function exp is not data-predicative.

Call an open assumption of the data (=leftmost) premise of induction in a derivation D
a working induction dependence if it is closed in D. Call a derivation D induction-predicative
if it has no data-positive working induction dependence. Note that this notion refers to the
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derivation as a whole, and not to the instance of induction on its own. The proof above for
the exponential function # is not induction-predicative.

An alternative way of stating predicative induction, without conditions on proofs as a
whole, uses the notion of dual-sequents, i.e. triplets ©;, = ¢, where © and , are multi-sets
of formulas, and ¢ is a formula. The intent is that © is the set of global assumptions,
which are not closed by inferences. An initial sequent is then of the form ©;, = ¢ where
p € OU, . Other than that, natural deduction inferences leave the set of global assumptions
unaffected. Predicative induction, for N say, takes then the form:

(—);7 1= N(t) @77 2 = CP[O] @’7 3,(,0[2] = QO[SZ]
@7 ) 1772773:>90[t]

under the proviso that no formula in , ; is data-positive (and, as usual, z is not free in the
derived dual-sequent).

THEOREM 2 [27]

1. The functions provable in IT(C') with induction restricted to data-predicative formulas
are precisely the functions computable in primitive recursive time.

2. The functions provable by induction-predicative proofs in IT(C) are precisely the
Kalmar-elementary functions.

3. The functions provable in IT(C') under both restrictions above, are precisely the func-
tions computable in poly-time on a register machine over A(C), i.e. the poly-time
functions in case A(C') is a word algebra, and the linear-space functions in case A(C')
is a unary algebra.

3 Ramified intrinsic theories

3.1 Definition of the formalism

As outlined in the Introduction, we consider single-sorted inductively generated algebras.
The simplest non-trivial example is the single-sorted algebra N of the natural numbers,
generated by a zero-ary constructor 0 and a unary constructor s (the successor function).
The single-sorted algebra W of binary words is generated from a zero-ary € (the empty
word) and two unary functions 0 and 1; we identify the words €, 0, 1, 00, ... over {0,1}
with the W-terms €, 0e, 1€, 00¢, ..., generated from the constructors. The general case of
a single-sorted system has a finite set C' = {¢;...c;} of constructors (i.e. reserved function
identifiers) of some arities r; .. .7, > 0 respectively, from which the term algebra A(C') of the
closed terms over c; ... c; is generated inductively. We shall not dwell here on multi-sorted
inductive data systems, which are treated in [27].
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The ramified intrinsic theory for A(C), RIT(C), is the first order theory defined as
follows. The vocabulary consists of the constructors in C', and of unary relational identifiers
D,, D, Dy, ..., which we dub the tiers. The azioms, which we write as inference rules,
consist of data introduction arioms and a data elimination (induction) schema. The former
state that each D; is closed under the constructors:

D;(t;) --- Dy(t,)
Di(C(tl Ce tr))

Thus the intended semantics is that each D; is a copy of A(C).

for each constructor c, of arity r > 0, and every ¢ > 0

The data elimination schema has two cases. The main form, ramified induction, is

D;(t) CLOSED¢[¢]
elt]

for all formulas ¢ in which no D; appear with j > i. Here CLOSED[¢] states that A\z. ¢[z]
is closed under the constructors; that is, the conjunction, over the constructors ¢ of C, of
the formulas

V... xp. /\cp[xz] — [c(Z)] r = arity(c)

A degenerated form of induction is Reasoning-by-Cases, which for N reads

N(t) »[0] «[sa]

and for an arbitrary single-sorted algebra A(c; ...cy) reads

D(t) elci(zr...z)] -+ le(mr...xp,)]
o[t]

For Reasoning-by-Cases our formalism has no ramification conditions, that is

Di(t) elei(zr.. o)) -0 @lep(zr.. . zp)]
Plt]

regardless of the tiers occurring in ¢.
A philosophical rationale for ramified formalisms was outlined in [23].

It is also natural to consider separation arioms, which guarantee that the denotation of
all ground terms are distinct; for N these are Peano’s third and fourth axioms, Vzsx # 0
and Vz,ysr = sy — x = y. However, these axioms have no effect on the provability of
programs, as defined below; see [27].
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3.2 Provable functions

An equational program P over A(C'), with principal function-identifier f of arity r, is
provable in RIT(C) if for some i; .. .14, j the formula

Di, (1) A --- Dy, (2,) — D;(£(7))

is provable in RIT(C) from VP.5 A function over A(C') is said to be provable in RIT(C) if
it is computed by some program provable in RIT(C).

It is easy to see that D;(z) — Dj(x) is provable whenever ¢ > j. From this it can be
shown that the collection of provable functions is closed under composition.

Our main results about the provable functions of ramified intrinsic theories are as follows.
Let A(C) be a non-trivial® inductively generated algebra.

THEOREM 3 A function over A(C) is provable in RIT(C) iff it is computable in elementary

2
time, i.e. in time of order 2°  for a fixed stack of 2’s.

Let RIT(C) be the sub-formalism of RIT(C') in which induction is restricted to data-
predicative formulas (as defined in §3.2 above).

THEOREM 4 A function over A(C') is provable in RIT™ (C) iff it is computable in polynomial
time on a register machine over A(C), i.e. iff it is poly-time where A(C') is a word algebra,
and linear-space where A(C') is a unary algebra.

In Theorems 4 all functions are in fact provable using Dy and D; only, albeit with more
complex proofs.

3.3 Provability of functions

We outline first a proof of the backward implications of Theorems 3 and 4, showing that
functions in the given complexity classes are provable in the corresponding intrinsic theories.

Refer first to N and to the standard definitions by recurrence of + and x. It is easy to
prove by induction, in RIT"(N), that N;,;(z) A N;(y) — N;(z + y), from which N;(z) A
Ni:1(y) — N;i(x x y). Moreover, our proof above for the function exp is in RIT(N), where
we rewrite N(z) as Ni(z), and rewrite N(---) as Ng(---) elsewhere. Since the provable
functions (of any of the formalisms considered) are closed under composition, these results
show that all polynomials are provable in RIT"(C) provided A(C) is non-trivial,” and all
elementary functions are provable in RIT(C), provided A(C) is not trivial.

5Tt can be shown that other natural definitions are equivalent to this. For instance, one may require
i1 = --- =1, and/or i, > j without changing the collection of provable functions.

6Recall that A(C) is non-trivial iff it is infinite.

"Considerable more work is needed to show that all polynomial are provable using only two data levels;
see [22] for an analogous proof for function definition by ramified recurrence.
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In our generic setting, the natural machine model is also generic, namely register machines
over A(C), as defined e.g. in [22]. There it is also shown that the transition functions of
configurations over register machine are definable by simultaneous ramified recurrence in base
type. It is easy to see that such definitions preserve provability in RIT"(C). Combined with
the availability of elementary-time clocks in RIT(C), it follows that all function computable
in elementary time are provable in RIT(C'). Since polynomial time clocks are available
in RIT*(C), and Turing machines are trivially simulated by register machines over word
algebras, it also follows that all poly-time functions are provable in RIT*(C) for any word
algebra A(C'). Finally, all linear-space functions over N (and other unary algebras) are
computable in poly-time by a register machine over N (see [22], the proof idea is due to
Gurevich), from which the backward direction of Theorem 4 follows.

3.4 Complexity of provable functions

We now tackle the converse implications in Theorems 3 and 4, showing that provable
functions are in the corresponding complexity classes. For proofs in constructive (i.e. intu-
itionistic) logic, we can use the collapsing Curry-Howard morphism x of [26], as follows.

Suppose P is a program with principal function-identifier f, computing a function f over
A(C). Let D be a derivation of D;(Z) — D;(f(%)) from P. First, we may assume without
loss of generality that D is in fact in minimal logic, as shown in [26]. The homomorphism
k then maps D to a term xD that defines f. If D is in RIT(C) then D is a term in an
applied A-calculus with the constructors of C' as constants, and with ramified recurrence
operators for all ramified types, as defined in [25]. It is shown there that all such functions
are computable in elementary time.

If D is in RIT"(C), then xD is as above, but with ramified recurrence operators of types
that are products of the base type.® Such A-recurrence-terms are simply function definitions
by ramified recurrence, defined in [22], and shown there to be computable in poly-time by
register machines over A(C'). For word algebras these are precisely the poly-time functions,
and for unary algebras the linear-space functions.

For provability over classical logic, we are uncertain as of this writing whether the method
above can be adapted. While it is easy to map a classical convergence proof to an intuition-
istic one (as shown in [26]), the restriction of induction to data-predicative formulas may
be violated in the process. An alternative method which does yield the result, albeit at
considerably greater effort, is a direct analysis of the complexity of normalization of natural
deduction derivations, as developed in [27] for an analogous (un-ramified) result.

8In sorted data-systems there may be several base types.
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4 Solitary intrinsic theories

4.1 Origins and motivation of solitary deductions

It has been known for long that allowing resources to be invoked only once is related
to poly-time computation. For instance, linear logic leads to poly-time [8, 7], second-order
existential database queries are poly-time if the matrix is Horn [18, 10], monotone inductive
definitions (where each object is inserted only once) define exactly the poly-time queries
over finite structures, ramified recurrence with parameters does not lead out of poly-time if
only one parameter is used [1], Turing machines operating in poly-space accepts exactly the
poly-time languages if non-blank tape-cells cannot be reused, etc.

Continuing in this vein, Martin Hofmann [12] developed a linear-types ramified functional
calculus that defines exactly the poly-time non-size-increasing functions, even if recurrence
is used at all finite types. Independently, and building on ideas of Jones [14], we showed [24]
that allowing abstracted higher order functions to be used only once in A-recurrence terms,
yield exactly poly-time. Here we demonstrate an analogous result for program provability:
the provable functions of IT(C') are exactly the poly-time functions if we allow closing of an
assumption (in a natural deduction system) only if it is used once.

Proof theoretic characterizations of poly-time that build on linearity have already ap-
peared, among others in [3]. The main advantage of our present result is that it does not
require an overlay of syntactic machinery on the formulas; the proofs we consider are all
proofs in intrinsic theories (whose syntax is extremely simple), and the structural properties
that they satisfy can be automatically checked.® This yields a transparent machinery for
certifying program feasibility.

Since poly-time has rather simple proof-theoretic characterizations (e.g. [27] and The-
orem 4 above), the main motivation of restricted-multiplicity conditions is the attempt to
permit induction for all formulas, thereby providing the user of the formalism (human or
automated) with a larger arsenal of methods. Consequently, it is self-defeating to abandon
in the process other methods, notably if the latter are important and natural. For instance,
taken in isolation, restricted multiplicity disallows a direct and simple proof of the squaring
function! Indeed, one would wish to combine the advantages of various approaches, rather
than piling up the hurdles of using them. We show below that one can use different restric-
tions on formulas, depending on whether they correspond under Curry-Howard to first-order
or higher-order types. If we restrict the former as in [27], and the latter by the multiplicity
condition above, then we add a proof method to our arsenal without losing any.

4.2 A sequential formalization of solitary derivations

Rather than imposing explicit restriction on closing of assumptions in derivations, we can
formalize solitary derivability using a substructural calculus. Consider the following natural

9Note that we do not make this claim for ramified intrinsic theories.
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deduction inference rules for the logical operators, exhibited in a sequential style. A sequent
here is a pair, = ¢ where , is a multi-set of formulas, and ¢ is a formula. We write ¢ for
{p}, and , ;A for , UA. As usual for multi-sets, the multiplicity in , U A of a formula
is the sum of its multiplicities in , and in A.

P =
, = P A:>d) ,:>‘P0/\(P1

P =Y I , > 9= A= B
, =t A= -

, = ¢l , = Vo [a] VE
, = Vap[r] , = p[t]

, = @lt] , =z plr] Al = -
, = 3z (7] A=

Note that the rule above for conjunction introduction is the linear logic rule for mul-
tiplicative conjunction, whereas the rule of conjunction elimination is the rule for additive
conjunction. It seems that strengthening the latter to the multiplicative rule for conjunction

elimination,
, Yo AP Ay, =
A=

makes no difference as to the set of provable programs, and we could have adopted it instead.
However, our approach here is not based on distilling a fragment of linear logic. Indeed, we
do not re-interpret the logical connectives as conveying limited use of resources, but limit
instead the use of assumptions as logical resources, at the level of the derivation rather than
that of the formulas.

4.3 Solitary deductions and poly-time

THEOREM 5 A function f over A(C) is provable by a solitary and induction-predicative
derivation of IT(C) iff f is computed in poly-time on a register machine over A(C), i.e. iff
f is poly-time where A(C') is a word algebra, or f is linear-space where A(C') is a unary
algebra.

Proof Outline. To see that every poly-time function is provable, first observe that the
derivation above for multiplication is solitary and predicative. Note that we insist here on
using a formulation of function provability as VP, D(Z) - D(f(Z)), which for solitary deriva-
tions is a more liberal condition than D(Z) F D(f(%)): in the former the open assumptions
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D(Z) and VP may be used any number of times. This allows iteration of multiplication,
whence the provability of polynomial “clock” functions. The configuration-transition func-
tions for register machines, defined in [22], are trivially provable by solitary predicative
derivations, completing the backward direction of the proof.

To prove the converse, assume that f is a function over A(C'), provable by a solitary
predicative derivation of IT(C'). The proof of [26, Corollary 11] transforms a solitary pred-
icative derivation of IT(C') based on classical logic to a solitary derivation of RIT(C') based
on minimal logic. The latter is mapped, under the homomorphism « defined in [27, §3], to
a solitary input-driven term in the ramified A-recurrence-calculus of A(C'), defined in [24],
which defines f. As proved there, all functions definable in that calculus are poly-time. -

THEOREM 6 A function f over A(C) is provable by a solitary derivation of RIT(C') iff f is
computed in poly-time on a register machine over A(C'), i.e. iff f is poly-time where A(C)
is a word algebra, or f is linear-space where A(C') is a unary algebra.

Proof Outline. The backward direction is similar to the analogous direction for Theorem
5 above. It is essential here that we have available the un-ramified form of Reasoning-by-
Cases, in showing that the configuration-transition functions are provable as tier-preserving
(i.e. Do(x)— Dgo(f(x)), so that that the iterate is provable, by Induction.

To prove the converse, assume that f is a function over A(C'), provable by a solitary
derivation of RIT(C). We proceed as in the proof of Theorem 5 above, to obtain a solitary
term in the ramified version of the A-recurrence calculus for A(C'). Here we need an extension
of the result of [24], where recurrence need not be input-driven, but instead is ramified. A
straightforward induction on the tier of the Ramified Induction concludes the proof. (The
proof in [24] gives the induction step of the meta-proof.) =

4.4 Combining ramification and non-multiplicity

In Theorems 5 and 6 we showed that we can trade the restriction of induction to positive
formulas for a prohibition of assumption multiplicity. The class of provable functions is
poly-time in either case. While this result is potentially beneficial in some cases, it seems
that multiple invocation of assumptions is, in fact, used and needed in actual proofs far more
frequently than induction over non-positive formulas.!® Fortunately, the two restriction are
orthogonal, and we can relax the multiplicity restriction to non-data-negative formulas.

THEOREM 7 Let T be either predicative IT(C) or RIT(C). Let T' be T, where multiple
assumptions are closed only for data-non-negative formulas. Then the provable functions of
T are precisely the functions computable in poly-time on a register machine over A(C').

10We may trivially permit in RIT*(C) induction also on formulas with only negative occurrences of D,
which include the renditions of TI} formulas.
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The proof that all provable functions are poly-time follows the pattern in the proofs above,
with a significant elaboration of the A-recurrence calculi considered. We omit the detail, and
just point out the essential feature of the situation: when closing multiple occurrence of
an assumption is prohibited for non-data-negative formulas, inductions must either be for
non-data-negative formulas, or else have solitary proofs for the premises.

