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Abstract

This dissertation investigates and extends the mathematical foundations of lo-
gics and automata for the interleaving and synchronous noninterleaving view of
system computations with an emphasis on decision procedures and relative ex-
pressive powers, and introduces extensions of these foundations to the emerging
domain of noninterleaving asynchronous computations. System computations
are described as occurrences of system actions, and tractable collections of such
computations can be naturally represented by finite automata upon which one
can do formal analysis. Specifications of system properties are usually described
in formal logics, and the question whether the system at hand satisfies its spec-
ification is then solved by means of automata-theoretic constructions.

Our focus here is on the linear time behaviour of systems, where execu-
tions are modeled as sequence-like objects, neither reflecting nondeterminism
nor branching choices. We consider a variety of linear time paradigms, such
as the classical interleaving view, the synchronous noninterleaving view, and
conclude by considering an emerging paradigm of asynchronous noninterleaving
computation. Our contributions are mainly theoretical though there is one piece
of practical implementation work involving a verification tool. The theoretical
work is concerned with a range of logics and automata and the results involve
the various associated decision procedures motivated by verification problems,
as well as the relative expressive powers of many of the logics that we consider.

Our research contributions, as presented in this dissertation, are as fol-
lows. We describe the practical implementation of the verification tool Mona.
This tool is basically driven by an engine which translates formulas of monadic
second-order logic for finite strings to deterministic finite automata. This trans-
lation is known to have a daunting complexity-theoretic lower bound, but sur-
prisingly enough, it turns out to be possible to implement a translation algo-
rithm which often works efficiently in practice; one of the major reasons being
that the internal representation of the constituent automata can be maintained
symbolically in terms of binary decision diagrams. In effect, our implementation
can be used to verify the so-called safety properties because collections of finite
strings suffice to capture such properties.

For reactive systems, one must resort to infinite computations to capture
the so-called liveness properties. In this setting, the predominant specification
mechanism is Pnueli’s LTL which turns out to be computationally tractable
and, moreover, equal in expressive power to the first-order fragment of monadic



second-order logic. We define an extension of LTL based on the regular pro-
grams of PDL to obtain a temporal logic, DLTL, which remains computationally
feasible and is yet expressively equivalent to the full monadic second-order logic.

An important class of distributed systems consists of networks of sequential
agents that synchronize by performing common actions together. We exhibit a
distributed version of DLTL and show that it captures exactly all linear time
properties of such systems, while the verification problem, once again, remains
tractable.

These systems constitute a subclass of a more general class of systems with
a static notion of independence. For such systems the set of computations con-
stitute interleavings of occurrences of causally independent actions. These can
be grouped in a natural manner into equivalence classes corresponding to the
same partially-ordered behaviour. The equivalence classes of computations of
such systems can be canonically represented by restricted labelled partial or-
ders known as (Mazurkiewicz) traces. It has been noted that many properties
expressed as LTL-formulas have the “all-or-none” flavour, i.e. either all compu-
tations of an equivalence class satisfy the formula or none do. For such properties
(e.g. “reaching a deadlocked state”) it is possible to take advantage of the nonin-
terleaving nature of computations and apply the so-called partial-order methods
for verification to substantially reduce the computational resources needed for
the verification task. This leads to the study of linear time temporal logics in-
terpreted directly over traces, as specifications in such logics are guaranteed to
have the “all-or-none” property. We provide an elaborate survey of the various
distributed linear time temporal logics interpreted over traces.

One such logic is TLC, through which one can directly formulate causali-
ty properties of concurrent systems. We strengthen TLC to obtain a natural
extended logic TLC* and show that the extension adds nontrivially to the ex-
pressive power. In fact, very little is known about the relative expressive power
of the various logics for traces. The game-theoretic proof technique that we
introduce may lead to new separation results concerning such logics.

In application domains such as telecommunication software, the synchronous
communication mechanism that traces are based on is not appropriate. Rather,
one would like message-passing to be the basic underlying communication mech-
anism. Message Sequence Charts (MSCs) are ideally suited for the description of
such scenarios, where system executions constitute partially ordered exchanges
of messages. This raises the question of what constitutes reasonable collec-
tions of MSCs upon which one can hope to do formal analysis. We propose a
notion of regularity for collections of MSCs and tie it up with a class of finite-
state devices characterizing such regular collections. Furthermore, we identify a
monadic second-order logic which also defines exactly these regular collections.