4.5 Extensions and future research

Our work in progress focuses on two directions in the use of intrinsic theories. Of par-
ticular interest is the development of intrinsic theories for analysis, i.e. the second order
theories of inductive data systems in general, and word algebras and N in particular. In
[21] we showed that second order logic with comprehension (i.e. set existence) restricted to
relations definable by positive existential formulas, yields poly-time in an appropriate sense.
We believe that second order variants of intrinsic theories for poly-time, with similarly re-
stricted existence principles for functions and relations, also yield only poly-time provable
functions. Such developments would have several benefits. At the meta-logic level, such
theories provide a framework for defining and studying feasibility of higher-type functionals,
extensively studied recently (see e.g. [15, 13]). Also, there is broad potential for formalizing
mathematical analysis in such theories, with a twofold benefit: the computational feasibil-
ity of certain constructions would fall out automatically as a result, and, more importantly
yet, the methodology would automatically extract feasible programs from proofs in intrinsic
theories.

Another thread in progress is the development of intrinsic theories that correspond to
poly-space. The method is to slightly relax the condition of solitary derivations, and to
permit assumption multiplicity at least across the cases of degenerate induction (deduction
by cases), and perhaps across all minor premises of induction in general as well as conjunction.
Interestingly, such substructural formalisms have no simple correspondence to linear logic,
albeit they are based on “non-reused” resources.
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System Presentation:
An Analyser of rewriting systems complexity

J.-Y. Moyen *
May 10, 2001

Abstract
This paper briefly describes ICAR, a program which analyses the im-
plicit complexity of first order functionnal programs. ICAR is based on
two previous characterisation of PTIME and PSPACE by mean of term
rewriting termination orderings and polynomial quasi-interpretations.

1 The analyser ICAR

We shall consider term rewriting systems build over three distinct sets: function
symbols (defined symbols), constructors and variables. The function symbols
are ordered by a precedence < and constructors are considered as the smaller
elements of the precedence. A program is a set of rewriting rules.

ICAR (Implicit Complexity AnalyseR) first checks the termination of the
given rewriting system and then tries to find a bound on its complexity. This
work is based on [3, 4, 1] for complexity analysis. Program transformation by
the mean of memoization is based on Jones work [2].

e Termination is check using termination ordering, either the Multiset
Path Ordering or the Lexicographic Path Ordering.

e Complexity may then be determined by combining the termination or-
dering used and quasi-interpretations. ICAR may be able to tell that the
computed function is in PTIME or PSPACE.

e One of the main interest of our approach is that this analysis gives an upper
bound on the complexity of the function computed rather than on the
complexity of the program. This kind of complexity analysis was dubbed
implicit. So ICAR also gives a way (i.e. a new operationnal semantics) to
effectively achieve this bound.

One may then run the program using different operationnal semantics and verify
experimentally the theoretical bound previously obtained.

*Loria, Calligramme project, B.P. 239, 54506 Vandceuvre-les-Nancy Cedex, France,
moyen@loria.fr
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Figure 1: Multiset Path Ordering

2 Termination ordering and Quasi-interpretations

2.1 Termination orderings

Definition 1. Let < be an ordering over terms. The multiset extension <™ of
< is defined as follow:

M = {my, - ,mp} <" {n1, - ,ng} = N if and only if M # N and there
exists a permutation7 such that:

e There exists j such that m; < ng
e For all i, m; < ng

Definition 2. The Multiset Path Ordering (MPO) is defined in the rules of
Figure 1.
A MPO-program is a program such that for each rule | — r, r <,p [.

Definition 3. Let < be an ordering over terms. The lezicographic extension
<! of < is recursively defined as follow:

(t1,--- ytn) <! (81, ,8m) if and only if #; < s; or t; = s; and (t,... ,t,) <!
(327 s 75m)‘
Definition 4. The Lezicographic Path Ordering (LPO) is defined in the rules

of Figure 2.
A LPO-program is a program such that for each rule I = r, r <jp, .
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Figure 2: Lexicographic Path Ordering

2.2 Quasi-interpretation

Definition 5. A quasi-interpretation of a symbol f is a function (f) such that:
e (f) is bounded by a polynomial
e (f) is (non strictly) increasing
e (f(Xy, - ,X,) > X, foralli <n.

e (c)(X1,--,Xn) = >, X; + for all constructors ¢ where v > 0 is a
constant.

Quasi-interpretations are extended to terms as usual:

(]f(tla"' 7tn)[) = (]f[)((]tll)a 7(]tn[))

A program admits a quasi-interpretation if for each rule I — 7, (r) < (I).
This is clearly not sufficient for termination.

2.3 Theorems

Theorem 6. The set of functions computable by MPO-programs admiting quasi-
interpretations is exactly PTIME, the set of functions computable in polynomial
time.

Proof. See [4]. O

Theorem 7. The set of functions computable by LPO-programs admiting quasi-
interpretations is exactly PSPACE, the set of functions computable in polynomial
space.
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Proof. See [1] O

3 Implementation

There are two things to implement. First, determining whether the program
terminates by MPO or LPO and second determining if it admits a quasi-
interpretation.

The termination using the orderings is a well-known problem. It is known
to be PTIME computable if the precedence is given and NP-complete if the
precedence has to be found. Fortunatly ICAR uses a restriction of the usual
orderings: a constructor always has a precedence smaller than any function
symbol.

Claim 8. With this restriction, the precedence can be found in polynomial time.
So termination by either MPO or LPO can be checked in time 2°%F where k is
the mazimal arity of a function symbol and c is a constant.

Proof. See section 4 O

The main difficulty lies in the second part. Indeed, one doesn’t know if
quasi-interpretations are decidable. The similar problem with strict inegalities
(i.e. finding polynomial interpretations) seems to be undecidable. Fortunatly,
quasi-interpretations are quite easy to find because an upper bound on the
program denotation turns to be a good candidate. So, even if finding one is a
hard task for a computer, its an easy job for the programmer. The idea is to
provide a potential quasi-interpretation together with the rewriting rules, and
the program just has to check it.

Of course, there exists programs able to deal with symbolic computation.
So the obvious way to check quasi-interpretations is to deleguate this job to
such a program. Currently, ICAR uses Maple as a quasi-interpretation checker.
Maple may be unable to check some inequality (especially those using a lot of
mazs. As far as I know, there isn’t any software able to treat them properly,
but one is under devellopement by Fabrice Rouiller at LIP6 (Paris) and should
be available by the end of the year.

Until this moment, ICAR returns the quasi-interpretations that Maple was
unable to solve and hopes that the user will be less clumsy.

Example 9.

1. the following program computes the addition and the multiplication of
two unary numbers.

add(

add(S(z

mult(

mult(S(z

7y
- S(add(a? Y))

)

Y
Y
()

\_/O\/O

) —
)
) —
) — add(y,mult(w y))

)
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It terminates either by MPO or LPO by putting add < mult and admits
a quasi-interpretation: (add)(X,Y) = X +Y, (mult)(X,Y) = X x Y,
(o) =1, (S)(X) = X + 1. Let’s verify the quasi-interpretaion for the last
rule:
(malt(S(x), y)) = (malt)((S(@)), V) = (X +1) x ¥
(add(y,mult(z,y))) =Y + (mult(z,y)) =YV + X x Y
. one may computes the length of the longest common subsequence of two
string as follow:
max(n,0) = n
max(0,m) = m
max(S(n),S(m)) — S(max(n,m))

les(z,e) > 0
les(e,y) = 0
Les(a(s), a(y)) — S(Les(z,y))
Les(b(x), b(y)) — S(Les(x,))
les(a(z), b(y)) — max(les(z, b(y)), les(a(z),y))
les(b(z),a(y)) — max(les(z,a(y)), les(b(z),y))

By putting max <z lcs, this is a MPO program. It admits a quasi-
interpretation: (0) = (e) = 1, (S)(X) = ({I)(X) = {GX) = X + 1,
(max)(X,Y) = (1es)(X,Y) = max(X,Y).

So the program computes a function in PTIME. Note that the explicit
complexity of the program is exponential. The polynomial bound is ob-
tained by the mean of memoization: the operational semantics is modified
as shown in Figure 3. Every time a function call is computed, its result
is stored in a cache and will be reused directly if the same call is needed
another time.

ICAR is able to compute the value of a term with or without using the
cache. It keeps a trace of the time and space used by the computation (i.e.
the number of reduction steps and the maximum size of the cache and the
environnement). The results for computing lcs(a™(e),b"(€)) are:

n | Call-by-value | Memoization

time | space | time | space
0 4 1 4 1
1 17 2 17 )
2 63 2 48 10
3 219 2 97 17
4 771 2| 164 26
5| 2775 2| 249 37
6 | 10169 2| 352 50
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o(x) =wv

E,oF{(C,z) = (C,v)

celC &0k (Ci—lati> — (Ci,vi)
E,oF(Co,c(ty, - ,tn)) = (Cp,c(vr, -+ ,v,))

feF g,O’"(Ci_l,ti>—)<Ci,Ui> (f(’l}1,"',’l}n),U)ECn
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E,oH{(Co,£(t1, -+ ,tn)) > (CU(£(v1, - ,vp),v),0)

Figure 3: Call by Value interpreter with cache

4 Finding the precedence

This section describes the implementation of the two main difficulties of ICAR:
finding the precedence for the termination orderings and finding the permutation
for MPO. Both can be solved in polynomial time thanks to the restriction done
upon the precedence.

Lemma 10. Let t = f(u, -+ ,un) and s = g(vy,--- ,v,) be two terms. If
g~r f implies s <mpo t then g < f implies s <ppo t.

Proof. If t and s are ordered when g ~x f then for all 7,1 < i < n, there exist a
7,1 < j < nsuch that v; <ppo u; (by definition of MPO). So for all 4, v; <pmpo t,
so the two terms are ordered if g <~ £. O

Lemma 11. Let t = f(u1, - ,upn) and s = g(vy, -+ ,v,) be two terms. If
g =F f implies s <ip, t then g <F f implies s <p, t.

Proof. By definition of LPO, the hypothesis implies v; <p, t. O

Lemma 12. Let t = f(u, -+ ,un) and s = g(vy,--- ,v,) be two terms. If
S <mpo t 0T S <ipo t, mo symbol (function or constructor) in s may have a
precedence greater than the greatest symbol in t.

Proof. Obvious since the symbol with the greatest precedence will lead to the
greatest term. O

Lemma 13. Let I — r be a rewriting rule such that r <ppo I or v <, I. No
symbol in v may have a precedence greater than the head symbol of I.
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Proof. As [ is the left-hand-side of a rewriting rule, | = £(py,--- ,pn) where p;
are patterns, that is terms build only over variables and constructors. Since
constructors have a precedence smaller than any function symbol, £ has the
maximal precedence of [. So by previous lemma, it must also have the maximal
precedence of r. O

Corollary 14. Finding the precedence is performed in polynomial time.

Proof. By examining rewriting rules and by lemma 13, we obtain a set of con-
straints of the form f <x g. Then, graph-reachability between any two symbol
tells weather f <z g or not. If there is both f <z g and g < £, then there
must be f ~x g. If there is only g <z f, then lemma 10 and 11 tell that
one won’t looze anything by choosing g <+ f. So the precedence is found in
polynomial time. O
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On the computational complexity of stack programs

Lars Kristiansen* Karl-Heinz Nigglt

Abstract

A restricted imperative stack programming language L over an arbitrary but fixed
alphabet X is considered. The paper presents a purely syntactical method for analysing
the impact of nesting loops in L-programs on computational complexity. This gives rise
to a measure p on L-programs, i.e. a function that assigns to each L-program P a natural
number p(P) computable from the syntax of P. It is shown that a function over ¥* is
computable by a Turing machine in polynomial time if and only if it is L-computable
with y-measure 0. More generally, it is shown that a Turing machine runs in time b(n)
(where n is the size of the input) for some function b in Grzegorczyk class €72 if and
only if it can be simulated by an L-program with py-measure n.

1 Introduction

We study a restricted imperative stack programming language L over an arbitrary but fixed
alphabet X. Programs in L contain variables X, Y, Z, say, which serve as stacks, each holding
an arbitrary word over 3 which can be manipulated by running a program in L. Programs in
L are built from primitive instructions push(a,X) for a € X, pop(X), nil(X) by sequencing
P;; Py, conditional statements if top(X) = a [Q] and loop statements foreach X [Q].
The operational semantics of L-programs is fairly standard, except possibly that of loop
statements. Here we follow a call-by-value semantics that allows one to inspect every symbol
on the control stack X while preserving its contents.

We are interested in analysing the impact of nesting loops on computational complexity.
Obviously, some nesting of loops cause no blow up in computational complexity while others
do. So the point in question is: Can one extract information out of the syntax of L-programs
so as to separate programs which run in polynomial time (in the size of the input) from
programs which do not? And if “Yes”, is there a general rationale behind, and how far does
it go?

In this paper we propose a purely syntactical method we call u-measure that assigns to each
L-program P a natural number u(P) computable from the syntax of P. Answering the first
question above, we show that the functions over ¥* computable by a Turing machine in
polynomial time are precisely the functions computable by an L program with y-measure
0. This is an instance of a more general result that answers the second question above: A
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Turing machine M runs in time b(n) for some function b in Grzegorczyk class £"*2 if and
only if M can be simulated by an L-program with u-measure n.

To exemplify the main ideas behind the measure pu, we first need to explain in more detail
the operational semantics of the loop concept in L. For loop statements foreach X [P] we
require that P has no occurrence of imperatives push(a,X), pop(X) or nil(X). Thus, the
control stack X can not be altered during an execution of the loop. However, in order to
provide access to each symbol on the control stack X during an execution of the loop, the
operational semantics of foreach X [P] is that of the sequence

U:=X; P; pop(X);...; P; pop(X); X:=TU

with |w| occurrences of P; pop(X) whenever w is stored in X before the execution of the
loop, where U is some reserved variable that is not allowed to occur elsewhere.

It is obvious that we have to nest loops to a certain depth in order to obtain programs of
a certain high computational complexity. It is also obvious that some programs with “high
loop nesting depth” like e.g.

P; := foreach X [foreach X [foreach X [foreach X [foreach X [push(a,Y¥)]1]1]1]1]1]

(a € ¥) run in polynomial time. So “high loop nesting depth” is a necessary condition for
high computational complexity, but it is not a sufficient condition. In this paper we give
syntactical criteria that separate loops which cause a blow up in computational complexity
from those which do not. To outline the main ideas, consider the following two programs:

Py := nil(Y); push(a,Y); nil(Z); push(a,Z);
foreach X [nil(Z); foreach Y [push(a,Z); push(a,Z)];
nil(Y); foreach Z [push(a,Y)]]
P3 := nil(Y); push(a,Y); nil(Z);
foreach X [foreach Y [push(a,Z); push(a,Z)]; push(a,Y)]

Observe that both P and P3 have nesting depth 2, and they look quite similar. However,
P, runs in exponential time while P3 runs in polynomial time, for if w is initially stored
in X, then the word a2™" is stored in Z after P, is executed, while a/*I"(II+1) ig gtored in Z
after P3 is executed. The gist of the matter lies in a (control) circle contained inside the
outermost loop in Py: Inside the loop controlled by X, first ¥ controls Z in that Z is updated
via push(a,Z) inside a loop controlled by Y, and then Z controls Y in the same sense. In
contrast, there is no such circle in Psg. In fact, it will turn out that the Turing machines with
polynomial running time correspond exactly to those programs in L which do not contain a
loop foreach X [Qy; ...; Q] where the body Q;;...; Q; (I > 2) contains a circle. All these
programs will receive u-measure 0.