The standard method for the description of multiple scenarios in this set-
ting has been to employ MSC-labelled finite graphs, which might or might not
describe collections of MSCs regular in our sense. One common feature is that
these collections are finitely generated, and we conclude by exhibiting a subclass
of such graphs which describes precisely the collections of MSCs that are both
finitely generated and regular.
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Chapter 1

Introduction

Never send a human to do a machine’s job.
—Agent Smith, The Matriz (1999)

As technological advances in computing lead to increased levels of automa-
tion, the need for correctly functioning software and hardware is becoming more
crucial. In application domains involving safety critical systems, an unforeseen
error can have a devastating impact. To be specific, failures often have unac-
ceptable consequences in applications areas such as air traffic control, medical
monitoring equipment, electronic commerce, and power plants.

Of course, in every design of a system a lot of effort is being employed to
increase the confidence that the system correctly achieves its designated goal.
This may include numerous simulations of an abstraction of the system while in
its early design stages, and extensive testing of a concrete realization of (part of)
the system. While such techniques are often adequate to detect many design and
implementation errors, it is usually impossible to consider all possible scenarios
solely by testing.

These considerations have given rise to what is commonly referred to as
”"Formal Methods”. Here, a mathematical model of the system is constructed
which abstractly captures all the interesting computations of the system. The
model is then rigorously investigated for the presence or absence of certain prop-
erties. Based on the results of this analysis, the designer can reach conclusions
regarding the functional correctness of the system. The key point here being
that the level of confidence attained is comparable to that associated with the
(correct!) proof of a mathematical statement.

It turns out that the formal method popularly known as model checking,
especially when applied to finite-state systems, can be fully automated with the
help of software tools. This is in sharp contrast to most other methods such as
theorem-proving where a good deal of intervention is required from an expert.
In this dissertation, we will concentrate mainly on issues centered around the
model checking approach to verification of finite-state systems. Even though sys-
tems might be infinite in nature there are many application areas, for instance



2 CHAPTER 1. INTRODUCTION

\ /

Model
checker

2

“yes/no” (+ diagnostic information)

Figure 1.1: Structure of a model checker.

communication protocols and microprocessors, which deal with only finite data
domains, and such applications can be expressed as finite-state systems. More-
over, a number of the techniques of this setting extend to model checking of
infinite-state systems [13, 85].

1.1 Model Checking

Model checking is a term coined by Clarke and Emerson to denote a particular
approach to formal verification. The process of model checking consists of three
main stages. Firstly, a formal description or system model S of the intended
system design is constructed. Usually, this is achieved either by transforming
a graphical representation explicitly identifying states and state changes of the
system, or by compilation of a program text written in a specifically designed
modeling language. Whichever approach is used, the model checking program
builds an internal representation upon which analysis is performed.

Secondly, the properties to be investigated of the system, its specification
@, must be precisely described. Sometimes the model checking program has
algorithms for checking only a limited number of specific properties such as
deadlock or mutual exclusion. However, more sophisticated assertions are for-
mulated within the framework of formal logics.

Finally, the verification is performed by the model checking program which,
by analyzing the internal representation, automatically computes an answer to
the question of whether or not the model formally satisfies its specification with
some precise semantics. As such, a ”’no” answer to the correctness question is not
very useful. However, model checking programs often provide some diagnostic
information in case the answer to the correctness question is negative. Such
information helps the designer to identify errors and correct them.

Of course, the value of model checking is limited by the appropriateness of
the formal model constructed. A model must represent the concrete system in
a such way that it captures at least the system actions that are relevant to the
correctness requirements that need to be checked. We shall consider neither the
aspects of constructing the model nor assessing its quality any further here.

There are many variations to the concept of model checking. A multitude of
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classes of systems models, specification formalisms and verification algorithms
have been considered in the literature (see e.g. [20] for a recent exposition), and
model checking of infinite systems is becoming a popular field of research [13,
85]. We will however restrict our attention to finite-state systems and temporal
logics.

1.2 Logics and Automata

In the model checking area, the prevailing paradigm at present is that of reac-
tive systems. These are systems continuously (and possibly infinitely) comput-
ing and interacting with other processes or an environment. Here the possible
histories or computation sequences of the system are of primary interest. The
system behaviour is captured by collections of such computation sequences,
which in turn can be inspected or transformed in order to investigate whether
the system satisfies its specification. Thus finite-state systems can be viewed
as finite automata accepting sequences of system actions. The model checking
problem in this setting is, for a given finite-state automaton S representing the
system and a given specification ¢, to decide whether every string accepted by
S satisfies .

The connection between logic and automata is very well understood and
goes back to the pioneering work of Biichi and Elgot [14, 34] in the early sixties.
In fact, they demonstrate an intimate relationship between logic and automata
via the basic result that monadic second-order logic and finite automata de-
scribe the same collections of strings. These collections constitute the so-called
reqular languages of sequences. An equally useful fact is that these transla-
tions between logic and automata are constructive, for instance, any sentence of
monadic-second order logic can be algorithmically transformed to an equivalent
automaton and vice versa.

When such prerequisites are met, the question of whether a finite-state sys-
tem meets its specification, can then be phrased and settled solely in terms of
constructions on finite automata and corresponding language inclusions. Often
the model checking problem is solved in terms of the satisfiability problem for
the specification logic, which is to decide whether there exists any computation
sequence satisfying ¢ for a given specification formula. A common approach
is to translate ¢ to an automaton A, accepting the set of strings satisfying ¢,
which can easily be checked for emptiness. The model checking problem then
amounts to checking whether there is a string accepted by S accepting the nega-
tion of the specification, i.e. checking the product of S and A-, for emptiness.
Moreover, by simple investigations of this automaton, diagnostic information
can be easily recovered and supplied to the designer. This makes verification
by automata a very versatile tool, because the general approach can be used for
any specification logic which is algorithmically translatable to finite automata.

Temporal logic was introduced into the area of program verification in a
groundbreaking paper by Pnueli [113] more than 20 years ago, and is by now
thoroughly investigated and well understood. See e.g. [35, 83] for expositions
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on temporal logics. The key point is that correctness properties of systems
are usually formulated in terms of relative orderings in time of certain sets
of system actions, and the characteristic feature of temporal logic is that it
facilitates reasoning about such temporal relationships without introducing time
explicitly.

1.3 Outline of Dissertation

This dissertation consists of two parts. Part II contains our research contribu-
tions in the form of published papers and technical reports, while Part I provides
the broad conceptual and technical context for the results appearing in Part II.
In this sense, the overview material presented in Part I, especially in terms of
the topics it addresses, is neither complete nor is it meant to be.

Part I consists of three chapters constituting an overview of logics for for-
mal verification with an emphasis on their expressive powers and automata-
theoretic decision procedures. The three chapters aim at surveying three dif-
ferent paradigms towards formal verification. Chapter 2 exposes the classical
interleaving view of computations as being totally ordered sequences of system
actions. In this sense it provides a direct realization of the general scheme of
automata-based verification as introduced here. In the two chapters following
we generalize the notion of computation “sequence” to the richer domains of
restricted labelled partial orders. More precisely, we survey in Chapter 3 the
extensions of the approach to the noninterleaving synchronous view from the
perspective of Mazurkiewicz traces [86], where the distributed processes commu-
nicate by performing common actions together. Finally, Chapter 4 describes an
emerging theory within the noninterleaving asynchronous view of communica-
tion. Here the distributed processes communicate by means of message-passing
specified as message sequence charts [68]. Together these three classes of be-
havioural models provide a representative overview of the various linear time
approaches to formal specification and verification of systems. The question
whether to use linear time or branching time logics for verification is a subject
of intense debate [146], but we will concentrate exclusively on the linear time
paradigm here.

Part IT summarizes contributions within this field in which I have familiarized
myself during my graduate studies. It consists of seven chapters as briefly
described below—each constituting a self-contained reprint of a contribution to
the area surveyed in Part I.

Interleaving Paradigm: Computation Sequences

Chapter 5 [55]: “Mona: Monadic Second-Order Logic in Practice”. Joint
work with Jakob Jensen, Michael Jgrgensen, Nils Klarlund, Robert Paige,
Theis Rauhe, and Anders B. Sandholm. Appears in Proceedings of the
1st Workshop on Tools and Algorithms for the Construction and Analysis
of Systems (TACAS’95), LNCS 1019. It also appears as BRICS technical
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report RS-95-21. The present version is an updated version.

Chapter 6 [60]: “Dynamic Linear Time Temporal Logic”. Joint work with P.
S. Thiagarajan. Appears in Annals of Pure and Applied Logic 96(1-3).
A preliminary and more elaborate version appears as BRICS technical
report RS-97-8.

Noninterleaving Synchronous Paradigm: Mazurkiewicz Traces

Chapter 7 [61]: “A Product Version of Dynamic Linear Time Temporal
Logic”. Joint work with P. S. Thiagarajan. Appears in Proceedings of
the 8th International Conference on Concurrency Theory (CONCUR’97),
LNCS 1243. Tt also appears as BRICS technical report RS-97-9.