These ideas generalise uniformly to all levels of computational complexity as given in the
Grzegorczyk hierarchy. We just focus on the critical case where P is a loop foreach X [Q]
and assume that we have already determined 1(Q). Suppose that Q is a sequence Qy; ... ; Q,
in which case p(Q) is max{u(Q1),...,x(Q;)}. Then we obtain a blow up in computational
complexity if @ has a top circle, that is, Q has a circle with respect to a control variable Y of
some component Q; with maximal y-measure p(Q). In this case, we define u(P) := 1+ u(Q).
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In all other cases for Q we define p(P) := u(Q), for as we show, these loops do not cause a
blow up in computational complexity.

Adding that imperatives have py-measure 0, one easily verifies for the examples above that
p(P1) = p(P3) = 0 while u(P2) = 1.

The measure p is convenient for various reasons: Firstly, it operates on an imperative stack
programming language L which is very close to restricted Turing machine programming,
however, supporting a clear control structure. Secondly, it can be easily extended to ex-
tensions of L providing features supported by many high level programming languages.
Thirdly, the measure u is conceptually simple and it characterises computationally relevant
complexity classes, thus it can help to ground the concepts of computational complexity by
providing a reference point other than the original resource-based concepts. Finally, one
can argue that the measure p is likely to give the minimal complexity for a great deal of
natural algorithms, and furthermore, it admits significantly more algorithms in each com-
plexity class than any other known complexity measure on loop programs like “counting
nesting depth”.

Nonetheless, there are, as we show, limitations to any such purely syntactical method like
w: There will always be programs with polynomial running time but with a measure > 0.

This paper builds on recent work on ramified analysis of recursion by Bellantoni and Niggl
[6], and Niggl [18]. There a purely syntactical method for analysing the impact of nesting
(unrestricted) recursions on computational complexity has been proposed, in the context of
ordinary schemata-based definitions in [6], in the context of lambda terms over ground-type
variables in [18]. Ramified analysis of recursion characterises uniformly the Grzegorczyk
hierarchy at and above the linear-space level when based on primitive recursion. One obtains
the same hierarchy of classes except with the polynomial-time computable functions at the
first level when primitive recursion is replaced with recursion on notation.

Various ramification concepts as initialised by Simmons [23], Leivant [11, 12, 13|, Bellantoni
and Cook [1] have led to resource-free, purely functional characterisations of many complex-
ity classes, such as the polynomial-time computable functions [1, 15, 14], the linear-space
computable functions [2, 13, 19], NC! and polylog space [5], NP and the poly-time hierar-
chy [3], the Kalmdr-elementary functions [20], and the exponential time functions of linear
growth [8], among many others.

Ramification concepts have also proved fruitful in characterising complexity classes by
higher type recursion, such as the Kalmar-elementary functions [16], poly-space [17], and
recently the polynomial-time computable functions [4, 10].

2 Preliminaries

We assume only basic knowledge about subrecursion theory, in particular with the Grze-
gorczyk hierarchy. Readers unfamiliar with these subjects are referred to Grzegorczyk [9],
Rose [22] and Clote [7]. We summarise some basic definitions and facts from Rose.

For unary functions f, f* denotes kth iterate of f, i.e. fO(z) = = and f**(z) = f(f*(z)).
The sequence of principal functions Ey, Es, Es, ... defined by E1(z) = 2242 and E, 12(z) =
E} . 1(2), enjoys the following monotonicity properties: Eni1(x) > 2 + 1, Epyi(z + 1) >

Epi1(z), Ento(z) > Enpi(x) and B! (z) < Epyo(z 4+ t) for all n,z,¢.
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A function f is defined by bounded (limited) recursion from functions g, h, bif f(Z,0) = g(Z),
(& y+1) = h(Z,y, f(Z)), and f(Z,y) < b(Z,y) for all Z,y.

The nth Grzegorczyk class E™, for n > 2, is defined as the least class containing the initial
functions zero, the successor function, the projection functions and FE,,_1, and closed under
composition and bounded recursion.

By Ritchie [21] the class £2 characterises the class FLINSPACE of functions computable by a
Turing machine in linear space. The class £2 characterises the Kalméar-elementary functions.
Every f € £ satisfies f(#) < E™ ;(max(&)) for a constant m. Thus, every function in &2
is bounded by a polynomial, and E,, & £", showing that each £" is a proper subset of £
The union of all these classes characterises the primitive recursive functions.

3 The programming language L

In this section we presuppose an arbitrary but fixed alphabet ¥ := {aj,...,a;}. We will
define a programming language L over ¥ where programs are built from primitive instruc-
tions push(a,X) for a€ X, pop(X), nil(X) by sequencing, conditional statements and loop
statements. We assume an infinite supply of variables X, Y, Z, 0, U, V, possibly with sub-
scripts. Intuitively, variables serve as stacks, each holding an arbitrary word over X which
can be manipulated by running a program in L.

Definition 3.1 (L-programs). L-programs P are inductively defined as follows:

o Every imperative push(a,X), pop(X), nil(X) is an L-program.
e [f Py,Py are L-programs, then so is the sequence statement P;; Ps.
e [f P is an L program, then so is every conditional statement if top(X) =a [P].

e [f P is an L-program with no occurrence of push(a,X), pop(X) or nil(X), then so is
the loop statement foreach X [P].

We use V(P) to denote the set of variables occurring in P.

Note 3.2. Every L-program can be written uniquely in the form Py1; ... ; Py such that each
component P; is either a loop or an imperative, or else a conditional, and where k = 1
whenever P is an imperative or a loop or a conditional.

We will use informal Hoare-like sentences to specify or reason about L-programs, that is,
we will use the notation {A}P{B}, the meaning being that if the condition given by the
sentence A is fulfilled before P is executed, then the condition given by the sentence B is
fulfilled after the execution of P. For example, {X = @} P {X = &'} reads as if the words W are
stored in the stacks X, respectively, before the execution of P, then &' are stored in X after
the execution of P. Another typical example is {X = @} P {|X1| < fi(|@]), ..., |Xn] < fu(J@])}
meaning that if the words @ are stored in the stacks X, respectively, before the ezecution
of P, then each word stored in X; after the execution of P has a length bounded by f;(|w)).
Here f; is any function over N, and |@| abbreviates as usual the list |wy], ..., |wy].
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Definition 3.3 (Operational semantics of L-programs). The operational semantics
of L-programs is defined inductively as follows, where X is an arbitrary variable, w denotes
an arbitrary word over 3., a an arbitrary letter in X, and ¢ the empty word.

e {X=w} push(a,X) {X = wa}.

o {X=wa} pop(X) {X=w} and {X =} pop(X) {X =¢}.

{X=w}nil(X) {x=¢}.

e Conditionals C := if top(X) =a [P] are executed if the top symbol on X is a, that is,
{X,Y = va,w} C {X,X = v/, &'} whenever {X,¥ = va,w} P {X,X = v/, &'}. Otherwise if
a # b, then {X,Y = vb, w} C {X,X = vb, w}.

e Sequences are executed from the left to the right, that is, if {X = @} P; {X = @'} and
{X ="} Py {X ="}, then {X = @} Py; Py {X ="}

e Reading U := X as copy X to U, the operational semantics of a loop foreach X [P] is
that of the sequence U:=X; P; pop(X);...; P; pop(X); X := U with |w| occurrences
of P; pop(X) whenever w is stored in X before the execution of the loop, where U is
some reserved variable that is not allowed to occur elsewhere.

The operational semantics of loop statements follows a call-by-value semantics where the
contents of the control stack X is saved while providing access to each symbol on X.

We say that an L-program P computes a function f:(X*)" — X* if P has an output variable
0 and input variables X;,, ..., X;, among stacks Xy, ..., X, such that for all wy,...,w, € ¥*,

{Xil = Wiy, .-, X4 :wil}P {OZf(wl,...,wn)}

often abbreviated by {X = w} P {0 = f(w)}. Note that 0 may occur among X;,, ..., X;,.

4 The measure i for L-programs

In the analysis of the computational complexity of L-programs P, the interplay of two kinds
of variables will play a major role: the sets U(P) and C(P). Intuitively, a variable X is in
U(P) if it occurs as push(a,X) in P and thus might be updated in a run of P, while X is in
C(P) if it controls a loop statement in P. Of course, by the presence of sequence statements
these two sets need not be disjoint.

Definition 4.1. The sets U (P) and C(P) are inductively defined as follows:
e U(imp) := C(imp) := () for each imperative imp, except for U (push(a,X)) := {X}.
U(P1; P2) :=U(P1) UU(P2) and C(P1; P2) := C(P1) UC(P2).
e U(if top(X)=a [P]) :=U(P) and C(if top(X) =a [P]) := C(P).
U(foreach X [P]) :=U(P) and

C(P)U{x} ifUP)#D

C(foreach X [P]) := { C(P) else
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Definition 4.2 (Control). Let P be an L-program. The relation control in P, denoted B),
is defined as the transitive closure of the following binary relation <p on V(P):

X <p Y :& P has a subprogram foreach X [Q] such that Y € U(Q).
We say that X controls Y in P if X B) Y, i.e. there exist variables X = X1,Xo,...,X; = Y such
that X; <pXo <p ... <p X1 <p Xi.

For sets of variables V, W we say that W depends on V in P if some variable X € V' controls
some variable Y € W in P. Accordingly, W is independent of V in P if no variable in W is
controlled (in P) by a variable in V.

Definition 4.3 (The u-measure of L-programs). The p-measure of L-programs P,
denoted by u(P), is inductively defined as follows:

e u(imp) := 0 for every imperative imp.
e u(if top(X) =a [P]) := u(P).
e If P is a sequence Py; ... ; Py, then u(P) := max{u(P1),...,u(Pn)}-

e If P is of the form foreach X [Q], then we consider two cases:

(Q)-

— If Q is not a sequence, then u(P) := p
— If Q is a sequence Qq; ... ; Q, (n > 2) with k& := u(Q), then

k if each C(Q;) with u(Q;) =k
u(P) = is independent of 2/(Q;) in Q*
k+1 else

where Q% denotes the L-program Qy; ... Qi—1;5 Q15 ... 5 Qe

We say that an L-program P has p-measure n if u(P) = n.

Definition 4.4. A sequence P := Py ;... ; P, has a top circle if there exists a component P;
with p(P;) = p(P) such that C(P;) depends on U(P;) in P~* :=Py;...;Pi—1; Pit1; ... Pn.

By definition 4.4 one can restate the critical case in the definition of the measure u as:

u(P)+1 if Pis a sequence with a top circle

p(foreach X [P]) = { 14(P) else.

Accordingly, we will show that the polynomial-time computable functions coincide with the
functions computable by an L-program where each body of a loop is circle free, that is, it
has no top circle.

Note that conditionals if X=¢ [Q] and if X#e [Q] with y-measure p(Q) can defined by

if X=e [Q] := nil(U); push(a,U); foreach X [pop(U)]; if top(U)=a [Q]
if X#e [Q] := if top(X) =a; [Q];...; if top(X) =7; [Q]

where U is some new variable, and a is an arbitrary letter in ¥ := {a;,...,a;}.
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5 The Bounding Theorem

In this section we will show that for every function f computed by an L-program with u-
measure n one can find a length bound b € E"2  that is, | f ()| < b(|w|) for all w. It suffices
to show this Bounding Theorem for a subclass of programs in L, called core programs. The
latter comprise those stack manipulations which do contribute to computational complexity
of L-programs. The base case is treated separately, showing that every function computed
by a core program with y-measure 0 has a polynomial length bound. To prove the general
case, we show that every core program P with p-measure n + 1 has a length bound P’ with
p-measure n+ 1. The structure of P’ we call flattened out will be such that a straightforward
inductive argument shows that every function computed by P’ has a length bound in £"*2.

Definition 5.1 (Core programs). Core programs are L-programs built from imperatives
push(a,X) by sequencing and loop statements.

Note 5.2. The chosen call-by-value semantics of loops ensures that core programs are
length-monotonic, i.e. if P is a core program with variables X, and if {X = &} P {X = @}
and {X = @'} P {X = @'} where |&| < |@'| (component-wise), then |i| < |i@'|. Hence every
function computed by a core program is length-monotonic, too.

Lemma 5.3. For every core program P := foreach X [Q] with u(P) =0, B) is irreflexive.

Proof. By induction on the structure of core programs P := foreach X [Q] with y-measure 0.
The statement is obvious if Q is an imperative push(a,X). If Q is of the form foreach Y [R],
the statement follows from the induction hypothesis on Q and X ¢ ¢(Q). Finally, if Q is a
sequence Qg ; ... ; Q,, then by the induction hypothesis on each component Q;, no Y controls
Y in Q;. Therefore, if some Y controlled Y in Q, then Y would control some Z # Y in some Q;,
and Z would control Y in the context Q77 := Qy;...;Qj—15 Qj41;...; Q. Hence Q would
have a top circle, contradicting the hypothesis p(P) = 0. O

Lemma 5.4. Let P be a core program with irreflerive B) Let P have variables among

X:=Xi,...,Xn, and fori=1,...,n, let V' denote the list of those variables X; which control

X; in P. Then there are polynomials p1(V1),...,pn(V™) such that for all & := wn, ..., wn,
{X=d} P {|Xe| < |wi| +p1(|@Y]),- .-, K| < wn| + pa(a"])}

where W' results from W by selecting those w; for which X; is in V.

Proof. By induction on the structure of core programs P with irreflexive B> In the base
case P = push(a,X;), we know V! = () and hence p; := 1 will do. As for the step case, P is
either of the form foreach X; [Q] or P is a sequence Q5 ...; Q (I > 2).

Case P = foreach X; [Q]. The LH. on Q yields polynomials p1(V!),...,p, (V") satisfying
(1) (X =d} Q{|X1| < [w1| + pi(|@]),. .-, [Xa| < Jwn] + pa(|a"])}-

As B) is irreflexive, then so is g, implying that the relation X C Y :& X g YorX=Y
defines a partial order on X. Therefore, we can proceed by induction on T showing that for
every i = 1,...,n there is a polynomial g;(m, V") such that for all m,,

(2) {X=d} Q" {|Xi] < |wi] + gi(m, ["])}
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where Q™ denotes the sequence Q; ... ; Q (m times Q). Note that (2) implies the statement
of the lemma for the current case P = foreach X; [Q]. To see this, if X; ¢ 2/(Q) then Vi=90
and the execution of Q does not alter the contents of X;, hence p; := 0 will do. Otherwise if
X; €U(Q), then X; € V¥ and (2) gives {X = @} P{|X;| < |wi| + ¢;(|w;], |])} where w; € .

As for the proof of (2), if V = ) then p; in (1) is a constant, implying {X = @} Q™ {|X;| <
|w;|+m-p;}. So consider the case where V* # ). The induction hypothesis for each variable
in Vi :=X;,,...,X;, provides polynomials p;, (m, V1),...,p;(m, Vi) such that for all m, &,

(3) {X =w} Q™ {I%;;] < |wij|—|—pij(m,|zﬁij|)} forj=1,...,1.

Here Vi denotes the variables which control X, in Q. As g is irreflexive, we conclude
(4) X;; ¢Viforj=1,...,l, and X; ¢ V' U...UV" C V"

Hence for a proof of (2) it suffices to show by induction on m that for all m,,

(5) AKX =@} Q" {IX| < |wil + 1m0 pi(jwiy |+ piy (m, [67), - . |wi | + pi, (m, [67]))}.