Chapter 8 [138]: “Distributed Versions of Linear Time Temporal Logic: A
Trace Perspective”. Joint work with P. S. Thiagarajan. A chapter of
Reisig and Rozenberg (Eds.): Lectures on Petri Nets I: Basic Models,
LNCS 1491. The survey also appears as BRICS technical report RS-98-8.

Chapter 9 [54]: “An Ezpressive Extension of TLC”. Appears in Proceedings
of the 5th Asian Computing Science Conference (ASIAN’99), LNCS 1742.
Also appears as BRICS technical report RS-99-26. The present version is
the full version invited for publication in the ASTAN’99 Special Issue of
International Journal of Foundations of Computer Science.

Noninterleaving Asynchronous Paradigm: Message Sequence Charts

Chapter 10 [56, 57]: “Regular Collections of Message Sequence Charts”.
Joint work with Madhavan Mukund, K. Narayan Kumar, and P. S. Thia-
garajan. Appears in Proceedings of the 25th International Symposium on
Mathematical Foundations of Computer Science (MFCS’00), LNCS 1893.
Excerpts appear in BRICS technical report RS-99-52. The present version
is an extended version.

Chapter 11 [56, 58]: “On Message Sequence Graphs and Finitely Generated
Regular MSC' Languages”. Joint work with Madhavan Mukund, K. Na-
rayan Kumar, and P. S. Thiagarajan. Appears in Proceedings of the
27th International Colloquium on Automata, Languages and Program-
ming (ICALP’00), LNCS 1853. Excerpts appear in BRICS technical re-
port RS-99-52. The present version is an extended version.



CHAPTER 1. INTRODUCTION



Part 1

Overview






Chapter 2

Interleaving Paradigm

In this chapter we consider the verification setting in which computations are
strings of system actions. We begin by reviewing the theories of automata over
strings in Section 2.1 and define the basic notions of regular languages. In Sec-
tion 2.2 we define the monadic second-order logic (MSO) of strings and sketch
how it captures all regular languages of strings. Following that, we define in
Section 2.3 Pnueli’s linear time temporal logic (LTL), which constitutes a cor-
nerstone of automated formal verification. We then show how the satisfiability
and model checking problems are solved in the approach of Chapter 1. Finally,
in Section 2.4 we consider the expressive power of the logics introduced in this
chapter. We bring out how LTL corresponds to the first-order fragment of MSO
and consider how it can be extended to precisely capture MSO.

This material provides the background for our contributions in Chapters 5
and 6. Moreover, many of the ideas presented here have also played an important
role in the developments of the theories in Chapters 7-11.

2.1 Automata over Strings

To bring out the developments of automata over strings, we fix a finite nonempty
alphabet of actions ¥ throughout the chapter. We let a, b range over ¥ and refer
to members of ¥ as actions. X* is the set of finite strings over ¥ and ¢ is the
set of (countably) infinite strings generated by ¥ with w = {0,1,2,...}. We set
¥° = ¥* U X and denote the null word by €. We let o, ¢’ range over ¥* and
7,7, 7" range over ¥*. Moreover, < is the usual prefix ordering defined over X*
and for u € ¥°°, we let prf(u) be the set of finite prefixes of u. Finally, we let
|o|a denote the number of occurrences of a in the string o.

Throughout this chapter a language is a collection of strings L C ¥*, whereas
an w-language is a subset of X“. Whenever necessary, we will treat both finite
and infinite strings on an equal footing and just refer to L C X°° as being a
language. A language can be naturally viewed as a property, described explic-
itly by the set of all strings possessing the given property. This will become



10 CHAPTER 2. INTERLEAVING PARADIGM

apparent when we consider logical definability later in this chapter. We will use
“language” and “property” interchangeably throughout the text.

We describe first automata over finite strings and then their extensions to
the infinite setting.

2.1.1 Automata over finite strings

A well-studied notion of classical formal language theory [75] is the collections
of strings described by finite automata. A (nondeterministic) finite automaton
(NFA) over ¥ is a quintuple A = (Q, %, A, Qo, F'), where Q is a finite set of
states , Qo C @ is a set of initial states, FF C @ is a set of final states, and
A CQ x X x (@ is the transition relation.

A run of A over a string 7 € ¥* is a map p : prf(7) — @ such that:

* p(e) € Qo.
o p(7") 2, p(7'a) for each 7'a € prf(r).

The run p is said to be accepting iff p(7) € F. To tie everything together,
L(A), the language of finite strings of ¥* accepted by A, is L(A) = {T € Z* |
3 an accepting run of A over 7}.

It is well-known that L C ¥* is accepted by some nondeterministic automa-
ton if and only if it is accepted by some deterministic finite automaton, i.e.
where Qg is a singleton set and the automaton is equipped with a transition
function 6 : Q@ x ¥ — . Hence, nondeterminism does not increase the distin-
guishing power of finite automata over finite strings. The class of languages of
finite strings over ¥ accepted by finite-state automata are the regular languages.
These languages are also commonly referred to as being recognizable languages.

Another description formalism for languages of finite strings are the reqular
expressions of Kleene [74]. Formally, the set of regular expressions over X are
given by:

RE(X)u=al|mo+m | mo;m | 7%, a€X.

With each regular expression we associate a set of finite strings via the map
|-]] : RE(X) — 2%". This map is defined in the obvious fashion. In particular,

the semantics of the Kleene iteration is given as ||7*|| = U,c,, ||7||*, where for
LCx*
o L0 ={c} and

o Litt = {7971 | 70 € L and 71 € L'} for every i € w.

We will sometimes use 71 to denote m;7*. Occasionally, we will refer to the
star-free regular expressions as the set of expressions obtained from the regu-
lar expressions above by replacing the Kleene-star iteration operator with the
operation of complementation 7 (with respect to X*).

Kleene’s classical theorem can be brought out as follows.
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Theorem 2.1.1 (Kleene [74]) Let L C X*. Then L is regular if and only if
L = ||x|| for some regular expression m € RE(X).

Thus both finite automata and regular expressions characterize the class of
regular languages of finite strings over X.

2.1.2 Automata over infinite strings

Collections of finite strings over some alphabet of actions suffice for capturing
the safety properties of reactive systems. Such properties essentially express
that some property holds of every reachable state of the system, and are usually
used to assert that no “bad” states are reached throughout the computations
of the system. However, most interesting reactive systems are nonterminating
and many important properties of such systems are inherently liveness proper-
ties, asserting that at any given time of a computation something “good” will
eventually happen. (see e.g. [2, 80, 82] for classifications of satisfy and liveness
properties.) Such liveness properties, which include various notions of fairness,
can only be captured by infinite computations. Hence finite automata over
infinite strings and regular languages of such strings are at the center of our
concerns.

Guided by the constructions for the finite string case, a stable and coherent
theory of regular languages of infinite strings ¢ € ¥“ has been developed. It
turns out that most characterizations of the finite string case can be carried over
to the setting of w-languages. We start by introducing the notions of finite-state
automata over infinite strings.

A finite automaton accepting infinite strings is obtained from the nondeter-
ministic finite automata introduced above by suitably modifying the criterion of
acceptance. Hence an automaton accepting infinite strings over ¥ is a quintuple
B=(Q,%,Qo, A, Acc) where Acc is an acceptance condition expressing when a
given infinite run is deemed accepting. The notion of run is carried over directly,
i.e. a run of B over a string o € ¥* is a map p : prf(o) — Q such that:

e p(e) € Qo.
e p(1) - p(ra) for each Ta € prf(o).

Several acceptance conditions have been proposed in the literature. The most
common one is a straightforward generalization of the finite string case called
Biichi acceptance condition, which is given as Acc = F for a set of final states
F C Q. The run p is accepting iff inf(p) N F' # (), where inf(p) C Q is given by
q € inf(p) iff p(7) = ¢ for infinitely many 7 € prf(o).

An automaton with a Biichi acceptance condition is called a Biichi au-
tomaton. In the obvious manner we define the language accepted by B as
L(B) = {c € £¥ | 3 an accepting run of B over o}. We say that L C X¢ is
Biichi recognizable if it is accepted by some Biichi automaton. An example of a
Biichi automaton B is given in Figure 2.1, where L(B) = (a + b)*b*. To avoid
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a,b b
EORLY
Figure 2.1: Biichi automaton accepting the language (a + b)*b*.

confusion, we will throughout denote automata over finite strings by A while
using B to denote (Biichi) automata over infinite strings.

By replacing the Kleene-star with an infinite iteration operator 7% in the
regular expressions and furthermore allowing left concatenation by regular ex-
pressions of RE(X), one obtains the w-regular expressions. With these defini-
tions Biichi [14] showed that Kleene’s Theorem carries over to the setting of
w-languages in the straightforward manner. Thus it seems natural to take the
w-regular languages to be the Biichi recognizable w-languages. There is a large
body of evidence [140] showing that this is the “right” notion of regularity and
we will sketch one such piece of evidence in the form of a characterization in
terms of logic in Section 2.2.