The base case m = 0 is obviously true. As for the step case m — m + 1, given any w, let
Uiy, - - ., U be the stack contents obtained from (3) such that for j =1,...1,

(6) [ = 0} Q™ (%, = w,} and fug| < w, | + py, (7]

and let v; be the stack contents obtained from the side induction hypothesis satisfying

(7) {X =4} Q™ {X; = v;} and |v;| < |w;i| +m - pi(|ui, ], ..., |ui )

Whatever the contents of the remaining stacks, by (1) a further execution of Q gives
{Xiy = wir, - Xip = wig, Xi = vi} Q{|Xi] < foif + pi(luiy ], - - |ui )}

This together with (6), (7) and monotonicity of polynomials gives the required estimation
1%i| < Jwil + (m+ 1) - pi(fwi, | +piy (m + 1, [0 ), ..., [wi, | + piy (m + 1, [@])), concluding the
proof for the case P = foreach X; [Q].

Case P=Qq;...; Q with [ > 2. Since E> is irreflexive, then so is E@ fori=1,...,l. Hence
the induction hypothesis for each Q; provides polynomials pt(V1),..., pt (V™) satisfying

(8) {X =3} Qi {Xa| < fwr| + P (7)), - .., [Xa| < |wn| +pp,(15"])}-

Due to a situation similar to (4 ) after at most n-(I—1) compositions we obtain polynomials
pi(V'), ..., pn (V") satisfying {X = @} P{|X1] < [wi|+p1(|@")), ..., [Xn| < Jwn] + pu(|@"))}-
This completes the proof of the lemma. O

Corollary 5.5 (Base Bounding). For every core program P with 1(P) = 0 and variables
X:=Xi,...,X%, one can find polynomials py(X),...,pn(X) such that for all ¥ := wy, ..., wy,

{X =@} P {|xe| < pa(|dl), .., [%n| < pa(la])}-

In particular, if P computes a function f, then f has a polynomial length bound, that is, a
polynomial p satisfying | f(w)| < p(|d|).
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Proof. The statement of the corollary follows from Lemma 5.4, Lemma 5.3, Note 3.2, and
the fact that the polynomials are closed under composition. O

We are now going to treat the general case in the proof of the Bounding Theorem mentioned
above. For this purpose, we first define what we mean by saying that one core program is
a length bound on another, and how flattened out core programs look like.

Definition 5.6. Let P, Q be core programs such that V(P) := {X1,...,Xx} is a subset of
V@) :={X1,..., Xk, Y1,...,Y;}. We say that Q is a length bound on P, denoted P < Q, if

{(X=w}P{X=10} and {X=w,Y =a} Q {X = '} implies |7] < |¢'].

Definition 5.7. We say that a loop foreach X [Q] with u-measure n + 1 is simple if Q has
p-measure n. A core program P := Py; ... ; P, with y-measure n + 1 is called flattened out
if each component P; is either a simple loop or else u(P;) < n.

Given a core program P with py-measure n 4+ 1, we want to construct a flattened out core
program P’ of y-measure n+ 1 such that P’ is a length bound on P. To succeed in that goal,
it suffices to transform, step by step, certain occurrences of non-simple loops in P. That
motivates the next definition where we make use of the standard notion of nesting depth
nd(P) for core programs P, that is, nd(nil(X)) := 0, nd(P;; P2) := max{nd(P;),nd(P2)},
and nd(foreach X [Q]) := 1 + nd(Q).

Definition 5.8. The degree of a core program P, denoted deg(P), is inductively defined by:
e deg(push(a,X)) := 0 for every letter a € ¥ and variable X.
e deg(P1; P2) := max{deg(P1), deg(P2)}.

e If P is a loop foreach X [Q], then

0 P is a simple loop or pu(P) =0
deg(P) = 1+ deg(Q) Q is a loop with u(Q) =n+1
) =Y 14+ Zigk nd(Q;) Qs a sequence Qq; ... ; Qp without top circle

and p(Q) =n+1 = p(P).

Lemma 5.9 (Degree zero). Every core program P with p-measure n + 1 and degree 0 is
flattened out.

Proof. By induction on the structure of core programs P with py-measure n + 1 and degree
0. If P is a sequence P;; Py then both components P; have degree 0 but at least one has u-
measure 1+ 1. Hence the claim follows from the induction hypothesis on those components
with py-measure n + 1. If P is a loop with py-measure n + 1 and degree 0, then this loop is
simple by definition, hence P is flattened out. O

Lemma 5.10 (Degree reduction). For every core program P := foreach X [Q] with
w(P)=n+1 and degree > 0 one can find a core program P’ satisfying P < P/, u(P') =n+1
and deg(P’) < deg(P).
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Proof. Let P := foreach X [Q] be an arbitrary core program with py-measure n + 1 and
degree > 0. According to definition 5.8 and Note 3.2, we distinguish two cases on Q.

Case Q is a loop foreach Y [R] with u(P) = u(Q) =n + 1. In this case we define P’ by
P’ := foreach X [foreach Y [push(a,Z)]]; foreach Z [R]

for some new variable Z and arbitrary letter a. Obviously, u(P") = u(P) and P < P'. As for
deg(P’) < deg(P), first observe that deg(P) = 1 + deg(Q) and deg(P’) = deg(foreach Z [R]).
Thus, deg(P) > deg(Q) = deg(foreach Y [R]) = deg(foreach Z [R]) = deg(P’) as required.

Case Q is a sequence Qq; ... ; Qi without top circle, each component is either an imperative
or a loop, and there is a component Q; := foreach Y [R] with u(Q;) =p(Q) =n-+1. In this
case we define P!/ := foreach X [P;]; foreach Z [P3] where

P; :==Qp;...;Q;_1; foreach Y [push(a,Z)]; Q;11;...; Qx
Pop :=Qos---5 Q15 R Qi1 -5 Qg

for some new variable Z and arbitrary letter a € . As for P < P/, let #R denote the number
of times R is executed in a run of P. Since Q has no top circle, Y is independent of U(R)
in Q" :=Qg;...5Q_1; Qix1;---; Qz. Therefore we obtain {X = w,Z = v} Py {|Z| > #R},
implying P < P’ by monotonicity of core programs.

It remains to show u(P') =n + 1 and deg(P’) <deg(P). First observe that P; is a sequence
without top circle such that each component has a py-measure < n+1. Furthermore, observe
that R contains a loop, as Q; has p-measure n 4+ 1. We distinguish two subcases.

Subcase Q; is a simple loop, that is, u(Q;) = 1+ u(R) and R is a sequence with a top circle. If
Q; is the only component of Q with p-measure n+ 1, then Py is a sequence with a top circle,
implying p(P’) = p(foreach Z [P2]) = n + 1 and deg(P’) = deg(foreach X [P1]). As Py
is a sequence without top circle and nd(Q;) > 2, we obtain deg(foreach X [P1]) < deg(P).
Otherwise if Q has a further component with py-measure n + 1, then both P; and Py are
sequences without top circle, implying u(P') = p(foreach Z [P2]) = n+1 and, as R contains
a loop, deg(P') = deg(foreach X [P2]). As nd(Q;) >nd(R), we obtain deg(foreach X [P2]) <
deg(P) as required, concluding the current subcase.

Subcase Q; is a not a simple loop, hence ©(Q;) = p(R) and R is either a loop or a sequence with-
out top circle. In either case, Py has no top circle, implying p(P') = u(foreach Z [Po]) =n+1.
Furthermore, as R contains a loop, we obtain nd(Q;) > nd(R) > nd(foreach Y [push(a,Z)])
and thus deg(P") <deg(P), concluding the proof of the lemma. O

Lemma 5.11 (Flattening). For every core program P with p-measure n+ 1 one can find
a flattened out core program P’ satisfying P < P’ and u(P') =n + 1.

Proof. The statement follows from Note 3.2, Lemma 5.10 and Lemma, 5.9. O

As pointed out above, the Flattening Lemma establishes the following Bounding Theorem.

Theorem 5.12 (Bounding). Every function f computed by an L-program with p-measure
n has a length bound b € E"*2 satisfying | f ()| < b(|@)).

10
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Proof. 1t suffices to prove the statement of the theorem for core programs only, since every
L-program P has a core program P’ such that p(P) = u(P’) and Q < P’ for every subprogram
Q of P. Just let P’ result from P by simultaneously replacing all occurrences of imperatives
nil(X) or pop(X) with foreach X [push(b,V)], and all conditionals if top(X) =a [Q]
with foreach X [push(b,V)]; Q, for some new variable V and some letter b € X.

We proceed by induction on n showing the statement of the theorem for core programs. The
base case n = 0 has been shown in Corollary 5.5. As for the step case n — n + 1, let P be
an arbitrary core program with y-measure n + 1. We apply the Flattening Lemma 5.11 to
obtain a core program P’ of the form Py ; ... ; P, where each component P; is either a simple
loop or else u(P;) < n, and such that P < P’ and u(P’') = n + 1. Thus, by the induction
hypothesis and by closure of £7*3 under composition, it suffices to show that every function
computable by a simple loop has a length bound in £713.

So consider an arbitrary simple loop P := foreach X [Q]. Hence u(Q) = n and by the
induction hypothesis each function h; computed by Q has a length bound b; € 2. We
choose a number ¢ > 0 such that b;(¥) < Ef ;(max(%)) for each bound b;. Now consider
an arbitrary function f; computed by P. Then fi, possibly together with other functions
fo,..., fm computed by P, can be defined by simultaneous string recursion from functions
computed by Q, that is,

fi(€7w) = wij
fi(va, W) = hi(v, @, f1(v,@),..., fm(v,@d)) fori=1,...m.

It follows by induction on |v| that | fi(v, @)| < ESV) (max(|v, @])). As EL_ (x) < Epyo(z-+t)

and max, + € £2, we therefore obtain a length bound on f; in £*13. O

6 The Characterisation Theorem

Given any alphabet X, a function over ¥* is any k-ary function f: X* x...x X* — ¥*, This
section is concerned with showing that the functions over %* computable by an L-program
with p-measure n coincide with the functions computable by a Turing machine in time
b(|w|) for some time bound b € £"*2. Thus, the polynomial-time computable functions
over ¥* are characterised as those functions f which can be computed by an L-program
with py-measure 0.

Definition 6.1. For n > 0 let L™ denote the class of all functions f over ¥* (for some
alphabet ¥) which can be computed by an L-program with py-measure n.

Definition 6.2. For n > 0 let G™ denote the class of all functions f over ¥* (for some
alphabet ¥) which can be computed by a Turing machine in time b(|@|) for some b € £™.

Observe that G is the class FP of polynomial-time computable functions (over some %*).

Lemma 6.3 (E,;1-Computation). For every n > 0 one can find an L-program LE, 1
with p-measure n satisfying {Y = w} LE, 41 {|Y| = Ep41(|lw])}.

Proof. By induction on n, where the base case for Ei(x) = z? + 2 is obvious. As for
the step case, first recall that E,2(x) = Ept1(... Ent1(2) . ..) with z occurrences of E,, ;1.

11
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Using the induction hypothesis on n, we define LE, 2 by:

LE,42 := nil(U); foreach Y [push(a,U)];
nil(Y); push(a,Y); push(a,Y); foreach U [LE,+;]. O

Theorem 6.4 (Main Characterisation). Forn > 0: L™ = G"2,

Proof. First we prove the inclusion “C”. Let P be an arbitrary L-program with y-measure n.
Then let TIMEp (W) denote the number of steps in a run of P on input @, where a step is the
execution of an arbitrary imperative imp(X). Observe that there is a polynomial ggime(n)
such that each step imp(X) can be simulated on a Turing machine in time gtime(|X|). Now let
V be any new variable, a€ X any letter, and let P* result from P by replacing each imperative
imp with imp; push(a,V). Then the program TIME(P) :=nil(V); P* has y-measure n and
satisfies {X = @} TIME(P) {|V| = TIMEp(&)}. We apply the Bounding Theorem to obtain a
length bound b € £"2 satisfying

{X = w} TIME(P) {|V] < b(|@])}.
Hence there is a Turing machine which simulates P on input @ in time ggime(b(|])) - b(|w]),

concluding the proof of the inclusion “C”.

As for “D”, let M := (Q,T,%,qo,d) be an arbitrary one-tape Turing machine running in
time b(|w|) on input w, for some b € £"*2. We show that the function fy; computed by M
can be computed by an L-program P over A := QUI'U{L, N, R} with p-measure n, where
I':={ay,...,ar}. Assume that d consists of moves move, ..., move; where

D . , , .
move; := (q;, a;, q;, a;, D;)

with D; € {L, N, R}, and we may assume that M does not visit cells left to the input. In
simulating M by an L-program, we use the following stacks X,Y,Z,L,R such that for each
configuration a(q,a)s in a run of M on w,

(+) L] = @, reverse([R]) = a8, [2] = q

where [U] denotes the word stored in stack U. The L-program P with py-measure n satisfying
{X =w} P {R = fy(w)} will then have the following form:

P := COMPUTE-TIME-BOUND(Y); *

(

INITIALISE(L,Z,R); (* with p-measure 0 *)
foreach Y [SIMULATE-MOVES]; (* with py-measure 0 *)
OUTPUT (R;0) (* )

with py-measure n *)
*

with p-measure 0 *

Recall that there is a constant c satisfying b(z) < E_ (z), and by Lemma 6.3 there is an
L-program of p-measure n satisfying {Y = w} LE,4+1 {|Y| = En+1(|w])}. Thus, we obtain
{X = w} COMPUTE-TIME-BOUND(Y) {X = w, |Y| = Ef,  {(|w|)} for the following L-program:

COMPUTE-TIME-BOUND (Y) := nil(Y); foreach X [push(a,¥)1; LE,41; ... ; LE, 1
with ¢ occurrences of LE,,+1. According to (*), we initialise L, Z, R as follows:

INITIALISE(L,Z,R) :=nil(L); nil(Z); push(qy,Z); REVERSE(X;R)

12
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where REVERSE is an L-program satisfying {X = w} REVERSE(X;R) {X = w,R = reverse(w)}.
SIMULATE-MOVES is of the form MOVE;; ... ; MOVE, where MOVE; simulates move;. For legi-
bility, we use set (U, a) for nil(U); push(a,U), settop(U,a) for pop(U); push(a,U), and
push(top(L),R) for if top(L) =a; [push(a;,R)];...;if top(L) = a; [push(a,R)].
According to D; = R, L, N in move; =(q;, a;, q}, a;, D;), there are three cases for MOVE;:

(R) if top(Z) =q,; [if top(R) =a; [push(a],L); set(Z,q));
if R=¢ [push(B,R)]; if R#¢ [pop(R)]1]1].

(L) if top(Z)=q, [if top(R) =a; [settop(R,a)); set(Z,q));
if L=¢ [push(B,R)];
if L#e [push(top(L),R); pop(L)11].

(N) settop(R,a}); set(Z,q})

The program OUTPUT (R;0) reads out of [R] the result 0 = fs(w), i.e. the maximal initial
segment of reverse([R]) being a word over . Using obvious implementations of conditionals
if top(R) €X [Q] and if top(R) € A\X [Q] with py-measure u(Q), we obtain:

OUTPUT(R;0) := nil(0); set(Z,a);
foreachR [if top(R) € A\X [nil(Z)];
if top(R) € X [if top(Z) =a [push(top(R),0)]11]

This completes the proof of the Characterisation Theorem. U

Note that the proof of £L* C G"2 does not refer to the functions computed an L-program.
Furthermore, recalling property (*) in the proof of G"*2 C L£", we obtain for each Turing
machine with running time in £"*2 a stack program simulation with p-measure n by can-
celing the subprogram OUTPUT(R;0). This gives the main result as stated in the abstract.