While most of the properties are carried over smoothly, deterministic Biichi
automata are strictly weaker than their nondeterministic counterparts. More
specifically, one can show that the language L C {a,b}* consisting of strings of
a’s and b’s with only a finite number of a’s, is not accepted by any deterministic
Biichi automaton. On the other hand, it is easy to see that L is accepted by
the automaton in Figure 2.1.

There is however a number of generalizations of acceptance conditions such
that deterministic automata capture the full class of w-regular languages. One
such possibility is Muller automata, where the acceptance condition is given
as a family of accepting sets F = {F;}" ,, where each F; C . An infinite
run p is accepting in case inf(p) = F; for some 1 < ¢ < n, i.e. the set of
states encountered infinitely often along p is exactly one of the F;’s. Another
possibility is Rabin automata, where the acceptance condition is given by a set of
accepting pairs Q = {(L;, U;)}7~,. In this regime, an infinite run p is accepting
if there exists some 1 <4 < n such that inf(p) N L; = @ and inf(p) N U; # 0, i.e.
the states in L; are only visited a finite number of times whereas some state of
U; occurs infinitely often. Streett automata are in some sense dual to the Rabin
automata in that the acceptance condition is also given as a set of acceptance
pairs {(R;, i)} , but the run is accepting in case for every i, inf(p) N R; # ()
implies inf(p) N S; # 0.

It turns out that the class of w-languages recognized by deterministic Muller,
Rabin, and Streett automata, respectively, is precisely the class of w-regular
languages. Moreover, nondeterministic Muller, Rabin, and Streett automata,
respectively, accept the same class of languages. See [122] for an overview of
conversions between the various acceptance conditions and complexities of the
corresponding emptiness problems, which is to determine whether or not the
language accepted by a given automaton is empty.
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One pleasant advantage of Biichi automata is that it is very easy to solve the
emptiness problem. This can be done in time linear in the size of the automaton
where the size of a Biichi automaton is the number of states of the automaton.
The problem is known to be logspace-complete for NLOGSPACE [128]. We also
note that the intersection problem for Biichi automata can be easily solved. In
other words, let 51, B2 be two Biichi automata both operating over 3. Then
one can effectively construct a Biichi automaton B over the same alphabet such
that the language accepted by B is the intersection of the languages accepted
by By and By. Moreover, the size of B can be assumed to be bounded by 2nins
where ny is the size of By and ny is the size of B [140].

Complementation of Biichi automata can be performed using Safra’s con-
struction, by which one can effectively complement a Biichi automaton of size
n by constructing a deterministic Rabin automaton with 20("1°87) gtates and
O(n) accepting pairs [122]. This can be translated to a Biichi automaton of size
20(nlogn) = Ap interesting feature of Safra’s construction is that it is essentially
an optimal one [122].

2.2 Monadic Second-order Logic

Automata over infinite strings were originally introduced as a basis for anal-
ysis of restricted arithmetic problems of the second-order theory of one suc-
cessor (S1S). Biichi [14] showed that the requirements of this restricted sys-
tem of second-order logic could be translated into acceptance problems of au-
tomata over infinite strings. As the logical system permits quantifications over
only unary relations (or equivalently, sets), it has become widely known as the
monadic second-order logic of strings.

In this section, we present the syntax and semantics of the logical system
and bring out the close correspondence between the (w-)regular languages and
monadic second-order logic (MSO). We then consider how to use this correspon-
dence in practice to implement a decision procedure for MSO.

2.2.1 Syntax and semantics of MSO

The monadic second-order theory of (finite or infinite) strings over % is denoted
MSO(X). Its vocabulary consists of a family of unary predicates {Q,}qex, one
for each a € ¥; a binary predicate <; a binary predicate €; a countable supply of
individual variables Var = {x,y, z, . ..}; a countable supply of set variables (i.e.
monadic predicate variables) SVar = {X,Y, Z,...}. The formulas of MSO(X)
are then given as:

MSO(X) == Qu(z) [z e X [z <y |- |1 Ve | (Br)e | (3X)p, acX.