Corollary 6.5 (Main). A Turing machine runs in time b(n) for some function b € "2
if and only if it can be simulated by an L-program with u-measure n.

7 Sound, adequate and complete measures

We have presented a purely syntactical method for analysing the impact of nesting loops
in L-programs on computational complexity. In particular, the method separates programs
running in polynomial time (in the size of the input) from programs running in exponential
time. More generally, the method separates uniformly programs with running time in £7*2
from programs with running time in 73,

One might ask how successful this project can be, that is for example, does every L-program
with polynomial running time receive py-measure 07 In this section we will shed some light
upon the limitations of any such method, however, bring out that the results we have
achieved are about as good as one can hope for.

Definition 7.1. Assume an arbitrary imperative programming language L and an arbitrary
program P in L. P is feasible if every function computed by P is in FP. P is honestly feasible
if every subprogram of P is feasible. P is dishonestly feasible, or dishonest for short, if P is
feasible, but not honestly feasible.

13
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Note that if a function is computable by a feasible program, then it is also computable by
an honestly feasible program.

For honestly feasible programs, every subprogram can be simulated by a Turing machine
running in polynomial time. Dishonest programs fall into two groups. One group consists of
those programs which only compute functions in FpP, but without polynomial running time.
The other group consists of programs which run in polynomial time, but some subprograms
have non-polynomial running time if executed separately. Typical of the latter group are
programs of the form R; if <test> [Q] where R is a program which runs in polynomial
time, <test> is a test that always fails, and Q is an arbitrary program without polynomial
running time.

Dishonest programs somewhat lie about their own computational complexity: They contain
computationally redundant code the computational complexity of which dominates that of
the whole program. Obviously, we cannot expect to separate (by purely syntactical means)
the feasible programs from the non-feasible ones if we take into account dishonest programs.
Thus, it seems reasonable to restrict our discussion to the honestly feasible programs, and
after all, it is the computational complexity inherent in the code we want to analyze and
recognize. But even then, our project is bound to fail.

Definition 7.2. Given any stack programming language L, a measure on L is a computable
function v: L-programs — N.

Definition 7.3. Let L be an arbitrary (reasonable) stack programming language containing
the core language defined in section 5, and let v be a measure on L. The pair (v, L) is called

e sound if every L-program with v-measure 0 is feasible,
e complete if every honestly feasible L-program has v-measure 0, and

o adequate if every function in FP is L-computable with v-measure 0.

As seen above, core programs are the backbones of more general stack programs and they
comprise those stack manipulations which do contribute to computational complexity. Let
C denote the set of core programs defined in section 5, and let u be the measure on core
programs as defined in section 4. The next theorem is good news.

Theorem 7.4. The pair (u,C) is sound and complete.

Proof. Soundness follows directly from Corollary 6.5. As for completeness, assume that P
were an honestly feasible core program with p(P)>0. Hence P would contain a subprogram
foreach X [Q] where Q is a sequence with a top circle. This implies that each time Q is
executed at least one stack in Q doubles the length of its contents. Thus, P would contain
a non-feasible subprogram, contradicting the assumption that P is honestly feasible. O

The pair (u,C) is obviously not adequate. As core programs are length-monotonic, there
are plenty of functions in FP which are not C-computable, let alone C-computable with
p-measure 0. However, wouldn’t it be nice if we could extend (u,C) to an adequate pair
and still preserve both soundness and completeness? Well, it is not possible.

14
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Theorem 7.5. Let (v, L) be a sound and adequate pair. Then (v, L) is incomplete, that is,
there exists an honestly feasible program P € L such that v(P) > 0.

Proof. Assume an effective enumeration {p;};c., of the Turing machines with alphabet
{0,1}. Let n be a fixed natural number. It is well-known that there is a function f, € FpP
satisfying fn(z) = 1 if p, (on the empty input) halts within |z| steps, and f,(z) = 0 else.
It is also well-known that it is undecidable whether p; halts. Since (v, L) is adequate and
sound, there is an honestly feasible program Q € L with v-measure 0 such that

{Y =y} Q {if p,, does not halt within |y| steps then Z =¢ else Z =1}

Moreover, such a program Q can be effectively constructed from n, that is, there exists an
algorithm for constructing Q from n. Since L contains the core language, the program

P := foreach X [Q; foreach Z [foreach V [push(1,W)]];
foreach W [push(1,V)]1]

is also in L, where X, V, W are new stacks. Now, if p,, never halts then foreach V [push(1,W)]
will never be executed, whatever the inputs to P. Thus, if p,, never halts, then P is honestly
feasible. In contrast, if p, halts after s steps, say, then part foreach V [push(1,W)] and
part foreach W [push(1,V)] will be executed each time the body of the outermost loop is
executed whenever Y = y with |y| > s. Each such execution implies that the height of stack
V is at least doubled. Thus, if p, eventually halts, then P is not feasible. In other words, P
is honestly feasible if and only if p, never halts. As P is effectively constructible from n, we
conclude that (v, L) cannot be complete. For if (v, L) were complete, then p, would never
halt if and only if v(P)=0. This would yield an algorithm which decides whether p,, halts:
Construct P from n and then check whether v(P) >0. Such an algorithm does not exist. [

Notably, Theorem 7.5 relates to Godel’s First Incompleteness Theorem. The latter implies
that if a first order language is expressive enough, then there is no algorithm which can
identify the true statements of the language. Theorem 7.5 says that when a programming
language is sufficiently expressive, then there is no algorithm which can identify the honestly
feasible programs of the language.
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1 Introduction

We report on the extraction (presented in [KOO1]) of the first effective uniform modulus
of uniqueness (this notion is defined in section 2) for best polynomial Lj-approximation
of continuous functions from the ineffective proof of uniqueness due to Cheney. The
extraction of the modulus is based on the technique of monotone functional interpretation
(developed in [Koh96]) and is an instance of the following meta-theorem,!

Theorem 1.1 ([Koh93a], theorem 4.1) Let X, K be PA“-definable Polish spaces, K
compact and consider a sentence which can be written (when formalized in the language

of PA¥) in the form
A=VneN;ze X;ye K3k e NA(n,z,y,k),
where A1 is a purely existential. Then the following rule holds:
PA“ + AC,;Y + WKLFVn € N;z € X;y € K 3k € NAy(n, 2,9, k)
then one can extract a primitive recursive (in the sense of [G6d58]) term ® s.t.
HAYFVneNjx e Xy € K3k < ®(n,x) Ay(n,z,y, k).

A crucial feature of the functional ® above is that it does not depend on the element
y € K. It should also be noted that ® depends on the representation of x as an element of
X. In the present case X is the space of continuous functions on the unit interval (denoted
by C[0,1]), and according to the representation of C[0,1] ? the elements f € C[0,1] are
given together with a modulus of uniform continuity, wy,

Va,y € [0,1Ve € Qi (Jz -yl <wi(e) = |f(z) = fy)] <e),

*Basic Research in Computer Science, funded by the Danish National Research Foundation.
'PA“ denotes Peano Arithmetic (with extensionality) in all finite types and HA® its intuitionistic

variant.
#We have to represent C[0, 1] w.r.t. the uniform norm || - ||es (although we below consider the L;-norm)
since C]0, 1] is a Polish space only with respect to the former.
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which means that the extracted uniform modulus of uniqueness will depend a priori on
such a modulus of uniform continuity of f.

In the theorem above, W K L denotes the non-computational principle “binary (‘weak’)
Konig’s lemma” and AC;J;O the axiom of choice for quantifier free formulas,

ACH V1320445 (f,2) — IS Ags (£, F(f)).

We show below that the uniqueness theorem for Lj-approximation (expressed as a
sentence B) can be written in the form A (of meta-theorem 1.1), and the functional
® guaranteed by the meta-theorem is exactly the uniform modulus of uniqueness. In
order to apply theorem 1.1 we just have to show that B can be proved in the system
A :=PAY + AC;}O + W KL which can be achieved by showing that Cheney’s proof of B
can be formalized in A. The latter fact was shown in [Koh90].

Note that our case study is twofold: we test a technique of proof mining (monotone
functional interpretation in the present case) with respect to its applicability and feasibil-
ity, and at the same time we obtain new results in analysis.

In the next section we introduce some notions from Li-approximation theory and
present the uniform modulus of uniqueness ®. In section 3 we show how ® can be used
to compute the best Li-approximation of a given function f € C]0,1] by polynomials of
degree < n.

2 The uniform modulus of uniqueness

For any given continuous function f on the interval [0, 1] (we write f € C]0,1]) the L;-
norm of f is defined as,

£ ::/0 |f(2)| d.

Given a function f € C0,1] we define the Li-distance of f from some subspace
H c C[0,1] by,
dist H):= inf ||f — .
ist1(f, H) I}QHHf plh

By ‘the problem of Li-approximation from H’ we mean the problem of finding, for a
given f € C0, 1], an element p € H such that || f—p||1 = disti(f, H). Li-approximation (or
‘approximation in the mean’) has been extensively studied in numerical mathematics since
1859 when was first considered by Chebycheff (see [Pin89] for a comprehensive survey).
The space of polynomials up to degree n (including n) is denoted by P,. In 1921, Jackson
[Jac21] proved that the problem of Lj-approximation from P, has a unique solution, i.e.
for any given function f € C[0,1] and for a fixed n € N there exists a unique polynomial
pn € P, such that

If = pallr = dist1(f, Pp).

In 1965, Cheney (cf. [Che65], [Che66]) simplified (in the sense that he eliminated
the use of measure theory) and generalized Jackson’s uniqueness proof to arbitrary Haar
subspaces? of C[0,1]. This is the proof we analyze in [KOO01].

3H is a n-dimensional Haar subspace of C[0, 1] if 0 is the only element with n roots. Note that P, is a
Haar subspace of C[0, 1] of dimension n + 1.
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The uniqueness of the best Li-approximation from the space P, can be written as,

2

Vf € Cl0,1];n € N;p1,p2 € Pu( /\ (I — pilly =g disti(f, Pn)) = p1 = p2).
=1

which is equivalent in the system A to,*

(x)Vf e Cl0,1];n € N;py,ps € Py;k e NId e N
(/\?:1(”]” —pilli = disti(f, P) <27%) — |lp1 — poll1 < 277).

It is important to note that the best Li-approximation of any given continuous func-
tion f € C[0,1] from P, lives in a compact subspace of C0, 1], for instance Ky, := {p €
P, :plli <2||fll1}, i-e. for a fixed f € C0,1] its best Li-approximation p, must belong
to Ky, for if not we would have ||p,|1 > 2| f[i which, by the triangle inequality for
the Li-norm, implies ||f — pnll1 > ||f]l1, and 0 would be better approximant than p,, a
contradiction. Therefore, (%) can be written as,

VfeCl0,1];n € Nypi,ps € Ky p;k € N3d e N
(A (If = pilly — disti(f, Po) < 27%) — |lp1 — p2lh < 27F),

which has the exact form of the formula A from theorem 1.1. Now, since Cheney’s unique-
ness proof can be formalized in A, metatheorem 1.1 guarantees the existence of a functional
® realizing dd depending only on f,n and k, i.e. independent of p; and po,

(xx) Vf € C0,1];n € N;p1,p2 € Ky 3k €N
(AL (If = pilly = disti(f, Py) < 2-2Um0)) s |lpy — polly < 27).

In fact, ® can be easily extended to a modulus on the whole space P,. In [Koh93a]
and [Koh93b], such functionals were called uniform modulus of uniqueness.®

Notice that, although the first proof of uniqueness of best Li-approximation was given
already in 1921, no effective uniform modulus of uniqueness had ever been presented before.
In [Bj675] (see also [Bj679]) Bjornestal proved that a uniform modulus of uniqueness having
the form (k+4c)+wy(k+c) exists, for some constant ¢ depending at most on f and n. Kroo
([Kro78] and [Kro81]) improved this result by showing that ¢ needed only to depend on
the modulus of uniform continuity of f (but not on any particular value of f). Moreover,
he showed that the k-dependency, i.e. k + w¢(k), is optimal. Note, however, that neither
Bjornestal nor Kroo presented the constant ¢, which means that only the e-dependency
of the uniform modulus of uniqueness was known before.

By applying the techniques of monotone functional interpretation to Cheney’s ineffec-
tive uniqueness proof we obtained the following explicit uniform modulus of uniqueness
(with € € Q% instead of 27%),

4Tt is worth noticing that, according to the representation of real numbers by Cauchy sequences with
fixed rate of convergence, in this way, equality between real numbers is expressed by a V-statement.

®Special cases of such moduli have been studied extensively in approximation theory under the heading
of “strong uniqueness” (see [BL95]).
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Theorem 2.1 Let

d(w,n,e) = min{W, “@fwn(%°)}, where
[n/2]![n/2]!

an+33n2+2n (p, +1)n2+2n+1
wy(€) = min{w(§

and

Cp =
), 40(n+1 1 1}

The functional ® is a uniform modulus of uniqueness for the best L1-approximation of any
function f in C|[0,1] (having modulus of uniform continuity w) from P,, i.e.

[\

Vn € N;p1,p2 € Poie € Q4 ( /\ 1f = pilli = dist1(f, P) < ®(w,n,€)) — [[pr — p2lli < &)

Let P(f,n) denote the projection operator which assigns to any given function f €
C'[0,1] and any n € N the best Lj-approximation of f € C[0,1] from P,, i.e,

P(f,n) := pn, such that || f — ppl1 = dist1(f, P,).

As a corollary of proposition 5.4 from [Koh93a] and theorem 2.1 above we get,

Theorem 2.2 Let ®p(w,n, k) := M ® as defined in Theorem 2.1. Then, ®p is a
modulus of pointwise continuity for the opemtor P(f,n) for all f € C|0,1] with modulus
of uniform continuity w, i.e.,

VfeC0,1;n eN;g e Qi(If — fllh < ®p(w,n,e) = [IP(f,n) = P(fin)lh <e).

3 Computing the best L;-approximation

Now we present one of the applications of the uniform modulus of uniqueness. First we
define another norm. Let a := (ag,a1,...,a,) be an (n + 1)-dimensional tuple of real
numbers. The maz-norm of a is defined as,

lla||maz = max{|agl, ..., |an|}

Since the polynomials of P,, can be viewed as a (n + 1)-tuples of real numbers (taking the
coefficients as the elements of the tuple) it makes sense to speak about the max-norm of
p € P,. In the same way we treat (n + 1)-tuples of rational numbers as elements of P,.

Definition 3.1 An operator By : N x N — Q" computes the sequence of unique best
Li-approzimations, (pn)nen, of a function f € C[0,1] from P, if for any given n,k € N it
generates an (n + 1)-tuple of rationals By(n,k) (which can be viewed as a polynomial with
rational coefficients in P,) such that ||p, — Bf(n,k)||maz < 27%.
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Let f € C]0,1] be fixed and assume p,, is the best Lj-approximation of f from P,.
Taking ps to be p, in (xx) we have,

(1)VfeCl0,1;neN;pe P,;keN
(I = Pl = disti (1, Pa) < 27568 — flp = pufly < 275).

In order to define By we need, besides the uniform modulus of uniqueness ®, a func-
tional W(f,n,k) such that,

(2) Vf € Cl0,1);n,k € N(U(f,n,k) € Q"L A f = W(f,n, k)1 < disti(f, P) +27F),
and a function ©(n, k) satisfying,
(3) Vn € Nip € Pusk € N(llpl < 27U — |Iplas < 27").
It is clear now, by (1), (2) and (3), that the functional defined by
By(k,n) i= B(f,n, 9 (f,n,0(n, )

generates the double sequence (py k)nken. Note that, if the modulus of uniqueness @
depended on p; and po, the functional Bf(k,n) could not be defined, since in order to get
(1) we would need to have p,, already.