The set of formulas above can be used for defining both finite and infinite
strings. We present here the semantics for the infinite case as follows. A struc-
ture for MSO(X) is a sequence o € X¥. Let Z be an interpretation of the
variables with Z : Var — w and Z : SVar — 2“. Then the notion of ¢ being



14 CHAPTER 2. INTERLEAVING PARADIGM

a model of ¢ under the interpretation Z, denoted o |7 ¢, is defined in the
expected manner. In particular, o =7 Qq(z) iff 0(Z(x)) = a (note that o € ¢
is here to be viewed as 0 : w — X); 0z <y iff Z(z) < Z(y) (here < is the
usual ordering over w); 0 =7z € X iff Z(z) € Z(X).

In a similar fashion, the semantics can be adapted to the setting of finite
strings. Most notions are carried over directly with only minor modifications,
which we will not go into here. (Chapter 5 provides a definition of the logic for
finite strings.) Hence, we can view formulas of monadic second-order logic as
also defining languages L C ¥° in the obvious manner.

Apart from the usual derived propositional connectives and universal quan-
tifiers, we will use the following abbreviations:

o <yn-(z=uy).

° :c:ydgacgy/\ygxandthusz<y
ertlex Fy)(z <yA-(Fz)(x < zAz <y) Ay € X). Of course, this
can be generalized to x + k € X for any natural number k.

exX CYy ¥ (Vz)(x € X = 2 € Y) and hence also (non)equality on
set variables in the same manner as above. Similarly, one can construct
formulas for X = () and X = w by quantifiers, and the operations of
Boolean operations of union, intersection and complementation from the
corresponding propositional connectives. For example, X NY = Z can be
expressed as (Vz)(z € X Az € Y & oz € Z). With the same technique we
get:

e X=V+1¥ (W)(yeY sy+leX)

e Single(X) def (VY CXAYAXA-EB2D)(ZCXNZAXNZHY)).
Note that Single(X) expresses that X is a singleton set by asserting that it has
exactly one proper subset Y.

As usual, a sentence is a formula with no free variables. Each sentence ¢
defines a language denoted L, where L, = {0 € ¥* | 0 |= ¢}. We say that
L C ¥ is definable in MSO(X) iff there exists a sentence ¢ € MSO(X) such
that L = L,. Often we will also use MSO(X) to denote the class of languages
described by sentences of the logic.

The first-order theory of (finite or infinite) strings over ¥ is denoted FO(X)
and is obtained from MSO(X) by abolishing the monadic second-order quantifi-
cations from the logic. The semantics and notions of first-order definability are
carried over in the obvious manner.

2.2.2 MSO and the regular languages

The fundamental theorem in this area is Biichi’s Theorem [14], which was the
original motivation for Biichi automata.

Theorem 2.2.1 (Biichi [14]) Let L C X*. Then L is definable in MSO(X) if
and only if L is w-regular.
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Let L C 3¢ be given and suppose L is accepted by the Biichi automaton
B=(Q,%,Qo,A, F). To bring out a sentence ¢ of MSO(X) defining L we will
express accepting runs p of B over o by existence of sets of positions X, for
each ¢ € Q. X, will consist of the positions ¢ € w corresponding to the prefixes
7; € o of length ¢ with p(7;) = q. More precisely, we define

2 d:ef (HXQ17'--aXQn) ( /\ X‘ImmXQj:(Z)

1<i#j<n

A \ (V2)(=(@Fy)(y < z) = = € X,)
q€Qo

A Vo) \/ TeXLAQua)Az+1leX,)

(gi,a,9;)€EA

A \ (v2)(3y)(z <y Ay € X,))

qeF

It is now easy to see that L, = L. The first conjunct asserts that the state
sets are disjoint, the second one that the beginning state is initial while the
third one dictates that the state sets respect the transition relation. Finally, the
fourth conjunct expresses the Biichi acceptance condition.

The proof of the other direction of Biichi’s Theorem proceeds in two steps.
Firstly, the formulas of MSO(X) are rewritten into formulas of a small syntactic
subset MSOg (X)) with only existential quantifications and the sole propositional
connectives being negation and conjunction. Furthermore, all individual vari-
ables are eliminated from MSOg(X) and expressed in terms of set variables
explicitly forced to describe singleton sets via the Single-predicate. Finally, one
arrives at a core syntax where the only atomic formulas are of the form Q,(X)
and, as derived on page 14, X CY and X =Y + 1.