It is only left to show how the functionals ¥ and © can be defined. We sketch here
only the definition of ¥(f,n,k): For f € C[0,1] and n,k € N fixed, we show how to
find a polynomial p € P, such that ||f — p||y < disti(f,P,) +27%. As it was pointed
out above, such p lives in the compact space Ky,. The idea is to build a finite net of
elements containing some elements of K, (called k-net) such that at least one of them
(say p') is (k + 1)-close to pp, i.e. ||pn — p'lli < 27%71, which by triangle inequality
(IF =l < 1IF = palle + Ipe — #/I12) vields () [|f = /lls < dist1(f, P) + 27", Once we
have the k-net we compute || f —pl|; for any element p in the net with (k+ 1)-precision and
we take a p which gives the minimum value (e.g. the one with smallest code). Since the L;-
norm was computed with (k + 1)-precision, by (x), we have, ||f —p|l1 < dist1(f, P,)+27F.

This important application of moduli of uniqueness for the computation of unique
solutions of existence statements was first investigated and used in [Koh93a]. The com-
putational complexity (in the sense of [Ko86]) of generating the best Li-approximation of
a given f € C[0,1] from P, will be analyzed in [Oli].
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Constable [Con73] was one of the first to study the computational complexity
of higher-type functionals. In that 1973 paper, he raised two good questions:

1.

In the years since there has been a fair amount of attention given to addressing
the first question, but hardly any to the second. We think that after nearly
three decades the man deserves an answer. Herein we make a start at providing
one.
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On Type-2 Complexity Classes

Preliminary Report
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Abstract

There are now a number of things called “higher-type complexity
classes.” The most promenade of these is the class of basic feasible
functionals [CU93, CK90], a fairly conservative higher-type analogue the
(type-1) polynomial-time computable functions. There is however cur-
rently no satisfactory general notion of what a higher-type complexity
class should be. In this paper we propose one such notion for type-2
functionals and begin an investigation of its properties. The most strik-
ing difference between our type-2 complexity classes and their type-1
counterparts is that, because of topological constrains, the type-2 classes
have a much more ridged structure. Fzxample: It follows from McCreight
and Meyer’s Union Theorem [MM69] that the (type-1) polynomial-time
computable functions form a complexity class (in the strict sense of Def-
inition 1 below). The analogous result fails for the class of type-2 basic
feasible functionals.

81. Introduction

What is the type-2 analogue of the polynomial-time computable func-

tions?

. What is the computational complexity theory of the type-2 effectively

continuous functionals?

*Dept. of Elec. Eng. & Computer Science; Syracuse University; Syracuse, NY 13244 USA.
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Professor Constable will have to wait a bit longer for a full answer to
his question because what he seems to have had in mind in 1973 and what
we study below are different in a couple of respects. First, Constable was
interested in effectively continuous functionals [Odi89] of the general type
(N — N)™ x N* — N.!' We instead focus on partial recursive functionals
[0di89] of type (N — N) x N = N — a much more tractable setting. Sec-
ond, Constable wanted an extension of Blum’s complexity measure axioms
[Blu67, Odi99] to type-2 and included an interesting proposal along those
lines. At present type-2 computational complexity is at so poorly understood
that we believe that concrete, worked-out examples are what is needed. So
instead of trying to develop an axiomatic treatment, we follow an approach
similar to that of Hartmanis and Stearns [HS65] in studying the complex-
ity properties of a simple, standard model of computation. In our case, the
model is the deterministic, multi-tape, oracle Turing machine with Kapron
and Cook’s answer-length cost convention (more on this shortly).

Qutline. The next section sketches a few facts about type-1 complexity
theory and explains our focus on complexity classes. Section 3 introduces our
model of type-2 computation and some associated notions. Section 4 considers
the nature of type-2 time bounds and Section 5 concerns what it means for
a type-2 time bound to hold almost everywhere. Section 6 introduces our
definition of a type-2 complexity class and presents few elementary results
about these classes. Unions of complexity classes and whether these unions
are themselves complexity classes are considered in Section 7. Section 8 studies
the problem of whether there is a uniformly way to expand a given complexity
class to a strictly larger class. Finally, Section 9 contains our conclusions and
suggestions for future work.

82. A glance at type-1 computational complexity

Our study of type-2 computational complexity proceeds by rough analogy with
the type-1 theory. Thus before considering the situation at type-2, we start
by recalling a few basic facts about the type-1 theory.

Our model of computation. Following hoary complexity-theoretic tradition,
we take deterministic, multi-tape Turing machines (TMs) as our default model
of type-1 computation. Each step of a TM has unit cost. To simplify matters
a bit, we also follow the common convention of requiring that each TM must
read its entire input string. This forces a TM to have distinct computations
on distinct inputs. (We will return to this point later.)

Strings and numbers. Each z € N is identified with its dyadic representa-
tion over {0,1}. Thus,0=¢, 1=0, 2=1, 3 =00, etc. For each x € N,

! Notation: N denotes the set of natural numbers and A — B (respectively, A — B)
denotes the collection of all partial (respectively, total) set-theoretic functions from A to B.

15 March 2001
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|z| denotes the length of its dyadic representation. We will freely pun between
x € N as a number and a 0-1-string. TMs are thought of computing partial
functions over N (= {0,1 }*).

The standard indexing and complexity measure. PR and R respectively
denote the partial recursive and total recursive functions over N. Let (@;);cy
be an acceptable indexing [Rog67] of PR based on TMs. We call i a p-program
for ;. For each i and z, let ®;(z) denote the run time of the TM encoded by
i on input x. Note that (®;), . satisfies Blum’s complexity measure axioms:
(i) {(G,z) ' wi(x)l} = {(,z) } ®i(x)|} and (ii) {(i,z,n) | ®i(z) < n}is
decidable. Also note that it follows from our requirement that a TM must
read all of its input that |z| + 1 < ®;(z) for each i and x.

Ordering on functions and almost everywhere relations. For f,g: A — B,
f < g means that for all x € A, f(x) < g(x); f < g, and so on, are defined
analogously. For f,g: N — N, f =* g means that {z | f(z) = g(z)} is
co-finite; f <* g, and so on, are defined analogously.

DEFINITION 1 (TYPE-1 COMPLEXITY CLASSES). For each t € R:
C(t) =def {(piER r1eN & P; S*t} (1)
We call C(t) the complexity class named by ¢. &

Equation (1) is the standard definition of a complexity class relative to an
arbitrary complexity measure ®. By using special properties of our particular
choice of ®, we could replace the <* in (1) with < and definite essentially
the same notion. However, we retain the <* as a pedagogical reminder that
membership in a complexity class depends on the asymptotic behavior of wit-
nessing programs. For example, under many models of type-1 computation
one can effectively patch programs so that on some specified finite set of ar-
guments, the complexity is essentially anything you choose and off that finite
set of arguments, the complexity is unchanged from the original. Thus, the
“inherent complexity” of a program is only revealed in its asymptotic behav-
ior.2 One consequence of (1) is that to establish f ¢ C(t) for given f and ¢,
one must prove that any program for f must have complexity that is infinitely
often greater than ¢. Here is a sample argument along these lines.

THEOREM 2 (RABIN [RAB60]). Supposet € R. Then there is an 0-1-valued
element f € R such that f ¢ C(t).

PrOOF SKETCH. The proof uses a standard cancellation constructions. In the
program for f given in Figure 1, C, = programs cancelled on inputs < w and

2 Another reason stems from recursive relatedness [Blu67, Odi99]; when you abstract away
from a particular model of computation, the almost everywhere bounds are a necessary part
of most theorems in the general theory.

15 March 2001
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Input z.
Co 0.
For w « 0 to z do:
Sw—{k<wik¢C, & Pp(w) < t(w)}.
If Sw # 0 then Cyyy1 — Cyp U{min(Sy) } else Cyy1 — Cy.

If S, = 0 then return 0 else return 1 = ¢.(x), where e = min(S,).

Figure 1: The program for f

Sw = the candidates for cancellation on input w. A program i is cancelled
on input w if and only if i € Cy1 — Cy, in which case the construction will
guarantee that ®;(w) < t(w), f(w) # ¢;(w), and i will never be cancelled
again.

It is clear from the program that cancellation works as advertised and f is
a 0-1 element of R. It remains to show f ¢ C(t). Suppose that i is such that
®,; <*t. Choose wy > i so that (a) ®;(wp) < t(wp) and (b) for each k < i that
is ever cancelled, k has been cancelled before input wgy. Hence, either i has
been cancelled on a w < wq or the construction must cancel ¢ on input wg. In

either case ¢; # f. Therefore, f ¢ C(t). O

Honesty. Note that Definition 1 says nothing about the complexity of
computing ¢ itself. This is an important issue that is usually dealt with through
the notions of honesty and time constructibility.

DEFINITION 3. Suppose f,g: N — N.

(a) We say that f is g-honest if and only if for some i, a p-program for f,
P <gof.

(b) We say that f is honest if and only if f is g-honest for some g € R.

(c) We say that f is time constructible if and only if f = ®; for some i
with ¢; € R. &

Intuitively, f is honest provided there is a way of computing f such that the
size of each output is roughly commensurate with the time it takes to produce
that output. The construction for Rabin’s Theorem produces highly dishonest
functions. On the other hand, a time constructible function is as honest as it is
possible to be. Roughly, honest functions provide good names for complexity
classes, whereas complexity classes named by dishonest functions can be quite
pathological (see Theorems 23 and 24 below). In this paper we will not deal
directly with type-2 analogues of honesty and time constructibility. However,
they will be important background concerns, and we will see that there is some
amount of honesty built into our notion of type-2 time bound.

15 March 2001
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Why are complezity classes of interest? Omne of the central obsessions of
computation complexity theory is the attempt to draw sharp boundaries be-
tween the computationally feasible and infeasible, where the notions of feasible
and infeasible vary with context. Given an arbitrary ¢t € R, C(t) is unlikely to
represent anyone’s notion of feasibility. However, C'(t) is a very simple and el-
egant way of representing a complexity-theoretic boundary. Thus, if you want
to understand computational complexity, one of the first things you want to
study is the nature of these boundaries.

This is enough about the type-1 theory for the moment. Our goal in the
next few sections is to introduce a sensible type-2 analogue of Definition 1.

83. Type-2 computations and their costs

For our default model of type-2 computation we take deterministic, multi-tape
oracle Turing machines (OTMs). Under our setup OTMs are TMs that are
augmented with two special tapes: a query tape and a reply tape, and one
special instruction: query. To make a query of an oracle f: N — N, an OTM
writes a 0-1 string (interpreted as the dyadic representation of an x € N) on
the query tape and goes into its query state, whereupon the contents of the
query tape are erased and the contents of the reply tape become the dyadic
representation of f(z). We also require that each OTM must read all of its
type-0 input before halting, and additionally, that immediately after making
the query, an OTM must read all of the answer to said query. Each step of an
OTM has unit cost, but our requirement that OTMs read all of each oracle
response makes our cost model equivalent to Kapron and Cook’s answer-length
cost model [KC96].

Why OTMs? No one outside of complexity theory cares much for TMs or
OTMs as models of computation. So our use of OTMs is a poor marketing
choice. In their favor, OTMs are a simple, conservative model of computation
with a simple, conservation notion of cost. Hence, reasoning about their com-
plexity is straightforward (or as straightforward as reasoning about complexity
can ever be) and this just what we want from our model of computation in our
initial foray into this territory. Extending our results to other basic models of
computation should not be that hard, but we need to know the general shape
of the results first.

The unit cost model for OTMs. If we drop the requirement that each OTM
must read the entire answer to each query, then we obtain the unit cost model
for OTMs. Working with this model is more difficult than the answer-length
cost model and the results tend to be weaker. This unit cost model is studied
in [Li01], but we shall not discuss it further in this paper.

Finite functions. Let F denote the collection of finite functions over N, i.e.,
each o: N — N is defined on only finitely many arguments. In the following o

15 March 2001
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and 7 (with or without decorations) range over F. We identify each ¢ with its
graph: { (z,o(x)) | o(z)| }. We shall assume some canonical representation of
the elements of F and typically treat them as type-0 arguments to functions.
For each o, define d: N — N by:

o) = {U(.’IJ), if o(x)];

0, otherwise.

The standard indexing and complexity measure. The class of functionals
computed the OTMs sketched above are called the partial recursive functionals
(of type (N — N) x N — N) in Odifreddi [Odi89]. We denote this class by
PRF and the total members of this class by RF. Let (¢;),.n be an acceptable
indexing of PRF based on OTMs. We call i a ¢p-program for ¢,. For each 1,
f, and z, let ®;(f, x) denote the run time of the OTM encoded by ¢ on input
(f,x). Note that it follows from our requirement that an OTM must read all
of its input that |z|+1 < ®,(f, x) for each 4, f, and z. For each i, f, z, and n,
define Q;(f,xz,n) = the set of queries issued in the first min(n, ®;(f, z)) steps
of the computation of ¢-program i on input (f,z), Q;(f,z) = U,Q;(f,z,n),
Usei(f,x,n) = {(z, f(z)) : x € Qi(f,z,n) }, and Use;(f,z) = U, Use;(f, z,n).
Also, for each i, o, and =, we define

(I)Z'(E’x)’ if Qi(ﬁ’x) - {y : U(y)l };
®;(0,x) = n, otherwise, where n is the number of steps
taken up to the issuance of the first query

“o(y) =7" where o(y)7.

84. Type-2 time bounds

Our current goal is to lift Definition 1 to type-level 2 in a reasonable way.
The key issue in this is what should be the type-2 translation of the inequality
O, <* t of (1). In place of ®; we clearly should use ®;, but there are two
harder questions:

1. What should stand in place of <*7
2. What should stand in place of 7

We examine the first question in the next section. Here we shall consider how
to sensibly express time bounds on type-2 computations.

What we don’t do, and why. One way to proceed is to use arbitrary el-
ements of RF as time bounds. That is, given T € RF, we could say that
-program ¢ has complexity everywhere bounded by T if and only if &; < T
(i.e., for all f and z, ®,(f,x) < T(f,x)). Something of this sort is briefly
considered by Kapron [Kap91] and Seth [Set94]. This sort of bound has the
following troublesome feature.

15 March 2001
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PROPOSITION 4. Suppose that ®; < T and that b is some @-program b for T'.
Then, for all f and z, Q;(f,x) C Qu(f,x).

PROOF. Suppose by way of contradiction that y € (Q;(f,z) — Qu(f,x)) for
some particular f and x. Let f’ be such that f'(z) = f(z) for z # y and
f'(y) = 29T Then T(f',x) = T(f,z) since p-program b fails to query
f on y. Moreover, ®;(f",x) > T(f,x) since yp-program i on input (f’,z) will
query f’ on y and the cost of this query is greater than T'(f,x). Therefore,
®,(f' ) >T(f,z) =T(f',x), a contradiction. O

Thus, for ®; < T to hold it must be the case that for any ¢-program b for
T and any input (f,z), the ¢-program b must anticipate all of the possible
questions the computation of 7 on (f,z) might ask and ask them itself. This
seems like an odd thing for a humble bound to do. In particular, if T" is honest
and small (in some reasonable senses), then {p; e RF 1i e N & &, <T}
must be very restricted since the set of queries a ¢; in this collection will be
quite circumscribed.

Our approach. To avoid having our bounding functionals issue queries, we
make them a particular sort of enumeration operator [Rog67, Odi89]. That
is, the bounding functionals can be thought of as passive observers of the
computations they are set to bound; at any point of the computation, the
bounding functional will have “bounding value” based on what the functional
has seen of the input and the queries. This scheme is directly inspired by
the standard clocking scheme for second-order polynomially bounded OTMs
[KC96, Set92]. We proceed formally as follows.

DEFINITION 5. Suppose 3: F x N — N is total computable.
(a) We say that § determines a weak type-2 time bound if and only if it
satisfies the following three conditions, for all f, o, and =,
Nontriviality: B(o,x) > |z| + 1.
Convergence: lim,_, ¢ B(1,x)] < oo.
Boundedness: sup,c (7, ) = lim,_y B(7, ).
Let WB be the collection of all such 3’s.
(b) We say that 8 determines a strong type-2 time bound if and only if
[ satisfies the nontriviality and convergence conditions as above as well as
satisfying, for all o, ¢’, and x:
Monotonicity: o C o’ implies 3(c,x) < (o, x).
Let SB be the collection of all such G’s. &

Clearly, if SB € WB. Unless we say otherwise, 8 will denote an element
of WB in the following.

15 March 2001
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DEFINITION 6.

(a) We say that the run time of ¢p-program i on input (f,z) is bounded by
B (written ; 5(f,z)|}) if and only if, for each n, @(i, 0y, ) < B(0oy, ), where
on = Use;(f,z,n).

(b) We say that the computation of ¢-program ¢ on input (f,z) is clipped
by 8 (written @, 5(f,z)1) if and only if not ; 5(f,z){.

(c) Define E; 5 = {(f,x) | ¢; 5(f,2)t }; we call E; g the exception set for
1 and [.

(d) We say that the run time of ¢p-program i is everywhere bounded by 3
if and only if E; g is empty. <&

EXAMPLE 7.

(a) Suppose ¢; € RF and, for each o and z, let §(o,z) = ®;(0,z). Then
# € SB and it is no surprise that the run time of (p-program i is everywhere
bounded by S.

(b) For each a, k, d, x, and o, define §,10(0,2) = a - (|z| + 1)* and
also Bukari(o,z) = a- (Jw| + |z| + 1)k, where w = max({o(y) | |y| <
Bakd(o,x) & o(y)l}). Then each (14 € SB and the class of BFFs of
type (N — N) x N — N is exactly U, ; 4 { ®; | the run time of ¢-program i is
everywhere bounded by 3, 1.4 } [Set92, IKRO1]. O

85. Type-2 almost everywhere bounds

We want to speak of the run time of ¢-program i being almost everywhere
bounded by (. Intuitively, this should mean that in some appropriate sense
E; g is finite. In the realm of function spaces, “finite” usually corresponds
to compact in some topology. So the question of almost everywhere bounds
comes down to a choice of topology.

What we don’t do, and why. Our OTMs compute over (N — N) x N. That
space is isomorphic to NN which has a well-known topology due to Baire. Let
B denote this topology on (N — N) x N. For B, it suffices to take { (o,z) !
o € F, z €N} as the collection of basic open sets, where for each ¢ and =z,

((U’:C)) —def {(f,x) | fDU}.

The problem with B is that the compact sets are all too small for our purposes.
This is shown by:

PRroPOSITION 8. If an E; g is B-compact, then this E; g is empty.

Proor. It follows from Definitions 5(a) and 6(c) that F; g is open in B. But
the only open compact set in this topology is 0. O

Roughly, the more open sets one has in a topology, the more restricted
are its compact sets. B and “large” topologies in general thus fail to provide

15 March 2001
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sufficiently large compact sets so as to obtain nontrivial almost everywhere
relations.

Our approach. To address the problem of what topology to use, we shift
our attention from the set of possible inputs of an OTM to the set of possible
computations of an OTM. To motivate this shift, let us first consider a par-
ticular ordinary TM M that ignores the convention about reading its entire
input. This M acts as follows:

Upon staring, M examines the first symbol on the input tape. If
this is a 0, M immediately halts with output O; otherwise, M reads
the rest of the input and then halts with output 1.

Clearly there are infinitely many inputs on which M halts with output O.
However, there is only one computation of M that produces output 0: on
an input of the form 0{ 0,1 }* the machine never looks beyond the initial O,
hence all such inputs produce the same computation. Therefore if we want to
say that such an M does something for all but finitely many cases, we must
specify whether cases in question are inputs or computations — each choice
has its own faults and merits.

Now, any halting computation of an OTM has 2%-many inputs which pro-
duce that computation. So if we want to say that OTM does something for
all but finitely many cases, we again must choose between these cases corre-
sponding to inputs or computations. B roughly corresponds to the “inputs”
choice. No single topology corresponds to the “computations” choice, but we
need not be restricted to a single topology. The next two definitions introduce
several topologies we need to consider.

DEFINITION 9. Suppose F': (N — N) x N — N is B-continuous.

(a) A locking segment for F is a (o, x) for which there is a y € N such that
for all f with (f,z) € (0,2), F(f,z)=y.

(b) A minimal locking segment for F is a locking segment (o, ) for F' such
that for each 7 C o, (7,x) fails to be a locking segment.

(c) The induced topology for F' (denoted Z(F')) is the topology determined
by the subbasis: { (¢,x) | (0,z) is a minimal locking segment for F'}. &

DEFINITION 10. The induced topology for the ¢p-program i (denoted Z;) is
the topology determined by the subbasis: { (Use;(f,z),z) | f: (N — N) —
N,zeN}. o

It is easily seen, for each i with ¢; € RF, that Z(¢p;) is a subtopology of Z;
which in turn is a subtopology of B and that Z(¢;) is the smallest subtopology
of B such that ¢, is continuous.

15 March 2001
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Now we have a decision to make. We can take “the run time of ¢p-program ¢
is almost everywhere bounded by 5” as meaning either (a) E; 3 is Z;-compact or
(b) E; g is I(¢p;)-compact. Choice (a) exactly matches our talk about counting
computations. But working with choice (a) turns out to be tricky. Part of
the problem is that under choice (a) it is very hard to compare computations
of programs for the same functional — ¢; = ¢; does not imply that Z; and
Z; have much to do with one another. So for reason simplicity, in this paper
we make choice (b). There are prices to be paid for this choice, but they are
generally tolerable. Thus we officially introduce:

DEFINITION 11. We say that the run time of ¢p-program i is almost everywhere
bounded by (3 if and only if E; 3 is Z(¢;)-compact. O

Note: Since Z(¢;) is a subtopology of Z;, any Z;-compact set is also Z(¢;)-
compact. We shall use this frequently in the following.
As a first check that Definition 11 is reasonable, we note:

PROPOSITION 12. Suppose i is such that ¢; € RF and ¢ € N. Then { (f,z) |
®,(f,x) <c} is I(p;)-compact.

PROOF. Suppose that ®;(f,z) < c¢. It follows from our restrictions on OTMs

that |z|, |max(Q;(f,z))|, and | max{ Use;(f,z)(y) | v € Q:(f,z) }| are all no
greater than c. Clearly then, there are only finitely-many computations of (-

program ¢ with ®;(f,z) < c¢. Therefore, { (f,z) | ®;(f,z) < ¢} is Z;~-compact,
and hence, Z(¢p;)-compact. O

86. Type-2 complexity classes

Now that all the pieces are in place, we can state:
DEFINITION 13. For each 8 € WB:

C(B) =det {@i € RF | ieN & E,;gis Z(p;)-compact } . (2)
We call C(f3) the complezity class named by £3. O

This notion of complexity class is similar its type-1 cousin in many ways.
Here is a first illustration.

PROPOSITION 14. Suppose F' € C(3). Then there is a p-program i for F' and
a c € N such that E; .3 = 0.

15 March 2001
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PROOF SKETCH. Let p be such that ¢, = F' and E, g is Z(F')-compact. Let
M be the OTM coded by p and let C be a finite Z(F')-cover of E, 3. If C = 0,
then we are done. Suppose C # @) and let {xq,... ,2x } = {z | (0,2) € C}.
One can argue that, for each ¢ < k, there is a finite decision tree T; as follows.

Each node n of T; is labeled a v, € N. If n is an interior node, this will
correspond to the oracle query “f(y,) =?”. If n is a terminal node, this will
correspond to the output being y,. FEach edge leaving an interior node is
labeled a z € N; this corresponds to z being the answer to the interior node’s
query. For each node n of T;, let o, be the finite function that corresponds to
the set of queries and answers on the path leading to n. We require that (i) if n
is a terminal node, then (0, z;) a locking segment for ¢, and ¢, (77, ;) = Yn;
(ii) if n is an interior node, then for all f D o,, M on (f,z;) queries f on y,,
and (iii) { (on, ;) ' n is a terminal node of T; and ¢ < k } covers Ej, 3.

Given these T;’s, let M’ be the OTM that, on input (f, z), checks if z = z;
for some ¢ < k. If not, then M’ acts like M. If so, then M’ follows the decision
tree T; until either (i) it reaches an terminal node n, in which case is outputs
yn, and halts or else (ii) M’ reaches an interior node n, and f(y,) is not the
label of any edge leaving n, in which case, M’ acts like M on input (f,z).

Clearly, M’ computes ¢,. The extra cost of running M’ on (f,z) over
running M is the cost of following the decision tree T; when z = z; for some
i < k. Since in following the decision tree T; simply involves making queries
that M on input (f,x) will have to make anyhow. Hence, with a little careful

programming, there is a ¢ € N such that ¢- 3 everywhere bounds the run time
of M. O

Note: In general it is false that if E; 5 is Z(¢;)-compact, then there is a ¢
such that E; 3. = () — this is part of the price of using the Z(¢;) topology.

As a second illustration of the similarity between type-1 and type-2 com-
plexity classes, we show that a straightforward lift of the proof of Rabin’s
Theorem (Theorem 2) suffices to obtain a type-2 version of that result.

THEOREM 15. Suppose 8 € WB. Then there is an 0—1-valued element F €
RF such that F ¢ C(3).

ProOOF SKETCH. The argument is a direct lift of the one given for Theorem 2
above. In the program for F' given in Figure 2, Cf,, = programs cancelled
on inputs (f,w’) with w’ < w and S§,, = the candidates for cancellation
on input (f,w). A program i is cancelled on input (f,w) if and only if i €
C w1 — Cfuw, in which case the construction will guarantee that ¢; 5(f, w){,
F(f,w) # ¢;(f,w), and i will never be cancelled again on an input of the form
(f,z) with x > w.

It is clear from the program that cancellation works as advertised and F
is a 0-1 element of RF. To show F ¢ C(f3) consider an i such that E; g is

15 March 2001



134

Type-2 Complexity Classes 12

Input (f,x).
Cro 0.
For w « 0 to x do:
Stwe{k<wi k¢ Cruw & @pa(f,w)l}.
If S # 0 then Cpoyiq — Crppy U{min(Sy.,) } else Cpoptr1 — Crop
If S = () then return O else return 1 = ¢_(f,x), where e = min(Sy ).

Figure 2: The program for F

I(F)-compact. Fix f: N — N and choose wy > i so that (a) ®; g(f, wo)|} and
(b) for all k& < i that are ever cancelled on an input of the form (f,x) have
been cancelled by input wy. Hence, either i has been cancelled on a (f,w)
with w < wq or the construction must cancel ¢ on input (f,wp). In either case

p; # F. Therefore, F' ¢ C(p). O

So much for similarities, the next two sections demonstrate some marked
differences between type-1 and type-2 complexity classes. To keep this paper a
reasonable size we shall omit proofs in these next two sections, but the proofs
can be found in [Li01].3

87. Unions of complexity classes

The type-1 situation. The class of type-1 polynomial-time computable func-
tions is commonly referred to as a complexity class, but it is far from obvious
that there is a tp € R that names exactly that class. That there is such a
tp follows from the following quite difficult result, which holds when ® is an
arbitrary complexity measure.

THEOREM 16 (THE UNION THEOREM, MCCREIGHT AND MEYER [MMG69,
OD199]). Suppose that t: N> — N is computable and nondecreasing in its
first argument. Then there is a computable g: N — N such that C(g) =

U; C(\z.t(i,x)).

This theorem is barely true in the sense that you want the g of the theorem
to have any nice properties (e.g., honesty), then you find the result breaks.

The type-2 situation. Since the Union Theorem is fairly delicate, it is no
surprise that it is fails to hold in its full strength at type-2. However, the
failure is spectacular. Here is an important example of this.

THEOREM 17 (L1 [L101]). The class of type-2 basic feasible functionals fails
to be a type-2 complexity class.

3A late draft of this is available as: ftp://ftp.cis.syr.edu/users/royer/CClLthesis.ps.
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To obtain some measure of how bad this failure is and to obtain some suf-
ficient conditions on a weak version the union theorem at type-2, we introduce
some conditions on type-2 complexity bounds. To keep this paper a reasonable
length, we shall not explain these notions beyond their definitions.

DEFINITION 18.

(a) We say that (o,x) is a locking fragment of § (denoted ((o,x)|) if and
only if for all 7 D o, B(1,2) = B(0,z).

(b) We say that £: F x N — {0,1} is a locking detector for (3 if and only
if (i) £ is computable, (ii) for each f and w, lim,_ ¢ ¢(o,x) = 1, and (iii) for
each o and z, {(o,z) = 1 implies that (o, x)].

(¢) A minimal locking fragment of (3 is a locking fragment of ( such that,
for all for all 7 C o, (7,x) fails to be a locking fragment of /.

(d) We say that (3 is useful if and only if for every (o, x), minimal locking
fragment of 3, we have that, for each 7 C o, B(7,2) > ||7|| + |z| + 2.4 <&

DEFINITION 19. Let (8;);cn be a sequence of elements of WB such that the
function \i, o, z.5;(0, z) is computable. We say that:

(a) (Bi);en is ascending if and only if, for all 4, 5; < Bi11.

(b) (Bi)ien is useful if and only if each 3; is useful.

(c) (Bi);en is convergent if and only if, for each f and x, thereisa oy, C f
such that for all i, Bi(0f., ).

(d) (Bi);en uniformly convergent if and only if, for all 4, z, and o, if
Bi(o,x)|, then for all j, B;(o,x)].

(e) (Bi)ien strongly convergent if and only if (3;);.y is uniformly convergent
and there is a locking detector for (. &

THEOREM 20 (L1 [L101]). There is a ascending, useful, convergent (B;);cn
such that | J; C(f;) is not a complexity class.

This is a fairly strong non-union result. We conjecture that convergent
can be strengthened to uniformly convergent in the previous theorem. By
strengthening the hypotheses on the ;’s even more, we can obtain the follow-
ing weak union theorem. We conjecture that this theorem fails if we require
all the complexity bounds to be elements of SB.

THEOREM 21 (THE WEAK TYPE-2 UNION THEOREM, L1 [L101]). Suppose
that (B;);cn Is ascending, useful, and strongly convergent. Then there is a

B € WB such that C(8) = |J, C(5).

“There is a different definition of useful in [Li01] that is more understandable, but requires
a bit of back-story.
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One nice consequence of this theorem is that type-2 big-O classes are com-
plexity classes. We conjecture, however, that the SB version of the following
is false.

COROLLARY 22. Suppose 8 € WB. Let O(8) = U, ex Cla- 8 +b). Then
O(p) is a complexity class.

88. Gaps and compressions

The type-1 situation. We know by Rabin’s Theorem that for each ¢t € R, there
is a t’ € R such that C(t) C C(t'). However, effectively constructing such a
t' from a given t turns out to be impossible as shown by the following two
theorems. (N.B. Constructing such a ¢’ from a program for t is easy, but that
is not the issue here.)