In the second step, formulas of MSOg (%) are inductively translated to Biichi
automata. Such formulas have free set variables, so a formula ¢ with free
variables X7,..., X,, can be seen as describing a language of strings over X/, =
¥ x {0,1}™. Here the ith additional “track” of a string o € X/, represents the
membership status of positions of ¢ = aga; ... in X;, i.e. position j of o is in
the set described by X; whenever the ith additional component of a; is 1. In
this interpretation, one shows by induction on ¢(X1, ..., X,,) that there exists a
Biichi automaton B, (x, ... x,,) over X} such that L,(x, .. x,) = L(By(x,,... x,))-

For the base case, each of the (now very restricted) atomic formulas are
translated directly to an equivalent automaton. Figure 2.2 shows the translation
step for X7 C X5 and X; = X5 + 1, respectively, where we have assumed, for
notational convenience, that n = 2.

The inductive step involves only —, A, and 3. The translations of = and
A correspond to the automata-theoretic constructions of complementation and
product mentioned in Section 2.1.2. For the existential quantifications we uti-
lize that the (w-)regular languages are closed under projections of the kind
required. As an example, suppose that o(X;7) = (3X2)(¢'(X1,X2)). In the
notation of Figure 2.2, this amounts to replacing transition edges of B,/ (x, x,)
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(a,0,0),(a,0,1),(a,1,1) (a,0,0) (a,1,1)

(a,0,1)
= =0 @)

(a,1,0)

Figure 2.2: Basic translations for X; C X5 and X; = X + 1.

labelled (a,0,0) or (a,0,1) with a transition edge labelled (a,0) and edges la-
belled (a, 1,0) or (a,1,1) with (a,1).

This completes the proof, and as an important corollary it can be seen that
the translation from formulas of monadic second-order logic to finite automata
is constructive. We will elaborate on this in the next section. With minor
modifications to the above proof idea, Biichi’s Theorem can be seen to hold for
finite strings as well.

Theorem 2.2.2 (Biichi, Elgot [34]) Let L C ¥*. Then L is definable in
MSO(X) if and only if L is regular.

2.2.3 Deciding monadic second-order logic

The proof of Theorem 2.2.1 yields a decision procedure for the satisfiability
problem for MSO(X), i.e. given a formula ¢, does there exist a model o € X¢
such that o = ¢? Such an algorithm can be obtained by translating ¢ to B,
and checking it for emptiness.

For the discussion of the translation, we note that a problem is nonelemen-
tary hard in case it cannot be solved in time bounded by a tower of expo-
nentials of any fixed height. A basic result of complexity theory is that the
satisfiability problem of MSO is nonelementary hard [131], even for the first-
order fragment interpreted over finite strings. This nonelementary hardness
is witnessed by sequences of quantifier alternations, i.e. formulas of the form
(Fz1)(Va2)(Fz3) . .. (Yo, ). This stems from the fact that, in general, both de-
terminization and complementation incur unavoidable exponential blow-ups in
the size of the automaton. It would thus appear impossible to get a satisfactory
implementation within any “reasonable” bounds of computational resources,
even for very small formulas.

However, Klarlund discovered that the formulas leading to nonelementary
blow-ups occur only infrequently, and that by means of techniques from the area
of computer-aided verification, an implementation might not be impossible. In
particular, by internally representing transition functions of automata using
Binary Decision Diagrams (BDDs) [12], descriptions of the automata could
often be kept small.

Chapter 5 describes a successful implementation of the decision procedure
over finite strings incorporated into the verification tool Mona [73]. Besides the
introduction of BDDs for the representation of automata, the key points are
to keep the intermediate automata both deterministic and minimal after each
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translation step. The time spent maintaining this representation invariant is
more than compensated by the reduction in size. It turns out to be possible
to directly employ the necessary automata constructions in terms of algorithms
on the symbolic representations as BDDs, hence leading to a very usable and
surprisingly efficient implementation.

This was the starting point of still ongoing research efforts at BRICS. See [73]
for the current status of the Mona tool, which has been extended, optimized,
and improved in a number of ways too substantial to mention here. While
Mona works quite well over finite strings, no even comparably efficient imple-
mentation exists over infinite strings. Several key issues of the above implemen-
tation crucially rely on the fact that the underlying domain consists of finite
strings. For instance, there exists no canonical minimal (let alone deterministic)
Biichi automaton.

2.3 Linear Time Temporal Logic

Monadic second-order logic provides a succinct logical description formalism
for computation sequences as seen in the previous section. Another alternative
is linear time temporal logic, which allows asserting ordering in time without
explicitly introducing time instances as variables of the logic.

Temporal logic was introduced into the area of formal verification of systems
in a seminal paper by Pnueli [113] in the late seventies. Since then a large body
of work on linear time temporal logic has appeared, and it has become a well
established and well understood tool for specifying the dynamic behaviour of
reactive 