THEOREM 23 (THE GAP THEOREM, BORODIN [BORT2]). For each r € R,
there is an increasing t € R such that C(t) = C(r ot), in fact, there is no i
with t <* &, <* rot.

THEOREM 24 (THE OPERATOR GAP THEOREM, CONSTABLE [CONT72] AND
YouNa [You73]). For each recursive operator ©: (N — N) — (N — N),
there is an increasing t € R such that C(t) = C(O(t)), in fact, there is no i
with t <* ®; <* O(t).

In both of these theorems, the reason for the gap in which no ®; lives is that
the t’s in question are pathologically dishonest. If we restrict our attention
to more sensible names for complexity classes, we obtain the following result
that matches our intuitions a bit better.

THEOREM 25 (THE COMPRESSION THEOREM, BLUM [BLUG7]). There is a
computable r: N2 — N such that for all i with p; € R, we have C(®;) C
CAz.r(z, ®i(x))).

The type-2 situation. The fact that the (’s are tied to queries imposes a
sort of honesty on our time bounds. We thus loose the gap phenomenon at
type-2 as shown by:

THEOREM 26 (THE WB INFLATION THEOREM, LI [L101]). There is a re-
cursive operator © such that, for each f € WB, ©O(3) € WB and C(f) <

C(0(9))-

We do obtain a gap theorem for unions. But given the wiggly nature of
unions, this is not surprising nor is it particularly hard to show.

THEOREM 27 (THE UNION-GAP THEOREM, L1 [L101]). For each recursive
operator © such that for each 5 € WB, ©O(f) € WB, there is an ascending

(Bidien such that J; C(%) = U; C(O©(5))-
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89. Conclusion

General type-2 complexity theory is almost completely unknown territory. In
this paper we have blazed one path into this territory. This path is obviously
not the only such and it likely is not the best, but we feel that it represents a
creditable bit of exploration. In particular we suspect that the failure of the
union and gap theorems will be features of any reasonable complexity theory
for type-2.

There are obviously many open questions: What happens with the speedup
theorems? What happens if we restrict all the 3’s to SB? What if we change
to the unit cost model for OTMs? If we are stuck with naming large classes
(e.g., the type-2 basic feasible functions) through unions, what are the general
properties of these union classes. (Li [Li01] addresses many of these questions.)
Going a little farther, one can ask: How can one extend our work to cover the
effectively continuous type-2 functionals? (This requires a careful treatment
of computation over partial (e.g., N — N) arguments.) How can we extend
this work beyond type-2?7 (Our notion of complexity bound seems amenable
to realizer-based definitions of higher-type classes.)
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1 Introduction

As is well known, unbounded minimization allows the generation of the computable functions
from the primitive recursive ones. If one restricts to bounded minimization then the latter
class is closed under this operation. By relaxing the minimization condition in such a way
that no longer the smallest zero of a given function is asked for, but the smallest argument
that is mapped onto an even result, Bellantoni [1, 2] could derive a machine-independent
characterization of the class [P of functions computable in deterministic polynomial time
by querying oracles in the polynomial-time hierarchy. The result is in the style of Cobham’s
classical characterization of the polytime functions [4]. Bellantoni showed that the class [P
is the smallest class of functions containing certain basic functions and being closed under
substitution, limited recursion on notation and his weakened minimization operator.

Surprisingly, the characterization remains true in a tiered (safe) framework [6, 7, 3],
where, in addition to safe composition and safe (predicative) recursion on notation, an un-
bounded version of relaxed minimization is used that only allows to minimize safe arguments.

The result shows that even in its relaxed form minimization (bounded or unbounded) is
still a powerful operation. In a recent paper Danner and Pollett [5] weakened Bellantoni’s
safe minimization operation again by rst limiting the veri cation that a computed function
argument ¢ is minimal to only those numbers d that are less than the length of ¢ and
then prescribing which bits of ¢ a further computation may have access to. This operation,
called limited safe weak minimization, is necessarily multi-valued. They showed that the
smallest class of multifunctions generated from certain initial functions by safe composition,
safe recursion on notation and this new operation is exactly the class NPMYV of partial
multifunctions computable in nondeterministic polynomial time.

As already stated by the authors, the de nition of limited safe weak minimization is rem-
iniscent of limited minimization, thus not in the spirit of implicit computational complexity.
In this paper we propose a modi ed version of safe weak minimization which remedies this
problem. Moreover, we show that the above mentioned characterization of NPMYV holds
true when the new version of safe weak minimization is used.

2 Basic definitions and facts

Inputs to functions are categorized as normal or safe, the normal ones being written to the
left of a semicolon and the safes ones to the right. The variables z, y, z are usually used
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in normal position, and a, b, ¢ are usually used in safe position. For a function class B the
subclass consisting of the functions with only normal arguments is denoted by Norm(B).
Write |z| for the binary length [log,(z + 1)] of integer z; the terms “predecessor”, “suc-
cessor” refer to binary notation. If Z is a vector of n integers, then write |Z| for the vector
|z1|, ..., |zn| and write f(z) for f1(Z),..., fm(Z).
De nition 2.1 Let By consist of the functions (1)-(5) below:
1. (Constant) 0 (a zero-ary function).
2. (Projections) W;Z’m(l'l, ey T Ty e Tpgm) = T4, for 1§ n+m.

4

-
- (
3. (Successors) so(;a) = 2a and s1(;a) = 2a+ 1. Write “ai” for s;(;a), where ¢ € {0, 1}.
. (Predecessor) p such that p(;0) = 0 and p(;a0) = p(;al) = a.

- (

Conditional)

b if amod2 = 0,

¢ otherwise.

cond(;a, b, c) = {

De nition 2.2 [By; SC,SRN] denotes the smallest class of functions containing By and
closed under the operations (1) and (2):

1. (Safe Composition) Given h, 7 and ¢ de ne f by

2. (Safe Recursion on Notation) Given g and hg, h1 de ne f by, for i € {0, 1},

) =9(z;a)
) = hi(y,

Kl
Ql
Il

f(0,
f(yi,

9
9

;a, fy, ;@) for yi # 0.

Kl
Ql
Kl

Let FP be the class of all polytime functions. The following result is due to Bellantoni
and Cook [1, 3].

Theorem 2.3 FP = Norm([By; SC, SRN]).

This theorem gives strong reasons to consider the polytime functions as the complexity-
theoretic analog of the primitive recursive functions. So the question comes up what is the
complexity-theoretic analog of the partial recursive functions and can the functions in this
class be generated from the polytime functions by applying a suitable minimization operator.
This question was the starting point for recent investigations by Danner and Pollett [5].

In his dissertation [1, 2] Bellantoni introduced a safe minimization operator.

De nition 2.4 (Safe Minimization) Given h, de ne f by

o s1(; ub. h(Z;a,b) mod 2 = 0) if there is such a b,
f(z;a) = .
0 otherwise.
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Moreover, he showed that the functions computable on a polynomial-time bounded oracle
Turing machine with an oracle in the polynomial-time hierarchy are exactly the functions in
[Bo; SC, SRN, SM] that have only normal arguments.

This class is far beyond of what could be considered as a complexity-theoretic analog
of the partial recursive functions. In their paper [5] Danner and Pollett introduced two
weakenings of safe minimization: safe weak minimization and limited safe weak minimization,
and by using the latter operator instead of safe minimization they showed that the collection
of functions in the resulting class that have only normal arguments is exactly the class
NPMYV of all partial multifunctions computable in nondeterministic polynomial time, thus
answering the above posed question.

A partial multifunction is a map f: N¥ — P, (N) for some k, where Pg,(N) is the collec-
tion of all nite subsets of the natural numbers. Alternatively, f can be viewed as a relation
on NF*+1 satisfying the constraint that for all Z, {y | (Z,y) € f}is nite. We write f(Z) — y
when y is a (possible) outcome of f.

De nition 2.5 (Safe Weak Minimization) Given a partial multifunction g, f is de ned
by

f(z;a) — b < g(x;a,b)mod 2 — 0 A (Ve < |b])g(Z;a, c) mod 2 — 1.

If f is de ned by safe weak minimization from g we write f(z;a) = p*b. g(z;a,b) mod 2 =
0.

As is shown in the next example, if f is de ned from g by safe weak minimization then
for any inputs z and a, f(Z;a) may have superexponentially many outputs, even if g is
single-valued.

Example 2.6 Set g(z;a) = cond(; P(x;b),1,0), where the function P is de ned by, for
ie€{0,1},

P(0;b) =b,  P(xi;b) = p(; P(z;b)).

P(z;b) takes |z| predecessors of b.
It follows that g(x;b) has value 0, if the (|x| + 1)-st low-order bit of b is 1, otherwise its
value is 1. Now, let

f(x;) = pu®b. g(x;b) mod 2 = 0.
Then f(z;) + b, for all numbers b such that
e [p| 2 and
e the (|x| + 1)-st low-order bit of b is 1.

By de nition, if the (Jz|+1)-st low-order bit of b is 0 then g(z;b) = 1 and hence f(x;) +% b.
Now, suppose that |[b| > 21%l and g(z;b) mod2 = 0. As g(z;2/*)mod2 = 0, it follows that
f(x;) # b. On the other hand, if ||  2!*l so that the (|| + 1)-st low-order bit of b is 1
then f(z;) +— b, since for d with d < |b| one has that |d| |z| and hence that the (|x]| 4 1)-st
low-order bit of b is 0, which means that g(z;d) = 1.

Thus, the cardinality of {b | f(z;) +— b} is equal to the cardinality of the set of binary
sequences of length 211 1, ie.

1{b]| f(a;) — b} [=22" 1.
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Since for any function h € NPMYV one has that | {z | h(Z) — 2z} || 2P0ZD ] for some
polynomial p, it follows that the class NPMYV is not closed under safe weak minimization,
which means that this operation is still too strong.

De ne the function amod v = amod 2!, Then amodv is the number given by the |v|
low-order bits of a. For a sequence a = aq, ..., a, write amod v for a; modw, ..., ap modwv.

De nition 2.7 (Limited Safe Weak Minimization) Given partial multifunctions g and
h, f is de ned by

f(z;a) = (u"b. g(Z;a,b) mod 2 = 0) mod h(Z;).
Theorem 2.8 NPMV = Norm([By; SC, SRN, LSWM]).

Here, safe composition and safe recursion on notation have been transferred to the partial
multifunction setting in the obvious way.

If f is de ned by limited safe weak minimization from g and h then the application of
mod cuts the possibly superexponentially many outputs b of u"b. g(z;a,b) mod 2 = 0 down
to those with |b|  |z|, for some z with h(Z;) — 2z, thus to exponentially many. Limited safe
weak minimization is reminiscent of limited minimization. As Danner and Pollett remark,
by using this operation one enters the “gray area” of implicit computational complexity.

3 Safe minimization on notation

In this section we present a modi cation of safe weak minimization which follows the ideas
of implicit computational complexity and show that an analog of Theorem 2.8 holds.! The
idea is to minimize with respect to the pre x order on binary representations.

For numbers a and b, respectively, let a, ...ap and b,,...bg be their binary represen-
tations. De ne a C b if n m and a; = b;, for all i n. Write a C b if ¢« C b and

a #b.

De nition 3.1 A partial multifunction f(Z;a) is consistent if not both f(Z;a)mod2 — 0
and f(z;a) mod2 — 1.

De nition 3.2 (Safe Minimization on Notation) Given a consistent partial multifunc-
tion g, f is de ned by

f(z;a) — b< g(T;a,b)mod 2 — 0 A (Ve C b)g(Z;a,c) mod 2 — 1

Write f(z;a) = p"b. g(Z;a,b) mod 2 = 0, if f is de ned by safe minimization on notation
from g.

Example 3.3 In order to see the e ect of the modi ed quanti cation in the second condi-
tion, consider Example 2.6 again. As has been shown,

(0] fla;)—=by={b]|z[+1 o] 2} ={b]20 b<22"}
Since the function g is single-valued, it is consistent. De ne

f'(z;) = u™b. g(z;b) mod 2 = 0.

!This research has been motivated by an earlier version of Danner and Pollett’s paper in which only safe
weak minimization was studied. It should be noted that the de nitions and results in this section have been
obtained independently of what the authors presented in their revised version.
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Then {b | f'(z;) — b} is the set of all numbers of minimal length such that the (|z| + 1)-st
bit is 1, which means that it is the set of all numbers of exactly length |z| + 1. Hence

{b] fi(z;) —b}={b| 2l b<2lH1}

For numbers a and b let @ < b if |a| [b|. Then < is a preorder. Write a < b if a < b
and a # b.

Obviously, a C b exactly if a = bmod d, for some number d with |d| = |a|. Therefore we
have the following lemma which is useful in the derivation of our main result below.

Lemma 3.4 Let f and g be partial multifunctions and let g be consistent. Then f is obtained
by safe minimization on notation from g if and only if for any T, a and b,

f(z;a) — b= g(Z;a,b)mod2 — 0 A (Ve < b)g(Z;a,bmod ¢) — 1.
Theorem 3.5 NPMV = Norm([By; SC, SRN, SMN]).
The theorem follows from the following propositions.

Proposition 3.6 Let f € NPMV. Then there are functions T(z;a,c), res(z;a) and
bnd(z;) in [Bo; SC, SRN] such that for all inputs T

f(&) = res(bnd(z;); u"b. T(bnd(Z; ); Z,b) mod 2 = 0).

The proposition follows in the usual way by an appropriate coding of Turing machine
computations. Note that for any accepting computation there is a smallest accepting sub-
computation with the same result.

Corollary 3.7 Let f(z) € NPMV. Then f(z;) € [By; SC,SRN, SMN].
The proof of the converse implication uses a technique of Bellantoni.

De nition 3.8 Let f be a partial multifunction (note that we do not separate the arguments
into normal and safe here) and let ¢ be a polynomial.

1. Function f(Z,a) is a polynomial checking function on T with threshold ¢ if for all z, a,
w and v satisfying [v|  ¢(|z]) + |w],

f(z;a) modw = f(Z;amod v) mod w.

2. Function f(Z,a) is polymax bounded by q on z if for all Z, a and y with f(z,a) — v,
I q(|Z]) + max; ai].

Note that the equation in De nition 3.8(1) has to be understood as an equation between
sets.

;a) is in [Bp; SC, SRN, SMN], then f is a polymaz-bounded polyno-

Proposition 3.9 If f(z;
on x.

mial checking function

Corollary 3.10 Let f(Z;a) be a partial multifunction in [Bo; SC, SRN,SMN]. Then f(Z,a)
is computable in nondeterministic polynomial time.
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The proof proceeds by induction on the derivation of f in [Bp; SC,SRN,SMN]. By the
preceding proposition the length of any output of f is bounded by a polynomial in the length
of the input. This can be used to design polynomial-time algorithms for the computation of f
in case that f is obtained by an application of safe recursion on notation or safe minimization
on notation, respectively.

Note that the consistency requirement in De nition 3.2 is needed in the proof of Proposi-
tion 3.9. As can be seen from the following example, without this condition the class NPMV
would not be closed under safe minimization on notation, which means that Theorem 3.5
and hence Proposition 3.9 would be false.

Example 3.11 Let g(x,b) — 0,1, for all ,b € N. Then g € NPMV, but ¢ is not consis-
tent. Now, de ne f by

f@)—b< g(zr,b)mod2+— 0A (Ve C b)g(x,c)mod2 — 1.

Then it is readily veri ed that f(z) — z, for all z € N. Thus, f € NPMYV, since otherwise
there exist some polynomial p such that || { z | f(z) — z} | 2r(=D.
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